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PREFACE 


The present volume has arisen from lectures on the Theory of 
Functions of a Complex Variable which the author has been accus- 
tomed to give to juniors, seniors, and graduate students of Yale 
University during the last twenty years. 

As these students often do not intend to specialize in mathe- 
matics, many topics which might properly find a place in a first 
course in the function theory have not been treated; for example, 
Riemann’s surfaces. On the other hand the author, having in mind 
the needs of students of applied mathematics, has dwelt at some 
length on the theory of linear differential equations, especially as 
regards the functions of Legendre, Laplace, Bessel, and Lamé. Asa 
splendid application of the principles of the function theory and 
also on account of their intrinsic value, three chapters have been 
devoted to the elliptic functions. 

The author wishes to acknowledge in a general way his in- 
debtedness to the works of C. Jordan, H. Weber, C. de la Vallée- 
Poussin, W. Jacobsthal, and others, but to L. Schlesinger his debt 
is especially great for the treatment of linear differential equations 
here given. 

The author wishes also to express his deep appreciation of the 
assistance so cheerfully given by his colleagues, Professor W. A. 
Wilson of Yale University and Professor E. L. Dodd of the Univer- 
sity of Texas, and by his pupils P. R. Rider and G. H. Light. 

Last but not least the author fulfills a very pleasant duty in 
tendering his thanks to the house of Ginn and Company for the 
great care they have given to the make-up of the book and for 
the generous manner in which they have met his every wish. 


JAMES PIERPONT 


New Haven 
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CHAPTER I 
ARITHMETICAL OPERATIONS 


1. Historical Sketch. In elementary mathematics we use for the 
most part only real numbers. There is however a branch of ele- 
mentary mathematics, viz. algebra, where a wider class of numbers, 
the complex numbers, are employed almost from the start. The 


quadratic equation Per op eg ad 
has the two roots PN eae (2 


provided a? > 6. If a? < 3, there is no real number which satisfies 
1). As long as we restrict ourselves to the system of rea] num- 
bers, the expression 2) is devoid of meaning. In fact the square 
root of a number ¢, in symbols Ve, is a number d such that d? = e. 
But there is no real number d whose square is negative. Thus 
Va?— 6 does not exist in the real number system when a? < 8, 
The older algebraists found it extremely convenient to enlarge 
their number system, in order that the equation 1) should have 
two roots even when a? < 6. The new numbers are denoted by 
a+6V—1, or setting i=V—1, by a+b. When 6=0, they 
reduce to the real numbers a. Thus the new class contains the 
class of real numbers as a subclass. With these new numbers it 
was found that not only the roots of the quadratic, but also of the 
cubic, the biquadratic, in short the roots of all algebraic equations 
could be expressed. By their introduction, the theory of algebraic 
equations attained a simplicity and comprehensiveness quite im- 
possible without them. Complex numbers are to-day indispensable 


in algebra. 
1 
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In other branches of mathematics, the importance of complex 
numbers was perceived much later. By means of a formula dis- 
covered by Euler Wee eee ohi ie’ fe 
an intimate relation was established between exponentials and 
analytic trigonometry. Indeed, a good part of this subject may 
be developed from this formula. 

In the system of real numbers, the logarithm of a negative 
number —a does not exist. In the system of complex numbers 
it does. We have, in fact, 


log (— a)= log a+ (2n+1)z7i, (4 


where n is any integer, including zero. It is thus infinite valued 
like the inverse circular functions. 

A great discovery made nearly a century ago by Abel rendered 
the complex numbers as necessary to analysis as they long had 
been in algebra. He found that the elliptic functions, whose 
properties had been carefully studied by Legendre, admit a second 
period, when one passes from the real to the complex number 
system. Possessed of this fact, Abel and his contemporary Jacobi 
were able to develop the theory of elliptic functions in a manner 
undreamed of before. 

About the same time the illustrious French mathematician 
Cauchy began to show what great advances could be made in the 
theory of differential equations when the variables are allowed 
to take on complex values instead of being restricted to real 
values alone. By the year 1850 complex numbers had proved to 
be of incalculable value in many and widely separated branches of 
mathematics, and before long the theory of functions of a complex 
variable sprang into existence. 

To-day this theory has grown to gigantic size. It forms the foun- 
dation on which much of modern mathematics is built. Without 
a knowledge of its elements, a student of mathematics finds himself 
somewhat in the position of a traveler in a strange land; every 
one is using a language which he does not comprehend. Even the 
physicist and astronomer find that the masters in these subjects 
are using freely the function theory. It is thus becoming daily 
more important for them to gain some familiarity with this theory. 
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The present work is intended to give the general reader an 
account of some of the elementary parts of the theory of functions 
of a complex variable. For further study we add the following 
list. The easier books are placed first. The last two are intended 
for the specialist. 


E. B. Wilson, Advanced Calculus. 
Ginn and Company, Boston, 1912. 


G. Humbert, Cours d’ Analyse. 
2 vols., Paris, 1904. 


E. Goursat, Cours d’Analyse Mathématique. 
3 vols., 2d edition, Paris, 1910. 


H. Burkhardt, Einfithrung in die Theorie der Analytischen Funk- 
tionen. 


Leipzig, 1903. 


R. Fricke, Analytisch-Funktionen-theoretische Vorlesungen. 
Leipzig, 1900. 


Durége-Maurer, Theorie der Funktionen einer komplexen veran- 
derlichen Grdsse. 
Leipzig, 1906. 


E. Picard, Traité d’ Analyse. 
3 vols., 2d edition, Paris, 1905. 


E. Whittaker, A Course of Modern Analysis. 
Cambridge, 1902. 


A. Forsyth, Theory of Functions of a Complex Variable. 
2d edition, Cambridge, 1900. 


W. Osgood. Lehrbuch der Funktionentheorie. 
2d edition, Leipzig, 1912. 


2. Arithmetical Operations. 1. As the reader has already studied 
the arithmetical operations on complex numbers, we treat this 
topic but briefly. The complex numbers are represented by the 
symbol a+ a’i, where a, a’ are real numbers and 7 is a symbol to 
be defined later. The plus sign between its two parts has, of 
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course, no meaning as yet. It is convenient to denote a+a/i 
by a symbol as « We have then 


a=ata't. qd 


With 1) we will associate a point A whose abscissa and ordinate 
are respectively a and a! as in Fig. 1. Conversely to a point 
whose abscissa is 2 and whose ordinate is 
y we will associate a complex number 
rt yt. 

From this correspondence we are led to 
call a the abscissa of the complex «, and a! 
its ordinate. We write 


a=Absa , a=Orde«. 


Fig. 1. 


When a’ =0 in1) we assign to a the value 
a, and denote a+02 more shortly by a. The associated points 
lie on the z-axis which we call the real azis. When a=0, we 
say « is purely imaginary; we denote 0+a/z more shortly by 
at. The associated points lie on the y-axis, which we call the 
imaginary axis. 

2. Two complex numbers 


e=atait , B=b+6% 


are equal, when iba eee Q 


or in symbols 
¢ Absa=AbsB , Orda=Ord B; @) 
that is, when the associated points are coincident. In particular 


e=at+ai=0 
only when Pee = 
The swm of a and B is 
a+B=(a+b)+(a'4+0')2; (4 
their difference is 


a—B=(a—b)+(a'—B')ji. (5 


Let us show how the points corresponding to 4) and 5) may be 
found. 
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Let A, B in Fig. 2 be the points associated with «, 8. Let us 
construct the parallelogram whose two sides are OA, OB. Then 
OA =a AA'=da', 
OB'=b BR =0'. 

Obviously 

OC =O0A! - Al C' = a+, 

CE =O! 0" + OO" Cs al +6'. 
Thus C has the coordinates a+ 4, 
a’'+0! and hence is the point asso- 
ciated with «+ in 4). 

To find the point associated with a — 8 in 5), let A, B in Fig. 3 
be the points associated with «, 8. We produce OB backward so 
that OC= OB. Obviously C has the 
coordinates — 6, —6’. Thusifweset 8 


Fia. 2. 


y=—b—5)', 
we see that 

a — B =Hat+y, 
since both are 


(a—b)+(a' —B')t. 


But we have seen how to plot the e 
point corresponding to a+y¥. It is eee 
in fact the vertex D in the parallelogram two of whose sides are 
OA, OC. 

3. We note that in adding and subtracting «, 8 in +), 5) we 
have treated 7 as if it were a real number. We do the same in 
defining multiplication, except that we agree that 


2 —— il (6 
Thus eB=ab+ablita'bi+ abi, 
or using 6) a8 = (ab —a'b!) + (ab! + a'byi. 7 


We take 7) as the definition of multiplication. 


From 6), 7) we have ae (8 


qintm — am, @) 


where m, n are positive integers or zero. 


and hence 
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4. To define the quotient of two complex numbers we recall 


that in real numbers b 
= a 


has one and only one solution when 6+ 0, this we call the quotient 
of a by band denote by Let us consider the analogous equation 
BE =o (10 
where «, 8 are complex numbers 
a=atai , B=b+4+56%. 
We shall define the quotient of a by 8 to be the number or num- 
bers & which satisfy this relation. 
Let us first suppose B+0. Then 0,6’ are not both =0. Let 
E=e+2% 
be a solution of 10). Putting this in 10) gives 
(ba — b'a!) +2(b2' + Wx)=ata't (dil 
This relation yields by virtue of 8) two equations to determine 
/ 7° 
sae as br Bal =a , bal +0 x=a'. (12 
From these we get ab +a! cetear 
ana IR ED, Se poe 624 B/2 
Thus the solution of 10) is 
ee _ab+a'b! | ab—ab! 
B b+b2 B45 


; (18 
when B+ 0. 

Suppose 8=0. Then 6=6'=0, and 12) requires that a=a’=0, 
ora=0(. Putting these values in 12) we see that the equations 
are satisfied however a, 2’ are chosen, that is, for every value of &. 
We have thus the following result : 


When 8B #0, the equation 10) admits one and only one solution & 
which is given by 18). When B=0, the equation admits no solution 
unless a=0. In this case it is satisfied for every value of E. 


For this reason division by 0 is excluded in modern mathe- 
matics. As some students have not been trained in accordance 
with this law, we wish to emphasize its inviolate character. 
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d. We prove now the important theorem : 
If a product a8 = 0, then either « or B must =0. 
This theorem we know is true for real numbers. On effecting 
the multiplication of « by 8 we get the relation 
(ab — a'b!)+ (ad! + a/b)i=0. 
ne oh ip.) sabe alh 0. (14 


We show that these equations cannot hold if both # and B+#0. 
For since «#0 either a or a! #0; suppose a#0. Also since 
8+0, either 6 orb! #0; suppose6+#0. From the first relation of 
14) we get 


eee 
be 
This put in the second equation of 14) gives 
ab’? +. ab? = 0, 
on a(b? + 6) =0. 


As a+0, we must have 624 B/2=0. 


This requires that both 6 and 6’=0, and this is contrary to 
hypothesis. In a precisely similar manner we may treat the 
other cases. In each case we are led to a contradiction. Thus 
the assumption that a-8 may =0 without either « or 8 being 
= 0 is untenable. 

In an elementary work like the present, it would be out of 
place to demonstrate that the formal laws governing the arith- 
metical operations on real numbers go over without change to 
complex numbers. Thus the reader knows that 


a8 = Ba, 
a(B +7) = a8 + ay, 


etc., just as if a, 8, y were real numbers. 


that 


6. Two complex numbers 
a=at+ib , B=a—ib 


as in the figure are called conjugate numbers. We note that 


a+ B=2a 
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is real, and that Pipl 8s 


is purely imaginary. 


Also the product 
eB = a? + 52 


is real and positive. 


3. Critical Remarks. 1. We have now defined the four rational 
operations on complex numbers, viz. the operations of addition, 
subtraction, multiplication, and division. At this point we may 
return to the symbol aha a 
which we have employed to represent a complex number. We 
can show what its component parts mean. We begin by consider- 
ing the two numbers Bake ae nares 

The rule for multiplication, 2, 7) gives 

B-y=a't. 

Thus the term a/2 in 1) may be regarded as a’ times the number ?. 
The number 7 may be called the emaginary unit in contradistinc- 
tion to the real unit 1. 

Again let B=a 


Be et.) 
The rule for addition, 2, 4) gives 
B+y=at+a. 


Thus thé complex number 1) may be regarded as the sum of a 
real units and a’ imaginary units. We may call a the real part 
and a't the «maginary part of 1). When we introduced the sym- 
bol 1) in 2, we did not say that it was the swm of these two parts 
for the reason that we had not defined addition and multiplication 
of these new numbers. Indeed we expressly stated that the sym- 
bols + and z had at that stage no meaning. They acquired mean- 
ing only after the arithmetical operations on the symbols 1) had 
been defined. 


2. Instead of denoting the new numbers by the symbol 1), let 
us denote them by some other symbol, say by 


(a, a’). (2 
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We may proceed then as follows: Two numbers 
a=(a,a') , B=(6, b') 
are equal when and only when 


a=b,a'=b’. 


The sum of « and 8 is defined to be the number 
(a+ 6, a’ +3’); (3 
their difference is defined as the number 
(a—b,a'—b'). 
Their product shall be , 
(ab — a'b!, ab! +a'b). (4 
When 6+ 0 the quotient of « by @ shall be the number 


(ise oS} 
6246/2 > B24 3/2 


The number (a, 0) shall be the real number a, and for brevity 
we will write OSC 


The number (0, 1) we will denote more briefly by 7. Then 4) 
pe lie (a', 0)» (0, 1)=(0, a’) = alt. (5 


Also 1) and 5) give 
(a, a')=(a, 0)+(0, a’) =a+a't. 


Thus another representation of the complex number (a, a’) is 
a+a/i, and we have reached the standpoint taken in 2. 

In both cases we start with a symbol; in one case with a+ ai, 
in the other with (a, a’). These at the start are mere marks to 
indicate that the new numbers are a complex of two real numbers 
a,a'. These marks take on a meaning when we give them the 
above arithmetical properties. The complex then becomes a 
definite concept which we call a number, 
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8. We wish now to make another remark of a critical nature. 
The complex numbers are often called imaginary numbers, and we 
have in the present work followed usage as far as to call the num- 
bers a/i purely imaginary, the number ¢ the imaginary unit, and 
the axis of ordinates the imaginary axis. For the beginner the 
term imaginary is most unfortunate ; and if it had not become so 
ingrained in elementary algebra, much would be gained if it could 
be dropped and forgotten. 

The use of the term imaginary in connection with the number 
concept is very old. At first only positive integers were regarded 
as true numbers. To the early Greek mathematician the ratio of 
two integers as #4 was not a number. After rational numbers 
had been accepted, what are now called negative numbers forced 
themselves on the attention of mathematicians. As their useful- 
ness grew apparent they were called fictitious or imaginary num- 
bers. To many an algebraist of the early Renaissance it was a 
great mystery how the product of two such numbers as — a, —b 
could be the real number ab. 

Hardly had the negative numbers become a necessary element 
to the analyst when the complex numbers pressed for admittance 
into the number concept. These in turn were called imaginary, 
and history repeated. itself. How many a boy to-day has been 
bothered to understand how the product of two imaginary num- 
bers ai and 67 can be the real number — ab. As well ask why in 
chess the knight can spring over a piece and why the queen can- 
not. The,pawns, the knights, the bishops, etc. are mere pieces of 
wood till the laws governing their moves are laid down. They 
then become chessmen. 

The symbols (a, a’) or a+ a/i are mere marks until their laws of 
combination are defined, they then become as much a number as 
%or —5. The student must realize that all integers, fractions, 
and negative numbers are imaginary. They exist only in our im- 
agination. Five horses, three quarters of a dollar, may have an 
objective existence, but the numbers 5 and 3 are imaginary. 
Thus all numbers are equally real and equally imaginary. Histor- 
ically we can see how the term imaginary still clings to the com- 
plex numbers ; pedagogically we must deplore using a term which 
can only create confusion in the mind of the beginner. 
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4. The Polar Form. 1. Let A be the point associated with 
a=a+at qd 


Let OA=p and angle AOB=6. We call p the modulus or 
absolute value of « We have 


re) — a2 4+. q2 


the radical having the positive sign. The 
modulus of « is also denoted by 


| « | 


It is the distance of A from the origin. 
The angle @ is called the argument of a; we have 
‘aie 
tan 0 = — 5 ax 0. 
a 


We often write O=Arg a. 


Making use of p and @ we have 
a@=pcos@ , a’ =psin? 
ou a=p(cos6+7sin@). (2 


This is called the polar form of « The form 1) may be called in 
contradistinction the rectangular form. 


2. The rule for multiplication and division of complex numbers 
is particularly elegant when the polar form is used. In fact let 


B=b+¥i=o(cosd+ising). (3 
Then 
«8 = po{cos 6 cos $ — sin @ sin d + i(cos 8 sin ¢ + sin 8 cos $)}, 
s a8 = po{cos(0 + 6) +isin(6+4)}. (4 
From this we have ie eps aia ee (6 
Arg (a8)=0+¢=Arga+ Arg pf. (6 


This may be expressed as follows : — 


The modulus of the product is the product of the moduli, and the 
argument of the product is the sum of the arguments. 
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The above enables us to plot the product ag 
a8 very easily. Having plotted « and 8, 
we compute the product po and describe a 
circle about the origin O with the radius. 
We then lay off on this circle the angle 
6+ ¢. The resulting point is that asso- 
ciated with the number «@§, as in the figure. 


8. Let us now turn to division. The 
quotient 


os 9 B#0 


is defined by 2,13). This expression is complicated and not easy 
to remember. If, however, we use the polar forms 2), 3) of a, 8, 
we can readily prove that 


Bag 008 (8 — $) + isin (6—$)} 5 @ 
or that 3 =f= B (8 
and Arga= Arga— Arg B. Cc) 


This may be expressed as follows : 


The modulus of the quotient is the quotient of the moduli, and the 
argument of the quotient is the difference of the arguments. 


The proof of 7) may be effected by replacing a, a’, }, 6! in 2, 13) 
by their values 


a=pcos@, a’ =psind, b=acos¢, b! =asin ¢, 


and performing the necessary reduction. A more instructive way 
is the following: Since 8#0 by hypothesis, the equation 
BpE=a (10 


admits one and only one solution. The relation 7 states that this 
solution is 


E=Ficos (0 — $) + isin (@—$)} (il 


ARITHMETICAL OPERATIONS 13 
This is indeed so, for by the foregoing rule of multiplication 
oO 
Arg (B€£) =¢+(0—¢)=0=Arga. 


Thus 8-& having the same modulus and argument as «@ is in fact 
« Thus 11) satisfies 10). 

The above enables us to plot the quotient «/8 very easily. 
Having plotted aand 8, we compute the quotient p/o and describe 
a circle about the origin with this radius. We then lay off on 
this circle the angle @—¢. The resulting point is that associated 
with «/B. . 


4. We have seen that two complex numbers «, 8 are equal 
when and only when their associated points coincide. Let us 
suppose «, 8 are expressed in their polar forms 2), 3). Then 
from the relation 


c= 6 
we may conclude at once that 

p= ao: (12 
We cannot conclude, however, that 

d= ¢. 
We can only conclude that @ can differ from ¢ by a multiple of 
2, or that SD (13 


where v is an integer or 0. 
In particular we have: 


“or a to =0, it is necessary and sufficient that its modulus = 90. 
5. Some Inequalities. Geometrical Correspondence. 1. Let us 
plot the points A, B, C corresponding to 


a, 8,a+ 8 
asan Fig. 1. Then bal eLOC, 


a very useful relation. Since from geometry we have 


OC < 0A+AC 
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we conclude a relation of utmost im- 
portance 
ja+B| <|e|+| Al. et 


The < sign holds unless 0, A, B 
are collinear, and A, B are on the 
same side of O. 

From 1) we have 


Ja+B+y|Slel+|8l+ly|) @ 


and so on for any finite number of terms. 
To prove 2) we note that 


a+B+y=a+(6+y). 
jJe+R+y|=|e+(B+y)|<le|+|8+y|, by 
<|a|+|8|+]| |, also by 1). 


Fia. 1. 


Hence 


2. Let us now consider | a— #|. 
Let A, B in Fig. 2 be the points associated with «, 8. Then, 
following the construction given in 2, the point D is associated 
with «— £p. 


Thus OD=|a—f\|. 


But obviously AB= OD, hence 


-\a—f|= AB. 


Fra. 2. 


This gives us a result we shall often use: 


If A, B are the points associated with «, 8, then the length of ABis 
|a—B|. 


3. Let us also note the relation 


|a—B| <|a|+|8]. 3 
For a—B=a+(— 8). 
bee |-8|=|8]. 
Thus 


|a—B|=|«+(— B)| <|e|+|—-8|=|e|+|8|. 
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4. Let a be a real positive number and 8 any complex number. 
We wish to find the points Z associated with the complex numbers 
€ which are subjected to the relation 


|$—B| <a. (4 


If B in Fig. 3 is associated with @, the condition 4) says that 
ZB must be <a. Thus Z is restricted to the interior of a circle 
whose center is B and whose radius is a. 

The condition 


|S-B|=a 


states that Z must lie on the circumference 
of this circle. The condition 


[S—-8| Sa | Fic. 3. 


requires that Z lie within or on the circumference of the circle. 

In the following pages we shall make great use of the geometri- 
cal interpretation of complex numbers by points ina plane. The 
point associated with a complex number a may be called its zmage. 
Moreover, instead of using another letter as A to denote this point, 
we shall usually denote it by the same letter « This will not 
produce any ambiguity and is shorter. 

We shall introduce another change. Up to the present we 
have usually denoted real numbers, angles excepted, by Roman 
letters as a, 6, c --- and complex numbers by Greek letters a, 8, y 
--- in contradistinction. There is no further need of this; any 
letter may denote a complex number. It may be well to recall 
that real numbers are merely a special case of complex numbers, 
just as integers are aspecial case of rational numbers. Thus when 
we say let a be a complex number we do not at all mean that it 
may not be real. 

As in algebra and the calculus, so in the theory of functions 
we deal with constants and variables. ‘The former are usually 
denoted by the first letters of the alphabet, the latter by the 
last. 

Let us consider a few examples of a variable : 


Example 1. Let z=a+ yt, where a is a real constant and y is 
real and ranges from —« to +a. Then the point associated with 
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z in Fig. 4 ranges over the right line AA’; or more shortly we 
say z ranges over AA’. 


Example 2. Let z=x+ yi, where 2, y are 
real numbers satisfying the inequality 


eye 

ate 

a, 6 real. Then z ranges over the interior and 
the edge of the ellipse 


a2 82 ‘ Fic. 4. 


Example 3. Let z—a=r(cos@+7sin 0) where a is any con- 
stant, r >0, and 0<@<27. 
Then z ranges over a circle whose center is a and whose radius is 7. 


Example 4. Let Z=a+ yi, 


where 2, y are real and satisfy the relation 


y =f(2). @ 


Then z ranges over the curve whose equation is 5). 


5. Let us note the following relations : 


| \a—b| = |b-a| (6 
Also if |a—b|<e and |b-e|<y 
then |a—e|<e+7 (7 


To prove 7) we observe that 

a—e=(a—b)+(b—-e) 

|a—e|/<|a—b/4+|b-e| 
<e+y7 


Hence by 3) 


6. Let us recall from algebra the notation 


Z dm = Ay + dg te + Ag (8 
m=1 
II a, = a, - dy + Ay +++ Ay. (9 
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Thus the left side of 8) is read: the sum from m=1 ton of a, 
is, etc. The left side of 9) is read: the product from m=1 ton 
of a,, is, etc. 


6. Moivre’s Formula. In 4 we saw that any complex number « 
can be written 


«= p(cos 6+ isin 0). ad 
Then by 4, 4) es p?(cos 9 6 “ 2 sin 2 0), 
and in general a” = p"(cos nO + isin n@). @ 


Let us take |«|=p=1. Then 1), 2) give 
(cos 8 +7 sin 6)" =cos n6 +7 sin nO (3 
which is Moivre’s Formula. | 
Now, the Binomial Theorem for a positive integral exponent n is 
(a+b)*=a"+ (*) a® Wh + 8) a 252 4. ep (i aor +6". (4 


Here 
Ps? Oes- 


are the binomial coefficients. Let us make use of the relation 4) to 
develop the left side of 3). It becomes 


cos” 6 + i(7 eos 6 sin 0 — (F eos? 6 sin? 6 


“a 


— i({ Joost * Asin? 8 + Sr @9) 
Thus 3) may be written 
cos nO +7sin nO = cos” Od — ({ Joost 6 sin? 6 +... 
+2 a) cos” 1 @ sin 6 — B cos” 8 @ sin? 6 + .«- | 
(a 3 
Equating the real and imaginary parts of this relation by 2, 2) we get 


cos nO = cos” 6 — (3) cos *-2@ sin? 8 + f cos™-4 @sint@—.-- (6 


sin n6 = (*) cos” 14 sin 6 — ie) cos" 6 sin? 8 
+ (*) cos" > @siniA—... (7 
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Giving n the values 2, 3, 4 --- in these equations, we find 
cos 2 6 = cos? @ — sin? 6 
cos 3 6 = cos? 6 — 8 cos @ sin? 9 (8 
cos 4 6 = cost 6 — 6 cos? @ sin? 6 + sin* 0 


sin 20=2cos @sin 6 
sin 3 8 = 3 cos @ sin 6 — sin? 6 (9 
sin4 6 = 4 cos? @ sin 8 — 4 cos @ sin? 8 


In the relation 8) we notice that sin @ occurs only in even powers. 
Since sin? 6 = 1 — cos? @, we see that : 


cos nO can be expressed as a rational integral function of cos 0 of 
degree n. 


Making this substitution, we get 
cos 2 8 = 2 cos?@ —1 


cos 8 @= 4 cos? 0 — 3 cos 0 (10 
cos 4 = 8 cost @— 8 cos? 8641 


In equations 9) we notice that cos@ enters in even powers 
when n is odd, and in odd powers when 7 is even. Thus we see 
that: 

sin nO is an integral rational function of sin @ of degree n when n is 
odd. When n ts even, it is the product of cos 0 and a rational integral 
Function of sin 0 of degree n—1. 

Making the substitution cos? @ = 1 — sin? @ in 9) we get 


sin 2@= 2cos 6 sin 0 
sin360= 8sin 0— 4sin3@ cul 
sin 4 @ = cos 0(4 sin 0 — 8 sin? 6) 


7. Extraction of Roots. 1. In the domain of real numbers 
Cia en de .0 
has one root if n is an odd positive integer, and two roots if n is 


even. The equation mw=—-a , a>0 
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has one root if is odd, and no root if m iseven. Let us now pass 
to the domain of complex numbers. We ask how many roots has 

"=a ad 
where a is any complex number, and 7 is a positive integer. Let 
us write a and’ in polar form 


a= a(cosé+7 sin 6) (2 
z2=C(cosd+isin gd). (8 
Then if 3) satisfies 1) we must have 
f"(cos np +7 sin np) = a(cos 6+7 sin A). (4 
Then from 4), 12), 13) we have 
C"=« (5 
and : 
np=0+2kr , kan integer or 0. (6 
From 5) we have Ron a (7 
and from 6) we have 
ey au (8 
n 


Thus the modulus ¢ and the argument ¢ of any number z which 
satisfies 1) must have the form 7), 8). On the other hand by 
actual multiplication we see at once that 

a= Val cos(?+427)+ isin(S + 42™)| : (9 
n n n n 
is a solution of 1). In fact 2,” is a number whose modulus is the 


nj ; ‘ Cy 2 
nth power of Va and whose argument is m times alae But 


this number has therefore the modulus « 
and the argument 0+ 2k7, or neglecting 
multiples of 27, the argument @. It is 
thus a. Hence the nth power of 9) is a. 

To plot the numbers 9) we describe about 
the origin as in the figure a circle whose 
radius is Va. On this circle we lay off the 


angle ©. Let us call this point 2). Start- 
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ing from zg, we now divide the circle into m equal parts which give 
the points 2,, 2, +++ 2,-, in the figure, corresponding to k= 5 ee 
-+m—1Lin 9). 

If now we give to & any other integral value, we will get one of 
the values 2, 2, +++ 2,_, already obtained. Thus 1) has just n 
roots whose vaiues are obtained by giving & in 9) the values 
0,1, 2, -. n—1. 


Example 1. pe ma 


9 
Here n= 8, a=1l,a=1, 0=0, ——=120°. 
n 
Thus 9) gives 


a k 
2, = cos 120° + isin 120° = —144V3, 
z, = cos 240° + ¢sin 240 = Sa 


Example 2. eae 
Here n=3, a=—8, «=8 O=7, 9 _ 60°, 


a 
Thus 9) gives 

Z = 2§cos 60° +7 sin 60°} = 1 +7 V3, 

2, = 2{cos (60° + 120°) + 2 sin (60° + 120°)? = — 2, 

2 = 2{cos (60° + 240°) + 7¢ sin (60° + 240°) } = 1-7 v3. 


Example 3. Ao 


Here md) eden Oe cans 


nh 
Thus 9) gives al 


2, = cos 90° + 7 sin 90° = 4, 
2, = cos 180° + 7 sin 180° = — 1, 
2, = cos 270° +7 sin 270° = — 7. 


2. The n roots of Pa | (10 
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are called unit roots. They are of great importance in algebra, 
and occur in other branches of mathematics. Their values are 
given by 9) on setting «=1, 0=0. We get 


@, = 1, 
21 2 
_@, = cos —~+iésin =” ag 
n n° 
2a 2 
wo, = cos 2-=" +4 isin2. =%, qd1 
n n 


@,-1 = cos (n — 1)27 + ésin(n— 122 


We notice that @, has the property that 

Oy, =O" 5 Wg= OP 4 1 Op y= OF 4 Oy) =O,"5 
that is all the roots of 10) are merely powers of w,. Such a root 
is called a primitive unit root. It is easy to show that: 


If m is relatively prime to n, then wo =o, 18 a primitive root ; 


that is, that Sule ora (12 
are all roots of 10) and are all different. 
For ( Qa 2 27)" 
o = w,,'= | cCoSm -——+i7sinm 
n n 
20 20 
= cos ms - “74+ isin ms - —. 
n n 


Let now ms=in+p. Then 


i Date ghee 
@* = cos p -—_+ 24s81INn p— =@, 
n n 


Thus o is a root of 10). To show that the roots 12) are all dif- 


ferent let us suppose that ae ah 
ao =o. 


9 De F z 
Then their arguments rm=—, sm-— can differ only by a multiple 
n n 


of 27. Hence, e denoting an integer, 


or m(r — $) = en, (13 
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As m and n are relatively prime, they have no factor in common; 
e must be divisible by m as 13) shows. Thus if we set e= gm 
13) gives 


r—s=gn 
or r—s is a multiple of m. This is impossible, as 7, s are both <n. 


Hence no two of the roots 12) are equal. 


3. Let us now return to 9). We set 


Qa eT 
@®= cos— + 2sSInN— , 
; n n 
and notice that 


a ae =, Boel 
Zp O2, 5 % = O25 5 2+ ye, SO" ey (14 
where = Open. 
= Ve cos, tL Orin | (15 
n n 


This may be easily generalized as follows : 


All the roots of 1) may be obtained from any root by multiplying 
this root by the n roots of unity. 


Hence in particular the two roots of 22= a = « (cos 8+ ésin 0) 
are 


2 = Va (cos’ +2sin ‘| ; (16 


a 


oe Qin 


The three roots of z2 = a are 


gas Va (cost + ésin =) (18 


a ae 
Z= 0% 5 = 02, (19 
where @ is the first imaginary cube root of unity, viz. : 


—1+iv3 

eee 9, 

5 (20 

8. The Casus Irreducibilis. As an application of the foregoing 

let us consider the irreducible case of Cardan’s solution of the 
cubic 

2—pe+q=0, p,q real. qd 
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The roots of 1) have the well-known form 


w=\—4q+VR+\-49-VE (2 
where R=}47- 7. p=—A. 3 


Now when the roots of 1) are all real, it is shown in algebra 
that A is positive, hence R is negative, and VR is purely imagi- 
nary. Thus 2) expresses the real roots x as the sum of imaginaries. 
To Cardan and his contemporaries, who had no idea how such 
cube roots could be found, this case was highly paradoxical. 
Since that time mathematicians have attempted to present these 
real roots as sums of real radicals. As their efforts were unsuc- 
cessful, this case, that is, the case when A >0O, was called the 
casus irreducibilis. It is only recently that a proof has been 
given that this case is indeed irreducible.* Let us see how the 
roots 2) may be computed, using our new complex numbers. 

We set 

—1qg+ivA=r(cos d+isin $). 


Then 
eee 2 1 2 1 
V—449 +ivVA= Yr { 00s ($+ 3 <n) +isin(f +4"), 
Va 9— iVA = Vr {00s (2 + 227)—isin($ + Rat) |. 
Thus the three roots of 1) are 
Boe, cos (P+ ke 120°), peo L 2. (4 
Example. Let us take the equation 
e—222—27+2=(¢4—-1)(7+1)@—2)=90, (5 
whose roots are hoo tates h 
To reduce this to the form 1) we set 
e=F+y. (6 


Then 5) goes over into 
yp hy+ =O G 
whose roots by 6) are 


* Holder, Math. Annaien, vol. 88 (1891), p. 807. 
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Here oe ae _ 248 
Pee ne =o iets = 272° 
il Bay ze 10. .V 243 
Satta Se a7” 
1 1 343 
2 So yey SSE ys ee 
% qt rie 27 272 
Hence ets 343 
See oT 
cay 2VA__ V248 
tan d = — ——_ = — —_-- 
q 10 


log 243 = 2.3856, 
log V243 = 1.1928, 
log (— tan ¢)= 0.1928 , g=122°41', 
as ¢ lies in the second quadrant by 8). 

Hence Lp = 40° 54/, 
log 843 = 2.5358, 
log V343 = 1.2676, 
log 27 = 1.43814, 
log r= 9.8362, 
log Vr = 9.9454, 
log 2= 0.8010, 
log cos 4 ¢ = 9.8784, 

log yy = 9.1248 , y) =1.333 = 4. 


46+ 120° =160° 54’ , cos 160° 54! =— cos 19° 6’, 
log cos 19° 6! = 9.9754, 


4 fh + 240° = 280° 54’, cos 280° 54’ = sin 10° 54’, 
log sin 10° 54! = 9.2767, 
log 2Vr = 0.2464, 
log y,= 9.5231 , y, =.333 =. 


‘CHAPTER II 
REAL TERM SERIES 


9. The reader is already familiar with infinite series. An im- 
portant chapter in the calculus treats of Taylor’s development 


FatDN=f@OtG pp a+ TPN (a)t 


By its means we find for example that 


as a ay a a fa 
Pea eee ei ae 

as (2 

ee Ur eee : 

e Poiana weap é 


Infinite series were first used to compute the values of a func- 
tion. Later it was found that they could be used to great ad- 
vantage to study the analytical nature of a function in the vicinity 
of a given point. They are still used for the purpose of com- 
putation especially in constructing tables ; but their chief value 
to-day in the theory of functions is the aid they afford us in 
establishing existence tea and in studying the properties 
of functions. 

We propose in this chapter to develop only as much of the 
theory of infinite series as is necessary for our immediate purpose. 
Later we will give further details. 


10. Definitions. 1. Let a,, a,, a, --» be an infinite sequence of 
real numbers. The symbol 
A, + Ag+ ag ++ qd 
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is called an infinite series. We may also denote it by 


Sdn 
m=l 
or by Lap, m=1, 2,3. 
We call A, = 4, +g 4 + My 
sz San 
m=] 


the swm of the first n terms of 1). Suppose that as n increases in- 
definitely, A, converges to a definite value. Then we say 1) is con- 
vergent and assign this value to the series; we call it the swm of 1). 

If A, does not converge to some definite value as n increases 
indefinitely, we say the series 1) is divergent. Whether 1) con- 
verges or diverges, it is often convenient to denote it by a single 
letter, as 4; we may write 


A = a,+ dg+ 43 + ++ (2 
When this series converges, it is customary to denote its sum 
by the same letter A. This notation may be slightly confusing at 
first, but the reader will soon recognize in which sense A is used 
in any given case. 
Associated with the series 2) is the series 
AG = Any + An+9 ace (3 


It is called the deleted series, or the remainder after n terms. It 
will be convenient to denote the sum of the first s terms of the 


series 8) by A, ,; thus 
AD gm Open Aare che atts Oaeiat 4) 


Let us now recall a notation with which the reader is already 
familiar. 
When A, converges to A as » increases indefinitely, we write 


lim A, =A 
n=n 
and read it: “the limit of A, forn=o is A.” The same fact 
may be expressed by the notation 
A,=Aasn=o. 


The symbol = is read “ converges to.” 
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2. Let us establish here the obvious theorem : 


Let A=a,+a,+ ++. The series B= ka, + kay + ++» wherek #0, 
converges or diverges simultaneously with A. When convergent, 
B=akA. 

Or eae be 
If now A or B is convergent, we have 

hi be = lim As, 


vee B= EA. 


11. The Geometric Series. This is 


Galt+y+Pt+ePt- ad 
Let g#1. Then by elementary algebra 
if n 
Sey | Eel ee te ras Ela 2 
pe a Oe ( 


This identity is often useful and the reader should memorize it. 
Then using the notation of 10 


ea ee ae al ae 
wal) eae ea i (3 
by 2). Now when 


Hence in this case 


Thus 3) gives lim Gn — — ’ lg | a1 
ts 


The series 1) is therefore convergent when |g|< 1 and in this 


case if 
G=1lt+g+g7+:: ae Cre 

1 ary eal G=1+14+1+4+... 

Hence G, =n 

and lim G@,=+o. 


n=2 


Thus G is divergent when g= 1. 
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When ip mi Wade he ls has gi cal Loo 


Hen , 
sie G,, = 0 when n is even, 


= 1 when v is odd. 


Thus G, does not converge at all as n =00 
Hence @ is divergent in this case. 


When the series 
A = a, + a, + ag + + 


: i 
is such that rae bane 


it is sometimes convenient to indicate this fact by the notation 


A=-+0., 
Similarly if eyed eats 
we may write pete 


Returning to the geometric series, we see at once that when 
g>1, G,=+0; while wheng <—1, G, oscillates pone ever 
larger limits. We have thus the theorem : 


The geometric series 1) ts convergent when |g| <1. It diverges 
when|g| 21. When convergent, its sum is 
(pig A ay 
l-g 


12. The Harmonic Series. This is 


H=1+4+4+}+-. @! 
We show that ieee (2 
and is therefore divergent. 
In fact 
a b+1>3 


bt abt +>} 
etc. Thus H, >4, Hy >3+4,.H;>4+4+3 


and in general Ae 
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Thus, however large the positive number ¢ is taken 
i, > G, 


if m is greater than some integer v. Thus 


. lim 7, = +0, 
which establishes 2). 


13. Fundamental Postulate. In order to go on with our work 
we need to use a fact which the reader will admit as soon as 
understood. 

Suppose a variable v steadily increases 
as in Fig. 1, and yet always remains less 
than a fixed number @. Then obviously 
v must tend to alimit V. This limit may 
be less than G but it certainly cannot be 
greater than G. We have then 


V=limv<= G. a1 


Similarly suppose a variable w steadily decreases as in Fig. 2, 
and yet always remains greater than a fixed number G. Then 
manifestly w must tend to a limit W 


Be W=limw> @. (2 


We take it that these two facts are self- 
evident and require no proof. 


2. By means of this postulate we can 
establish a theorem of great importance 
in the theory of series : 


Fig. 2. 


Let A =a, 4+ a, + +++ be a positive term series. If A, < some fixed 
number G, however large n is taken, then A is convergent andA < G. 


For as A, < G, lim A, exists by the above postulate and this 
limit is << G. But then A is convergent and 


A= lim A, < G. 


14. The Hyperharmonic Series. This is 


hy 
= J i 
Salta tt ( 
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We establish now the following theorem : 
The series S is convergent tf s > 1, and divergent if s <1. 

For when s=1, S becomes the harmonic series H, which is di- 
vergent as we sawin12. Whens<1, each term i is greater than 
; tbs n* 
the corresponding term — in H. 

n 


Thus See 


As H, = +0, so does S, = +, and S is divergent in this case. 
Let nows>1. Then 
i eae ae ad Lae 


1 
Be TBS Bs Fe Be Bend I» SAV- 


Ass>l1,gis <1. Similarly 
Lge Ty I er SL ele ale Gt 1 2 


fia tate ett eae 
4 leech oso 
gig OS Tae ogee pet ne 


Thus however large m is taken there exists an integer n such that 

Sea 1tgtg + 2 pos = Gh. @ 

As here g < 1, the geometric series G is convergent and G,< G@. 
Thus 2) gives eae 


for any m. Thus by the theorem in 13, S is convergent, and 
moreover 


S< G. (3 
15. Alternating Series. 1. Leta, >a,>a,>-.-=0. 
Then the series Aaa, aren eee d 


is an alternating series. 


Examples. 
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The last two series are the developments of cos 2, sinz as we 
observed in 9. 


We prove now the theorem : 


The alternating series 1) is convergent. Its sum A is > 0, and 
the remainder after n terms A, is numerically <a 
For : 


n+l1° 
Aont1 7 (4, A, ay) =U (ag nip a4) pipes als (@2n_4 a Ayn ) au Ayn 44° 
Thus A,,,; >@—4d,>9. We also have 

Ae = A, — (Mg — 43) — (4, — Og) — + 


Thus A,,,, is steadily decreasing and < a,—(a,—43)< q. 
Hence by the fundamental postulate 13, 
limsAs, 4 
exists and is < a, —a, and < a, —(a,— 43). 


Next we note that 
Arty = Aon t Gonsy: 


As lim a,,, = 0, by hypothesis we have 


lim -A,, = lim A,,44- 
Hence , : 
lim A,, exists. 


m=0 


Thus A is convergent and 
Ue Pei (2 


Finally we note that the series 


de An+4 p= Ania oF An+g alas 


is an alternating series; it is therefore convergent and therefore 


analogous to 2), (ePeaae (3 


But obviously the series P and the residual series A, differ at 


most by their sign ; hence Tcl. 


Thus using 3) |A,| <a 
n n+ 1° 
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2. The fact that the remainder after n ‘terms in an alternating 
series is numerically less than the next term enables us to estimate 
the error in calculating such a series and stopping the summation 
at the nth term. 

Example. Let us compute sin 10°, using the development 

; Bi nea ema 
Oe aa aut ean (4 
We first convert 10° into circular measure and find 
x2 = .1745329. 
log a = 9.2418774. 
log a8 = 7.72563822 , 2 =.0053165. 
log 2° =6.2093870 , 2 =.0001619. 
a8 


= = .0008861. 
a 

= = .00000135. 
> < .00000001. 


Thus the first two terms in 4) give sin 10° correct to 5 decimals, 
and the first three terms to 7 decimals. We have in fact 


zc x 

—— —. = ,1736468. 

at 736468 
Dg a Sy 
em ee 


From the tables we find 
sin 10° = .1736482. 


16. The € Notation. 1. Sooner or later the student must learn to 
use the e notation. We propose to introduce it gradually, so that 
it will not seem difficult to him. The object of the notation is to 
enable one to think more easily and accurately when dealing with 
limits. 

Suppose we have a sequence of real numbers 

A Welhe ied kc a 
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What do we mean when we say ¢,= @ 
or lime, = ¢. (2 

Let us plot the numbers 1) and the limit ¢ on an axis. Let e 
be a small positive number. The points 
e—e, e+e determine an interval # of 
length 2e as in the Figure. Then the shay S ads 
limit 2) simply means that the c, eventually lie within EH no 
matter how small e is taken. 

Put in more precise language, the limit 2) means that taking 
€ > 0 small at pleasure and then fixing it, there exists an index m 
such that ; 

Cm+1> Cm+2» Omtgt** 

all lie within #. The fact that these lie in His expressed by the 
inequalities eee in: (3 
For the relation 3) merely states that whenever the index n is 
>m, the distance of ¢, from cis < e. 

It will be convenient to adopt a standard notation. To express 
that ¢ is the limit of the ¢, we shall write 


e>0,.m |e—aq|<Se, nom. (4 


This we will read as follows: 


For each positive e there exists an index m, such that |¢— ¢,| <€ 
for all n> m. 


Conversely if 4) holds, we know that 2) does. 

This may sound elaborate and formidable to the beginner and 
quite unnecessary to express a very simple fact. ‘This is indeed 
so if we never deal with but very simple limits ; or never employ 
but very simple reasoning on limits. Now the fact is that the 
function theory is founded on the notion of limits. We are con- 
stantly reasoning on limits. The same is true in the calculus. 
But in a first course in the calculus the student is too immature 
to pay much attention to a rigorous treatment of limits. His 
main object should be to seize the spirit of the methods of the cal- 
culus and to learn how to use them easily. ‘Then as he becomes 
more mature he can pay more attention to the demonstrations on 
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which these methods are founded. In the present work we have 
no intention of insisting on rigor. Being a first course in the 
function theory, we shall endeavor to avoid all topics which 
require delicate handling. A demonstration of such matters is 
quite out of place in a first course. On the other hand, the stu- 
dent has advanced in maturity since his calculus days, and has 
reached the point when the subject of limits may be treated 
appropriately with more care. 


2. Let us note that if c¢,+0, then 4) becomes 
e> 0; m, |e,|<€ .m>.m. (5 
Conversely, if 5) holds, lim ¢, = 0. 
3. A simple reflection will show that if lim e, = e then not only 
does 4) hold, but we also may write 
e>0, m, |e—e¢,|<6 , nom, (6 


where 6 may be any fixed positive number < e. 

For the relation 6) merely says that we have replaced the 
interval H above, of length 2¢€ by another smaller interval of 
length 2 6. 

We frequently have to deal with several inequalities of the 
type 6). In such cases we shall see that it is convenient to take 


5 = or a ete. 


bo! 


17. Necessary Conditions for Convergence. 1. When dealing 
with infinite series our first care is to see if the series in hand is 
convergent. As we never deal with divergent series in the 
elements of the function theory, if a series is found to be divergent 
it must be discarded. The following theorem is often useful : 


For the series A=a,+a,+-+. to converge it is necessary that 
Gnas 0. 


For suppose A is convergent. Then by 16, 3 we have 
eS 0 Ae AN AG , n>mM. 


Al 
as [A= Anal <§- 
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Hence by 5, 7) 


[Ae cA |< €) 
But 
Ae Ay Ona: 
Thus 
lant] <& 


Hence by 16, 6) lim a,,,; = 9, or what is the same, lim a, = 0. 


2. Although it is necessary for a,=0 when A=a,+a,+ + is 
convergent, this condition is not sutficient as the following ex- 
ample shows. 

The harmonic series ison ata 

=14+44+44+-. 
is divergent as we saw in 12. Yet here 
1 


a, =—= 0. 
Ve 


3. Let m be an arbitrary but fixed index. The two series A, An 
converge or diverge simultaneously. When convergent 


AAA... 
For when A is convergent A=lim A,. Let n=m+s. Then 
A = Ba tT A: 


When n=, so does s. As A,, is a constant, we see that when 


lim A, exists, so does lim A,, ,, and conversely. 
nna sn 


4. If A is convergent, lim A, = 0. 
For any we have A ad eA 
As A is convergent, lim A,= A. Thus 
A,=A-—A,=0. 
18. Adjoint Series. 1. In studying the convergence of a series 
A= ay + dy + a3 + + ad 


it is convenient to consider the series obtained by replacing each 
term a, by its numerical value a, =|a,|. The resulting series 


Q = ey + tty + Og + (2 
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is called the adjoint of A. We write 


Y= Adj A. 
In the function theory we often have to deal with the numerical 
or absolute values of numbers as a, 6, ¢---. It will often be con- 


venient to denote them by the corresponding Greek letters a, 8, y 
Sometimes the Greek letter is so much like the Roman letter that 
the reader is apt to mistake it. We will replace it by the corre- 
sponding German letter. Thus Greek A, M look like Roman 
A, M; we therefore replace them by 2, M. 

The following examples will illustrate the notion of a series and 
its adjoint. 


Example 1. A=1—3+4-44+.-. 

Its adjoint is Saleen eat 

Example 2. 4 oe eee 
aL urn 


Its adjoint is 2 a Ss 
W=1+ 5 as ma 61 +... 


where according to our notation i fale 
Should the terms of a series A be all positive, then A and Y are 
identical. 


2. We prove now the fundamental theorem : 
Tf X converges, so does A. 


For let Ber ee eee 


be the series formed of the positive terms of 1) taken in order, and 
C= c+ e+e, ++ 


be the series formed of the negative terms of 1) taken, however, 
with positive signs. Then 


Bi, Oy +g + 0g + + = A 


since B, contains only a part of the terms of Y%. Hence B is con- 
vergent by 18,2. Similarly (,,< & and hence Cis convergent. 
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Suppose A, contains r positive terms and s negative terms. Then 
A,= B.—C, 3 psn. 
Let n=oo, then B,= B, C,= C, and hence 
lim Az= lim B, — lim @,, 


A=B-(C. 
Hence A is convergent. 


or 


3. A series may converge, although its adjoint does not. 


Example. Ae oe eee 


is convergent because it is an alternating series, by 15. Its adjoint 
W=1+4+4+4 + iets 
is divergent since it is the harmonic series, by 12. 

A series whose adjoint is convergent is called absolutely conver- 
gent. If A converges while %& does not, we say A is stmply con- 
vergent when we wish to indicate that A does not converge abso- 
lutely. The greater part of the series employed in the elements 


of the function theory are absolutely convergent. We shall there- 
fore have little to do with simply convergent series. 


4. The following theorem is very useful in ascertaining if a 
given series is absolutely convergent : 


Let B=b,+6,+6, +++. converge and have all ats terms > 0. 
Then the series A=a,+a4,+4, +++. ts absolutely convergent if 
Gn <b,, Moreover |A|< SB. 

For passing to the adjoint of A, we have 

YW, = %y+a,+--+a,<b,+6,++-+8,<B. 

Thus Y is convergent by 18, 2. 

a |A,|<%,<B 
we have |-A| Le yee 


19. The Remainder Series. 1. Suppose we wish to compute the 
value of the convergent series 


A= O74 Gy + 4, + -° da 
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correct to a certain number of decimals, say to p decimals. We 
compute successively vA 
i= 
Ay = a, + A, 
A, = 4, + a + ag 
etc. In order to know if we may stop at A, we must know if the 


remainder A, affects the pth decimal in A,. We must know, 
therefore, if | A, | < 10-7. 


In case that A is an alternate series the theorem of 15 shows that 


we may take m so that 
y ba | 10: 


For we showed that |, ee 


When the series 1) is not alternate, it is not so easy to estimate 
the magnitude of the remainder. The theorem of 18, 4 may some- 
times be applied with advantage to A,. In fact if «,<0, we have 


[Atte BezuR 


2. Hxample. Let us use the theorem of 18,4 to show that 
exponential series 


2 ee d 
ait on acer @ 


is convergent for x >0, and to estimate the magnitude of the 
remainder £,,. 

Let us take zw large at pleasure and then fix it. We next take 
m so large thatm+1>2. Then 


,3 ; 
= i 
J m + i iS 
Let us set Ne pm 
m ! 


As xz and mare fixed, Mis a constant. Then 


gqmts am xr 


(m+s)! m! “Gut 1) Gna). 


Mg. 


Thus each term of 
rh am gmtl gem 2 


E, = panes a “a he 
em os Ihe Guepay hs 
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after the first is less than the corresponding term of the con- 
vergent geometric series 


M+ Mg+ Mf +--=MA+g+ 9+ +) 


papell 
to 
Hence the remainder series £,, is convergent. Thus F is con- 
vergent and i uM 
| Of ge 
1l-g C 


where g is given by 3). 


Positive Term Series 


20. Theorems of Comparison. Series whose terms are all positive 
are of especial importance for deducing tests of convergence. 
To ascertain if a given positive term series A is convergent it is 
generally advantageous to compare it with some other positive 
term series B whose convergence or divergence is known. We 
begin therefore by establishing two theorems of comparison. 


2. Let A=a,+a,+ +, B=b,+5,4 --- be positive term series. 
Let r, s be positive constants. 


Tf i ia ees Fe Sees, es 


nr 


or 2° lim “* exists and is + 0, 


n 


then A and B converge or diverge simultaneously. 

For on the 1° hypothesis a,<8b,; hence if £& converges, 
A, <3sB,<8sB. Thus A converges by 18, 2. Also a,>76,; 
hence A, >rB,. Thus if B is divergent, so is A. 

On the 2° hypothesis, let 
ze =land 1 > 0, 


n 


: a 
Then as ” increases, * gets nearer and nearer /. Hence for a 
n 


sufficiently large m, there exist two positive numbers 7, s such 


that a 
CS ee 8 > mM: 


n 


40 FUNCTIONS OF A COMPLEX VARIABLE 


Thus the terms of the series 

Ae Amst + mtg + °° 
satisfy condition 1° above. Thus this 2° case is reduced to the 
preceding. 


Example 1. ae! i i! “4 
aaa UR wall ea 


1 i 
= ———_ < —. 
Here An emu e 


Thus each term of A is less than the corresponding term of the 
convergent series 


ee eal 
2 ee 
Hence A is convergent. 
Example 2. Oe Bea 
ev 7 ‘e 


The adjoint series is 


__|cosx| , | cos 2a] 
Y= = ares oe JL poe 


As |cosu| <1, each term of this series is < the corresponding 
term of the convergent geometric series 


Hence 2% is convergent, and thus A is absolutely convergent. 
Example 3. A= 2a, =Zlog (1 +# +5) Pry a 
Cs 
where p is a constant and 
|¢,| < some G@. 


By the calculus we have, setting r=1+s, 


1 2 
=o (u + 22) —22(u +) oe yee 


n 
n ns n® 


If « = 0, we have , = 22 (1-200) 
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which is comparable with the convergent series 


= eee ess fs 
iy 


Thus A is convergent in this case. 
If «+ 0, we see that na, = uw. Thus A is comparable with the 


divergent series ‘ 
8 H=1+44+h4+44+-. 


When pu > 0, we see the terms of A finally become positive and 
A=+o. When «<0, the terms finally become negative and 
A= — .. 


Example 4. ,~»_ @ {1 aha eee 
C=) lam log (1 +7)| aC hs 
1 
This series is convergent. For if ~>1, by the law of the mean, 


log (1 +2 )=24 MS , |M, |< some M. 
N 11) Nn 
Thus 


M 
on <5 
Nv 


The adjoint of Cis thus comparable with the convergent series 
1 
mM> ar 


The series ( is therefore absolutely convergent. Its sum is 
called the Eulerian constant. By calculation we find 


C= 112166. ... 
3. The second theorem of comparison is : 
Let A=4,+ a+ a,++ , B=b,+b,+6,+ ++ 
be positive term series. If B is convergent and 


Oni < Onvy Oh = Wei oo 
a, — Oy 


A is convergent. If B is divergent and 


An+] = Onis ; 
an > b, 


A is divergent. 
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For on the 1° hypothesis, 


Thus An 


and we may apply 2. 
On the 2° hypothesis we have 


and may again apply 2. 


21. D’Alembert’s Test 1. As an application of the second theo- 
rem of comparison 20, 3, we will establish a test for convergence 
or divergence of a positive term series which is perhaps more 
often used than any other. It is called D’ Alemberi’s test. 


The positive term series A=a,+a,+-+- converges if there exists 
a constant r <1 for which 


a OG 
—tH<yr, or lim4=r. 


Un, An 
The series A diverges if 
Sat > 1, or if lim! > 1, 
An a3 An, 


Let us suppose that 
On+y <r. 


an 
We compare A with the convergent geometric series 


R=1+r+r+... 
and apply 20, 3. 


Let us next suppose that ey ad 


An 
Then we may choose ¢>0 so small that s=r+e is also <1. 
Then 1) states that there exists an m such that 
fae 5 Sm, 
Ge 
Thus we are led back to the former case. In a similar manner 
we may treat the divergence part of the theorem. 
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Example 1. gyal Wikre ee 


as convergent if 0<a<1. For the ratio of two terms 


Anyi _ n+1 
a 


-a=a<il. 


n 


Example 2. Let us show that the ee series 


B=1+ aa = ey 
converges absolutely for any x. To this end we consider its 
adjoint EB 
€=14+2 11 +5 irs 


The ratio of the n + 1% term to the n* is 


for any given & Thus in this case r= 0 in D’Alembert’s test. 
Hence € converges, and thus H# converges absolutely for any 2. 


Example 3. Let us consider the convergence of the series 
which are the developments of the cosine and sine, viz. : 


Bo cig 
Ce emp 

att 4 
Ue er 
Rites ou 


The adjoints of these are 


dna 
(Sar ha tat 


The terms of these series form a part of the series € considered 


in Example 2. Thus 626 , SEE 


and hence 6, © converge for any & since € does. Thus C and 
S converge absolutely for any x. 
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This result may also be obtained directly from D’Alembert’s 
test. For the ratio of two successive terms of € is 


ie i -2 £2 x 0 
9n)! QOn= Dl Binln—1). * 
(2n)! ¢ 


Hence € converges for any &, and a similar result holds for ©. 


Example 4. Let us show that the logarithmic series 


so in) 
ty oe oe ee 
1 248 


converges absolutely for any |x| <1 and diverges for |x| >1. In 
fact the adjoint series is 


Ee aie term 
Sa stherae set 


The ratio of two successive terms is 


(Sear tH ee eral 
rr | on, Se é 


Here the limit 7 in D’Alembert’s test is &. 


2. We must note that when in D’ Alembert’s test the limit 
lim 2841 = 1, 
An 


we can neither conclude that A converges or that it diverges, as the 
following example shows. 


Example. 4 Mean LL earl 


Wet A — eel —_— —_ . 
pat 3t 
Here Dyas oon pal 1 ar 
a le ee € +4 I al 
n 


Now when s>1, A is convergent, while when s<1, A is 
divergent. 


22. Cauchy’s Integral Test. 1. This is a test of great power; 
it is expressed in the theorem: 


Let f(x) be a steadily decreasing positive function such that 


IM) 2 Oy 
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Then the positive term series 


A=4,+ a +a43+ eee 


ts convergent if oa, ii = Wave 


is convergent. 


For on the ordinates 2 =n, in Fig. 1, let us lay off the values 
of a,. ‘Then A, = area of the shaded region from x= 0 to z=n. 
But the curve belonging to y=f(x) 
lies above this shaded region. Thus 


Ay, n= Ant a7 Anse + aie a Onin < J. 


5) 


Hence A, is convergent, and 
hence A is. 


tel 
SN 
S a; 


2. Similarly we have a divergent 


tests Ie ean 
Let f(x) bea steadily decreasing Fic. 1. 
positive function such that a,=f(n). Then the positive term series 
A GQ, + Ay ++ 
is divergent if K= | corn 


is divergent. 
For consulting Fig. 2 we see that 


m+ntl 


Axes = Am+1 fr An+9 fetes Anin = St (x) da 


m+1 
Let now n=oo. The integral on the 
right = +. by hypothesis; hence A,, is 
divergent, hence A is divergent. 

3. In the last section the student might 
be tempted to reason as follows. A,, is 
the area of the rectangles from 2 = m to o. 
This is greater than the area of the curve 
from z=m to o. Thus one would have 


at once ae (2 
As the integral K =, so is A,, hence A =o. 
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Against this form of reasoning one can urge the objection 
that one is dealing with o as if it were an ordinary number. 
It is true that in a first course in the calculus the student 
often falls into this habit. At times this is quite convenient, 
at other times it can create great confusion. To avoid such 
loose reasoning mathematicians to-day do not operate on infinite 
quantities as if they were finite. For example in the present 
case we wish to show that A,, is divergent. To this end we 
have compared two infinite areas in 2) and asserted that one is 
larger than the other. The modern mathematician avoids this; 
instead he would reason as in the foregoing section 2. The 
relation 1) compares fincte areas. In this relation the variable n 
is allowed to increase indefinitely. Since A,,,, increases indefi- 
nitely, the series A, is divergent by definition. Hence also A 
is divergent. 

The reader will perhaps think this a very small point. In the 
present case it is indeed trivial. We have chosen it however to 
illustrate a great principle : 


The student must avoid operating on infinite quantities as if they 
were finite. All operations must be performed on finite quantities, 
except in the single operation of passing to the limtt. 


23. The Logarithmic Scale. 1. As we have already remarked, 
the convergence or divergence of a positive term series 


A=, + 4+ d3+ ++ 


q 
may often be determined readily by comparing A with some series 
whose convergence or divergence is known. ‘Two such series we 
have already found. The geometric series 


G=1l+gt+ Pt Pte qd 
and the hyperharmonic series 
Lene ad 
FS fea ES as Bees ea 
Sie 96 + 38 at re or (2 


We propose now to use Cauchy’s integral test to show that the 
series 
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il 
- nln ce 
1 
ay nl,nl,sn ( 
a! 
» nlynlonl,n ce 


ll converge when s > 1 and diverge when s <1. 
For brevity we have set 
Lun=logn , ln=logdogn) , 
Ve must note that in the domain of real numbers, log 2 does not 
xist for «<Q. Thus the summation in the series 3), 4) + 


1ust begin with a value of m for which J, exists. 
Let us consider the series 3), or 


1 1 1 
S jpeg eee ie 6 
2loge2* Bloge8 dloged! ( 


rhen s > 1. 
From the calculus we have 


dlogi*s  il—s 


dx oo 40 log? as 
Thus 
B dz 1 i 1 | : 
in ’ <<a 
ff zlog*x s— 1 llogta log*1B ah 9 
Hence ie Ep a 1 1 
a, 2b log® x eat Tl log*1 “ 


; convergent. Hence by Cauchy’s test 6) is convergent when 
Soule 
Let us now takes=1. From the calculus we have 


diye _ a 
aoe fa) ] = 
dx dz og 108.2) xz log 


Hence 
dz 
o tlogz 


=log(log 8)—logdoga) , 0<a<f8. 
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Thus le dx Se 


clogx — 


Hence by Cauchy’s test 6) is divergent for s=1. Hence @ 
fortior’ it diverges for s< 1. 
To treat the general case we would employ the function 


1 


al vloe ++ Ly, 12,2 


I(®) = 


2. The series 3), 4), 5), --- forma scale. That is when s > 1 
each converges more slowly than the foregoing. When s=1 
each diverges more slowly than the foregoing. To apply this 
scale to test the convergence or divergence of a given positive 
term series A we begin by comparing the terms of A with those 
of 3). If no test results, we next employ the series 4), and so on. 


24. Kummer’s Test. 1. This is embodied in the following 
theorem : 

Let A=a,+a,+ ++ be a positive term series. Let k,, ky +++ be 
a set of positive numbers chosen at pleasure. A is convergent if 
Sor some constant k > 0. 


K,=k,,- an — ky, ak ’ n=l, 2, cee Gl 
n+] 
A is divergent if D zat 4 of ee (2 
ky hy 
ts divergent and K, <0, n=1, 2, --- 


For on the first hypothesis 


il 
Uy < i. (kya, — kay). 


1 
dss i (hyd, — kgag). 


Un = (CAC e~ Kiln )« 


a] 
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Hence adding these 
0<A, <a, +7 yay Katte) < a,(1 + a): 


Thus A is convergent by 18, 2. 
On the Second Hypothesis - 


On Rasy 
Ss ’ 
An+4 Ki, 
or a Je7} 
de SSP lc 
Gn Ke} 


Thus A is divergent by 20, 3. 


2. We shall call the divergent series 2) Kummer’s series. 
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25. Raabe’s and Cahen’s Tests. 1. From Kummer’s test we may 


deduce a set of tests of great usefulness. Thus if we take 


had, = = 1 
we get D’Alembert’s test 21. 
If we take PENH NO. yee 
we get: 


Raabe’s Test. The positive term series A=a,+a,+>+ 


vergent if 
ry(m) =n ( < 1)> 1, U>l. 
An+4 
A is divergent of Ayn) < 1. 
For here K, =n—*-—(n+1)>k>0 
n+] 


f 1) holds. On the other hand 
1 Gee, 
f 2) holds. 
2. In the foregoing we have used the divergent series 
De 


nd 
ie tee oP 


- 28 con- 


¢! 


(2 
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to get D’Alembert’s and Raabe’s tests. If we use the scale of di- 
vergent logarithmic series considered in 


i 
Dla’ 


1 
Saale 


we get a set of tests which may be stated as follows : 


Let A=a,+ a,+ «+ be a positive term series. Let 


ry(e) = yn nf An —1)=1} = hnirgny— 15, (3 


t Un+1 


rad = ban | n| nf On -1)-1]}-1}= en{r4(n) — 1}. 


n+1 


Then A converges if there exists an s such that 
r,(r)>S>1 for somen>m; 
A diverges if A(n)<1 forn>m. 


Let us prove the first test 3) in this set. The others are proved 


similarly. We take here 
k, =n log n. 
Then A converges if 


Un 


K, =n log n 


. —(n+l)log~+1)>k>0. 
n+1 
— n+l=n(1+2), 
n 


ie = AA) = log(1 + +) log € 28 -), 


n 


\nt1 
= 1,(n) — log (1 + *) ; 


=A,(n)-(1l+e) , a>O. 
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Thus A converges if 
r4(2)2z6>1- for n> some m. 
In this way we see also that A diverges if 
Ay(2) <1 for n > some m. 


3. From 3) we deduce 


Cahen’s Test. If the positive term series A = a, + dy + ++ ts such 
that for every n 


C= n{n( Lp 1)- 1} < some G, 
An+1 - 
then A is divergent. 


For 


dy(n) < E.G. 
vn 


Here the right side = 0. Hence A,(n)< 1 for x > some m, and 
A is divergent by 2. 


26. Gauss’ Test. Let A= a,+ a,+ +++ be a positive term series 
such that 


ae a. ne + ane 1 +--+ @, dd 
An+-1 lia Syne! fe cleeet ey 


where 8, 4, ++» By, B,++ do not depend on n. Then A is con- 


vergent if ao 43 
aad eee 


and divergent if a, — 8,<1. 
This may be deduced from 26 as follows. Here 


1 
Coeewiits p 2 Ga tana Bs 


Xy(r) =n( Ga Te 


An+4 


(2 
ite 
n 


Thus lim A,(m) = a, — 9. 


Hence if a, — 8, >1, certainly there exists some / > 1 such that 


n( ee 1)2 l for all m > some m. 
An+4 
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Thus Raabe’s test shows that A is convergent. If a, — 6, =1, 
Raabe’s test does not always apply. To dispose of this case we 
may apply the A,(7) test of 25, 2. Or, more simply, we may apply 
Cahen’s test. We find at once 

lim C,, = % — B,—8,- 
Thus CO, < some G 


and A is divergent. 
27. A test similar to Gauss’ test in 26 is the following : 


Let A= a, + 4,+ ++ bea positive term series such that 


eyes 


An+4 n n* 


An 


where »>1, and 8, < some G. Then A is convergent if « > 1, and 
divergent if « <1. 


For here Ay(n) = n( 1) = a+ By mae 


ntl 


ies 


Thus A is convergent if a >1,and divergent if «<1. If «=1, 
we have en 
rA,(2) = Unj}rA,(n) — 13 aos - B,=9, 


“ 


and A is divergent. 


28. Binomial Series. This is 
Bot B-w—1, Me-w—l1l-p—2., ~ 
Te to eo ae 


(ieee ; 


This series arises when we develop (1+z)* by Taylor’s theorem ; 
here we wish merely to consider the convergence of the series 
as an application of the foregoing tests. 
If uw is a positive integer, B is a polynomial of degree uw. If 
#=0, B=1. We now exclude these exceptional values of p. 
Applying D’Alembert’s test to the adjoint of 1), we find 


Oney | H@ —-n+1 
a, n 


|2| = |a]. 


Thus B converges absolutely for |w| <1, and diverges if |x|>1. 
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Tet x=1. Then 


Pea Peg 
+o +E Bary 


Then Grey 1M — +11 24 
i ihe } 


As D’Alembert’s test gives us no information in this case, we 
apply Raabe’s test. Here 
Ons 1 = 1+y 


n 
for n sufficiently large. Thus 


Ao(m) = 1+ pw. 


Hence B converges absolutely if » > 0, and its adjoint diverges 
Beye <0. 

But in this case we note that the terms of B are alternately 
positive and negative. Also 


Geri a4 tok 
a n | 


so that «, form a decreasing sequence from a certain term, provided 
w>—1, when a,=0. Thus B converges when uh >—1 and 
diverges when w< — 1. 

Letx=—1. Then 


Bo1—p+of—-_.. 


If «>0, the terms of B finally have one sign and A,(n)= 1+ wm. 
Hence B converges absolutely. 
If «<0, let »w=—2A. Then B becomes 


x-rA+ 1] rAA+ 1-A+2 


Teg ee og 
Here Ay(n) = E a oe 1-2, 
1+—— 


n 


and B therefore diverges in this case. ‘To sum up, we have the 
theorem : 
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The binomial series 1) converges absolutely for |x|<1, and 
diverges for |x|>1. When x=1, it converges for w>—1 and 
diverges for w<—1; tt converges absolutely only for 4>0. When 
x =—1, it converges absolutely for w>0 and diverges for p< 0. 


29. The Hypergeometrig Series. This is 
ms a-a+1-8-8+1, 4 
Le gid ae 
eo Ley 2B OSE Ba as ee 
1.2-3-y-y+1-y+2 


F(a, By e)=1+5 e+ 
ae a 
ae 


Let us find when this very important series converges. Passing 
to the adjoint series, we find 


Ont+2 (a+n)(B+n) : = 
Oni (+1 (y¥+n) igeet a: - 


Thus F converges absolutely for | a|<1 and diverges for | #|>1. 
Letx=1. The terms of F finally have one sign and 


Ant} nmtnil+y)+y 
Ants n? + n(a+ 8) + a8 


Applying Gauss’ test, 26, we find # converges when and only 
when Fategeyeas elt 

Letx=—1. The terms finally alternate in sign. We may 
write = a,—a,+a,—---. Let us find when a,=0. We have 


ih 08  (@+1)+-(atn)\(B+1)-(B+n), 
yy G4) tat] (yt 0) 


ene Ce te 2 
m m 
1+m=m(1+2) , ytm=m(142) 
m m 
Th (.+s\t8) 
n ofS m m 
Oe ake ee air teers 7; ea 
GEE 
m m 
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But se Pe pe 1 ply IE 
141 mm heey ig eee 
m 
where Omn= 1 , m= asmtoa 
Hence amg =H(1+")(1 +2\(1— 5 +2s\(1-2 47) 
1 m m m me m me 
=Hi(142+8—9—-} i) 
1 m m2 
Hence 
ee Sloot 2 ed 7) 
OF Ante og( 2 ze me 
SS ee 
1 
Thus 


L=lim log a,,.= Sh. 
n=» 1 


Now for a, to = 0 it is necessary that Z,=— oo. In 20, Ex. 8, 
we saw that this takes place only when «e+ B—y—1<0. 

Let us now see if Z is an alternating series. If so, we must 
also have a, > a,,,< +++. From 2) we have 


cee en 
Gis n n 


Thus when «+ 8B—y—1<0 the Z series is alternating. 
Summing up, we have the following theorem : 


The hypergeometric series F converges absolutely when |x| <1, 
and diverges when |x|>1. When x=1, F converges only when 
a+ B—y<0, and then absolutely. When x=—1, F converges only 
when a+ B—y—1<), and absolutely if «+ B-—y< 9. 


CHAPTER III 
SERIES WITH COMPLEX TERMS 


30. 1. Having discussed series whose terms are real, we now con- 
sider those whose terms are complex numbers. As heretofore such 
series will be represented by 


A=a,+4,+a,+-- d 


the sum of the first m terms by A,, and the residual series by A,. 
If we replace each term of A by its numerical value «, =|a,|, the 


resulting series Oi ie cule ete 
= 044 + Oy + ig ++ 


will be the adjoint series. 

Before defining the sum of 1) we must define what we mean by 
the phrase ‘+A, converges to a number ZL as n increases indefi- 
nitely,” or in symbols A, = LZ as n= o, or 


limeAt =: (2 


Suppose we plot the points associated with the complex numbers, 
Aaa. A, ---and Z. Then when we say A,=Z, we mean that 
these points get nearer and nearer Z. More precisely this idea may 
be expressed as follows: 

About ZL describe a circle of radius e as small as we choose. 


Then all the points 
P Alas 2s BON 7, hee 


fall within this circle for some m, as in the figure. In other words, 
there exists an index m such that 


|\L—A,|<e foralln>m. (8 


If the reader will turn to 16, he will see that 
this is a natural extension of the term limit when “4m 
the numbers considered were real. 
56 
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We are now ready to give a final definition. We say 2) holds 
when for each positive e there exists an m such that 8) holds. 
This definition applies to the limit of any sequence of complex 
numbers as 
aries @2/49,.4%% 
To express that c is the limit of c, we shall write 
€o0) 5 My Jee ce hm. (4 


This we read as in 16, viz.: For each positive e there exists an 
index m, such that | ¢—e¢,|<e for all n>m. 

Having now defined the term limit we may extend the terms 
convergent, divergent, sum, defined in 10, without further comment 
to the series 1) whose terms are complex. Thus when lim A, 
exists, we say A is convergent. The limit of.A, is the sum of 1). 
If lim A, does not exist, A is divergent. 

A number of results established in the last chapter hold for 
series whose terms are complex. In fact the reader will see that 
the demonstration apples equally well to complex terms. For 
the convenience of the reader we state some of them here. 


2. Let A=a,+a,+--- be a series with complex terms. Then 
A and the residual series A,, both converge or both diverge. If 
A is convergent, A, = 0, also a,=0asn=o. If A converges, 


B=ka,+ka,+ --- converges and B=kA, k #0. 


3. We have just noted that when A is convergent, a, must 
+0. From this we draw the obvious yet important conclusion : 
If A =a,+ a,+ +++ ts convergent, then 


|a,|<someG , n=1, 2, 38, (5 


For, describe a circle O about the origin. Then since a, = 0, all 
the terms @n41) m4 °*: lie within C for some definite m. Let us 
now describe another circle D about the origin so large that it 
contains the m points aj, d,--- 4, and also C. If G&G is the radius 
of D, the relation 5) holds obviously. 

4. The reader should note that although the terms a, a, --- of 


the series 1) are complex, it does not follow that they may not be 
real, The class of complex numbers contains the class of real 
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numbers as a subclass. It follows therefore that any theorem 
established for series with complex terms must necessarily hold 
when the terms of the series are all real. 


31. Absolute Convergence. 1. The terms of the series 


A=4,+,+a,+ + ad 

being complex, let us set 
a,=b,+%, » m=], 2, o (2 
te Babe h, ees E 
O = C+ Cg + eg t + (4 
Then Tea aoe. (5 


We show now that: 


If B, C converge, so does A, and A= B+iC. Conversely, if A 
converges, both B and C' converge. 


For if B, C are convergent, we have from 5) 
lim A, = lim B, +7 lim C,, 
vr A=B+i0. 
Conversely, let 1) be convergent. Let its 


sum be A=8+7%y. Then Fig. 1 shows that 
as A,=A, then B, = and C,=y. 


2. As already remarked the adjoint of 1) is 
YW = a, + a + a + he te 
where |a,|=a,. From Fig. 2 we see that 
B= On pecar ’ Yi Nie [ew orns 
Similarly the adjoints of B and Care 


B= 6,+ 8,+ za? 
C=y,4+%+ C 


We now prove the important theorem : 


If the adjoint of A converges, A is convergent. 
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For obviously %, < %, < YU, hence B is convergent, and there- 
fore B converges absolutely. Similarly €,< %, < W and hence 
C converges absolutely. The theorem now follows from 1. 


3. When the adjoint of A converges, we say A converges 
absolutely. 

The great importance of the last theorem is obvious. It en- 
ables us in nearly every case in practice to reduce the problem 
of determining whether the series A is convergent or not to the 
same problem relative to the adjoint series Y%. But the terms of 
% are real positive numbers, and the convergence, of such series 
was treated in the last chapter. 


4. Having established the last theorem, the reader will note 
that the reasoning of 18, 4 holds for complex terms. Hence the 
theorem : 


Tf each term of A=a,+a,4+ -:- is numerically < the corresponding 
term of the convergent positive term series B=b,+6,+ --- then A ts 
absolutely convergent and |A|<B. 


5. Returning to 2, let us note that the reasoning there shows 
that : 


For 1) to converge absolutely, it is necessary and sufficient that 
the two real sertes 3), 4) converge absolutely. 


32. Addition and Subtraction. From the two series 
A=a,+4,+4,+ + 


B=b,+6,+6,4+ awe 
let us form the series 


C= (a, + 01) + (%q + b,) + Ca, G4) 


We now show that: 
Tf A, B are convergent, Cis convergent and its sum is A + B. 


For 0, = (a, +04) + + Cn + 5) 
— A, + B, 
Now lim Ag=Ae = dim. Be=-B, 


Hence C=lin (,=A+B. 
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Similarly we prove: 
The series ACRE EN SE RE 

converges if A, B converge and D= A—B. 
33. Multiplication. 1. Suppose we have two polynomials 


P= per Pact bP SPs 


Q=Ut mtn tm = 2% 

Then from algebra we know that 
PQ= HP t+ UP2 + + HOP m 
+ Py + GPa Fs + 9a Pm 


a 3 Gn Py = GnP2 aE a» GnPm 
The general term of the product is p,q; We may thus write 


es 
Poe - 2; D m fal 


q = ue 2. eee D. 


Instead of two polynomials P, @ let us take two infinite series 


A=@+a+-" , Bab, t+ bgt e+ (2 


and from them form the series 
i tha SS ¢ 
C= Xab; (38 
ee 
which contains all possible terms a,6; without repetition. We 
prove now the theorem : 


If the series A, B are absolutely convergent, so is Cand C=A.- B. 
We begin by considering the adjoint series 
A= 2a; B= 28; C= rea, 
Let us look at the product Y%,,8,,; it contains all terms a8; 
whose indices 2, 7 are both <m. Let us now take n so large that 


the sum of the first » terms of ©, that is ©,, contains all the terms 
of 2,8, In general ©, contains other terms of the type a,8, 
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where 7, s are not both < m. On the other hand let no term a, 8, 
have an index >v. Then 
C, = 4 i a < O18 m+4 ar OH Bm+e + eg + «8, 

ar Oy Bint oI Dopen a 8, 

de oe hi 

== Ff = a SP Cd ape ap ee ar Oy 8, 

ar ByOm+y oh PCr. nh ee ae Aya, 

a i BG os By m+ Se es Ba,» 
For every possible term «,8, which ©, — %,,%,, can contain is to be 
found ainong the terms on the right. Moreover all the terms 
involved are positive numbers. 


Now the first row on the right gives 


0 (Bnty SF Bm+g Ste eas Sy) < , Brus 
and a similar relation holds for the other rows. Thus 


6, — 4,3, < ,8,+ --- +0,8,, 
IF BiUn Sp oP BLn 
< (oy +o + 4,) But (By ++ + B)Un 
< AB, + BA, 
Let now m=. Then Y, = 0, B, = 0 by 17,4. Thus the left 
side = 0. But 
lim YB = lim Y,, lim G, = U- B. 


Hence € is convergent and 


C=A-B. 


This shows that the C series is absolutely convergent. To 
show that (C= A- B, let m, n have the same meaning as before 


only now referred to the A, B, Cseries. Then 
C, — A, B,, is numerically < the sum of the corresponding terms 


in ©, —%,,8,-. Hence 
| C, ame Abel xs C, ae 1 om Lae 
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Now when m = o, the right side = 0. Thus 
lim (C, — A, Bn) = 9. 
As lim A,,B,, = AB, this gives C= AB. 


2. In forming the product series 3) it is well to have a definite 
law in order that no term a,b; is omitted, and no term is repeated. 
Such a law is expressed as follows : 


C= ayb, + (aybg + aqb1) + (a4b3 + Agby + 4351) 
+ (ab, + Agbs + Mgby + a4b)) + + { 


We notice that the sum of the indices 7 + 7 is 2 in the first term, 
it is 8 in the second term, 4 in the third term, etc. Also in each 
term the index 7 increases while 7 decreases. In this way it is 
possible to form all the terms a,b; in 3) without repetition or 
omission. Of course there are many other simple ways of doing 
this, but this is in general the most convenient. 


34. Cauchy’s Paradox. 1. At this point we are face to face 
with a paradox. One would expect that if the series A and B 
converge, the series C’ in 33, 4) would converge and have as sum 
A-B. Incase that A, B converge absolutely, we have just seen 
that this is indeed true. We now exhibit an example due to 
Cauchy which shows that if A, B are convergent but not abso- 
lutely convergent, then the series C may not even converge. 

In fact, let 

: yee! i 1 il 


poet Ase aes 


Vl v2 v3 V4 
The series A being an alternating series, is convergent by 15, 1. 
Its adjoint is divergent by 14 since here s = }. 
Let us now form the series C in 33, 4). 
We have 


Sa daa 1 sae) 
Vivi \Viv2 Vivi 


(S 1 Dea 1 =) — 
VIVB V2V2 V3V1 
=, + ¢g3t-ey+ -- 
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1 
ee eee 1 Oy, ste aie aks 
Vn—1 v1 


att 


Now from algebra we have 


_~ Vm(n=m)<in , n>m>0. 


Hence if 2 2(n—1) 
yee ’ he 
va(n—m) ae n 


Thus C is divergent since ¢, does not = 0, as it must if C were 
convergent, by 17, 1. 


2. The foregoing paradox arises from the tacit assumption that 
the earlier mathematicians made and which students to-day are 
too prone to make; viz. that infinite series have the properties of 
finite sums. The sum of an infinite series is the limit of a sum 
of a finite number of terms, in symbols 

A = lim A,. 

Now it does not follow that the properties which each A, may 
possess also hold in the limit. In other words we must learn 
to discredit the dictum: what is true of the variable is true of 
the limit. In general this dictum is valid; there are, however, 
countless cases where it is not. In particular it is true that 
infinite series have many properties in common with finite sums, 
but they do not have all their properties, witness the foregoing 
paradox. It is helpful indeed in our reasoning to remember that 
in general infinite series do behave as finite sums. It is also 
extremely helpful to remember that very often what is true of 
the variable is true of the limit. Such partial truths are of great 
value in exploring the way and in seeking for proofs that are 
really rigorous. Their value is heuristic and every student 
should employ them freely. He must, however, learn to replace 
reasoning founded upon them by proofs of a more binding 
character. 

3. Let us note a few cases where the student is apt to go 
astray unless warned. 
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Example 1. Let us plot a finite number of real positive num- 
bers, a, Gy +++ Gm, no two of which are equal. Then there is 
always one point which is nearest the origin. This is true for 
any m. Is it true for an infinite sequence of such numbers 


a, 5» WW 5 Ag 


: : it ee ae 
shows. Obviously there is no a,=— which is nearest the origin. 
8 


Por ¢,,,= er is nearer 0 than a,. 


Example 2. Similarly in any finite set of different numbers 
there is always one which is greatest. In an infinite set this 
is not always true. Thus the set 


3 r 15 31 
qo? 2 Cian en Sh 


Example 3. In the interval (0, 1) formed of the point z such 
that 0 < <1 there isa first point z=0 and a last pointz=1. 
On the other hand, in the set of points x such that 


Wee ee | 


has no greatest. 


there is no first point, and no last point. 


35. Associative and Commutative Properties. In any sum of a 
finite number of terms as 


S=a+(b+e)+d+te, el 


we may leave out parentheses or put them in wherever we choose. 
This is called the associative property of sums. ‘Thus the sum 1) 


be writt 
may be written eee aura vanes 


=a+b+c+(d+e), 
etc. Also the value of 1) is not changed when its terms are 
rearranged in any way. ‘Thus 
S=b+a+d+c+e 
=e+c+d+a+b, 
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etc. This is called the commutative property. The student is so 
used to making these transformations that he does it almost with- 
out thought. It is natural for him to extend these properties to 
infinite series. Yet simple examples will show him that this is 
not always permissible. 


Example 1. Let 
A=14+(1-1+0-1)+d-1+.-.. (2 
=A4+4+a,+4,+ °° 


Here, Ay 4, aie +, 
=1+(1-1)+---+(1-1) , mn terms 
=1. 

Hence 


lim A, = 1. 


Thus 2) is convergent and its sum is 1. 
If we remove the parentheses from 2), we get the series 


B=14+1-—-141-14+1-1+--- 
=6,+6,+6,+-- 

Here, 

snr By =2 5 Boy =. 


Hence lim B,, does not exist and B is not convergent. 
mn 


Example 2. (Dirichlet.) Let 
This we saw is convergent. We shall show directly that we 


may group the terms of A by twos or by fours without changing 
its value. Let us admit this fact fora moment. ‘Then we have 


A=-)+G-H+G-)+™ (4 
= (atte aay ee) ots (5 
From 4) we have 
FAK Ged ea) Goa) t 
Adding this to 5) gives 
poet Dt Gtr—4a)t (6 
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We shall show directly that it is permissible to remove the 
parentheses in 6) without changing the value of the series. Thus 


gA—1+}—}+4+}-d+-- i 


Let us now compare the two series 3) and 7). We notice that 
7) is obtained from 3) by taking two positive terms of 3) to one 
negative. Each term of 3) is to be found somewhere in 7) and 
no term is repeated. Thus the series 7) is merely a rearrange- 
ment of 3). If now all infinite series enjoyed the commutative 
property, the rearrangement of the terms of 3) would not affect 
its value. But the left side of 7) shows that the sum of 7) is 3 
times greater than the sum of 8). Thus not all infinite series 
are commutative. 


36. Since it is often convenient to put in or to leave out paren- 
theses in a series and also to rearrange its terms, it becomes neces- 
sary to ascertain when this is permissible. To this end we estab- 
lish the following theorems : 


1. Absolutely convergent series are commutative. For let 


A=4,+ a, +4, + + 


be absolutely convergent. Let 
B= b,+b,+ 6, +++ 
be a series obtained from A by rearranging its terms. We wish 


to show that B is convergent and that its sum is A. 
Since the adjoint series 


YW = Hy + hy + Og + 


is convergent, we may take m so large that 
Mea e a 


We may then take n so large that B, contains all the terms of 
A,,, and y so large that A, contains all the terms of B,,. 


Then neta (2 
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contains no term of index < mand the terms of the sum 2), each 
taken in absolute value, lie among the terms of the residual series 


%,. Hence 7 
|A,— B,| < Uns 

or, using 1), <€. 

Thus B is ponNer gett and lim B, = A. 


2. Let us now turn to the associative property. We begin by 
showing that we may insert parentheses at pleasure in any con- 
vergent series, a fact we embody in the following theorem : 


Let A=a,+4,+a,+ +++ be convergent. Let 
by =a te +On, 5 by =Amaptes Hom 5 
Then the series 
Ba (ay to +n) + myer $20 + Omg) oe 
=b,+b,4+ + 


ts convergent and A= B. Moreover the number of terms which 6, 
embraces may increase indefinitely with n. 


For B, = An. (3 
Since A is convergent, lim A,,, = A. 


Thus passing to the limit m= o in 3) gives 
iA. 


3. The next theorem relates to removing parentheses from a 
series. Thus if we remove the parentheses from the series 


B= (ay + dy + +++ + Om.) + Gm Feet my) + oe (4 
=6,+6,+ coe 
we get the series 5h rao ee ay ae (6 


We show now that in the following three cases the parentheses 
may be removed from the series 4). 
1° If A is convergent, B converges and A= B. 
2° If A is a positive term series and B converges, then A is 
convergent and A= B. 
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3° If the number of terms in each parenthesis in +) is < a fixed 
number p, and if a, = 0, then A converges if B does and 
Aaah. 
For on the 1° hypothesis, we have only to apply 2 to show that 
B converges and A = B. 
On the 2° hypothesis, we have 


C0" Se os eB ren Sm. (6 


If now we take s > m,, B—A, will contain only terms in the 


residual series B,. As the terms a, are positive, we have from 6) 
B— A, < «. 


yous A,= B or A= B. 


On the 3° hypothesis, we note that the terms of A, will embrace 
a certain number of terms of B, say B,, and in general a part of 
the next term of B. We may therefore write 


eit Sah A (7 


where U/,,,, is a part of 6,,,,. Since 6,,,, contains at most p terms 
a, and as by hypothesis a, = 0, we see that 


bio: 


Passing to the limit in 7) we see that. 
AaB. 


4, Let us now return to verify the statements made in 35, Ex. 2. 

Since the series 3) in that article is convergent, we may indeed 
group its terms by twos or by fours without changing its value. 
In the series 6) we see that p = 3 and that in 3) 


a, =(— 1m. 20, 


Hence this series falls under the 3° case of the theorem 8 above. 
Hence if we remove the parentheses from 6), the resulting series 
7) has the same value as 6). Thus the series 3) is not commuta- 
tive. It is also not absolutely convergent and the theorem 1 does 
not apply. 
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37. Riemann on Simply Convergent Series. 1. It will interest 
the reader to see that a simply convergent real term series may be 
rearranged so as to give a series whose sum is any desired real 
number. 

Let the given series be 

A=a,+ 4, + dg ++ a 


Let ; B=b, + bg + bg + ++ (2 


be the series formed of the positive terms of 1), keeping their 
relative order in 1). Let 


Cie, eyes (3 


be the negative terms of 1) with their signs all changed. We 
begin by establishing the following theorem : 


‘If A is a real term simply convergent series, both Band OC are 
divergent, t.€. 
B=+o0 , C=+0. 

For in the first place B and C must both have an infinite 
number of terms. Otherwise some residual series A, would have 
terms with only one sign. As A is convergent, A,, would con- 
verge absolutely. Hence A would be absolutely convergent, 
which is contrary to hypothesis. 

Let us thus suppose that A, contains r terms of B and s terms 


OfeC eee hen 
Y= B+C, , n=r+s. 


If now B and (@ converge, we see that 2 also converges and thus 
A is absolutely convergent. On the other hand 


A,=B,.— C, 
shows that if B or C were convergent, both would converge, since 
A, =A by hypothesis. 
2. We can now establish 


Riemann’s Theorem. If A is a simply convergent series with real 
terms, it is possible to rearrange the terms of A forming a series S 
for which lim S,, is any prescribed number 1, or +0. 
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To fix the ideas let 7 be a positive number; the demonstration 
of the other cases is similar. Since by 1, B, =+, there exists 


an m such that 
by t+ bgt + +4, > l. (4 


Let m, be the least index for which 4) holds. Since also 
CO, = +, there exists an index m such that 


(6, +e $b) — Cet ot + ng) <L. (5 


Let m, be the least index for which 5) holds. Continuing, we 
take just enough terms, say m, terms, of B so that 


(6,+ coe of Gri) Ts (¢ iets Gas) ar Ome 2 AA on Ores > l. 


In this way we may form the series 


T= (b, + + +b) — Cyt ee Hem d+C J—-C Dee 


It is easy now to show that 
inn f= 7 


For since A is convergent, a,=0. Moreover we choose our 
terms in 7’so that 7), differs from / by an amount < some a, of A. 


Thus 
T —l=0. 


Let now S be the series 7 with the parentheses removed. Since 


the terms in the parenthesis are positive, the series S is con- 
vergent and has 7’as sum. 


3. The foregoing theorem shows that Dirichlet’s example con- 
sidered in 35 does not illustrate an exceptional case. but the rule. 
This remarkable behavior of non-absolutely convergent series 
should make the reader more careful in dealing with infinite 
series. On the other hand, it would be a great misfortune if he 
became afraid of them. Let him consider infinite series just as if 
they were finite sums when striving to prove a theorem or solve a 
problem. Only he must not neglect at the end to go back over 
his steps and justify them carefully. 
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4. Let us make an obvious extension of the foregoing result to 
series whose terms are complex. If 


A=a,+a,+4,+ + 


A, = by + ten, 
we saw in p11 that ee ah ee 


where 


when A is convergent ; while we saw in 31, 5 that if A does not 
converge absolutely, at least one of the series B, Cis not abso- 
lutely convergent. 

Suppose the series B is simply convergent, then B is not com- 
mutative. Hence A cannot be commutative. Thus we have the 
theorem : 


No simply convergent series of complex terms can enjoy the com- 
mutative property. 


Power Series 
38. Th i 
cake A = 4, +442 + 427 + age? + «- qa 
is a power serves. Here the coefficients a), a,, a, --- and z may be 
complex numbers. Such series are of utmost importance in the 
function theory. Indeed one is tempted to say they form the 
most important class of series. Special cases of such series 
are the series afforded by Taylor’s development in the calculus. 
In fact Taylor’s series 


f (9) +E r+ OO a + ov 


is only a power series as is seen by setting 
(m0 
a =f) » a, =O. 
Thus the developments of sin z, cos a, e”, etc., given in 9 are power 


series. The variable z is there real, of course. 
A slightly more general form of 1) is 


Gy + a,(2—a) + a,(2 — a)? + a(z — a)? + + (2 


Since the series 2) goes over into 1) on replacing z — a by z we 
may reason on 1) without loss of generality. 
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39. Circle of Convergence. 1. A fundamental theorem in the 
theory of power series is the following : 


Let the series A = Oy + a2 + age? + + (Gi: 


converge forz=b. Then it converges absolutely for any ¢ within the 
circle K through b with the origin as center. If A diverges for z=, 
it diverges for any point d without K. 


For the adjoint series corresponding to z = ¢ is 
= oy + ayy + ayy? + + @ 


where a, =|a,|, y= |e|. To show that 
this converges we observe that by hypothesis 


Ay + a,b + a,b? + --- (3 
converges. Thus by 80, 3, 
O% 3 a8 ’ tt, (3 ’ 


are all < some g. We now write %& thus: 


2 3 
Y= a + «6(2) + a8 2) + 09/82) ++ (4 
0 W\9 2°'\2 woe 
Comparing this with the convergent geometric series 
2 
G=g+ € Pate) te Y<i 5 
a+a(h)+ 9 E ‘ 


we see each term of 4) is < the corresponding term of 5). Thus 
2) is convergent and A converges absolutely for z =e. 

Suppose now A diverges for z=6. Then it diverges at any 
point d without AK. For if it converges at d, it must converge, 
as we have just seen, at all points within a circle & passing 
through d and having O as center. Thus A would converge at 
z = b, which is contrary to hypothesis. 


2. If the circle C whose center is z=0 and whose radius is R is 
such that 1) converges for every point within @ and diverges for 
every point without C, this circle is called the circle of convergence 
of the power series 1). 

Nothing is said about the convergence of 1) at points on OQ. It 
may or may not converge at a given point on (7. 
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3. Let us note before passing on that the series 4), 5) enable 
us to give a rough estimate of the numerical value of the series 1) 
ata pointz=c. For let A, denote the sum of 1) for the point 
ge=ic. “Phen 

|A.| < 


by 31,4. But-we saw that %, or what is the same the sum of 4), 
is less than the sum of 5). But the sum of this series is 


Thus 
fee @ 


which is the relation we had in view. 


4. Let us find the circle of convergence of certain series which 
we shall employ later. The value of the radius R is placed at 
the right. 


1) e=14+2424 +o pie 
2) cosz=1-Z 47 _... Pe etten 
3) sine= 2-248 R=0 
ee ee ie Oe 
5) log (1+ 2)=2-5 45-74 Roy 
6) sinhe=et+ S42 +o Rimi 
8) cosh e= 1455 +o be Te eas 
8) BeOS tor qe | 
EO rg a 38 = 2)°2.42an ee * | 
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For convenience of reference we have added on the left side 
their values as functions of the complex variable z. For the 
present the reader should consider the series on the right merely 
as series whose circles of convergence are to be found. Since these 
circles all have z= 0 as center, it is the radius # which we seek. 

Suppose now that the adjoint of one of these series, call it A, con- 
verges for|z|=y. Then £ is certainly as greatasy. If, on the 
other hand, A diverges for |z|=y, #& is certainly no greater 
than y. Finally, if A converges for |2-|<y while it diverges 
for |x| > -y, then the radius of convergence A is = ¥. 

Now the series 1), 2), 3), 4), 5), 8) we have already considered 
for real values of z. In 21, Ex. 2, we saw that 1) converges for 
any real z. Thus for this series R = oo. 

Similarly 21, Ex. 3, shows that R= oo for the series 2), 3). 

In 28 we saw that 4) converges for real x such that |2|< land 
diverges when |x| >1. Thus R= 1 for this series. 

Similarly 21, Ex. 4, shows that # =1 for the series 5). 

Finally in 29 we saw that 8) converges for real x such that 
|2|<1and diverges for |a|>1. Thus R=1 for this series. 

Thus there remain only the series 6), 7), 9). The first two are 
at once disposed of. For the terms of their adjoint series form 
a part of the adjoint series of 1). Thus R=co for both 6) and 7). 

As to 9), the ratio of two successive terms of its adjoint is 


Ont = ‘e — 0 
a, 2(s+1)(n+s+1) 


for any given €¢ Thus R= oo for this series. 
&. The following development we shall use later 
uy i — —a\? 
ef {142 “4(2 “y+ (10 
Uu—-Z@ u-—a u-a \u- 


valid for |z—a|<|u—a|. 


To prove it we note that 


uU—Zz=(u—a)—(z—a) 


=(u—a){1—2=4| 


U—a 


=(u—a)(1—v). 
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Now 1 


FSS Sen Ce 


jap eles 


Wa UW=GQG law 


Thus 


gives 10) on using 11). 


40. Two-way Series. 1. In the series considered up to the 


present S 
Bit Oa ai Gast > on 
1 


the index takes on only positive values. It is sometimes conven- 
ient to consider series in which n takes on both positive and 
negative values. ‘This leads to the symbol 

+ $A g,+0_.+ 41+ 4 +4, +4, +4,+ + d. 
or S Ay. 
We call 1) a two-way series. 


Example 1. We shall see that in certain cases a function of 
z can be developed in the form 


Ay + aye + ag27+ ++ 
6, 6 
yas bee ey 
EM es Y: 
If we set 6, = a_,, this can be written 


S 4,2". (2 


Example 2. In the elliptic functions we consider series of the 


type 12 ger Bs qherrne + gPeh ane a 


9 
Gor 


3° 211z 


4 
++ f+ 
é é 


2niz oe? eniz 
which may be represented by 
s Gg 6 
2. With the series 1) we associate the two series 


B=$4, 2 C= FF ns (4 
0 1 
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If these two series converge, we say A is convergent and its sum 
i A=B+C. 


If either or both the series 4) are divergent, we say A is 
divergent. 

Thus the theory of the two-way series is made to depend on 
the two one-way series 4). 

Instead of the series 4) we could use any two other series ob- 
tained from 1) by breaking it at any other index m. Obviously 
the same results would be obtained with these as with the series 4). 

If the adjoint series 


AHS ty o) a, = | a, | 


converges, we say that A converges absolutely. Thus if Band C 
converge absolutely, A is also absolutely convergent. 

3. Another definition of convergence and sum of the series 1) 
is the following. Let 


A Se tee shai Fa, A+ a+ soe bt On: (5 


Suppose that as m, n= oo independently of each other, A 
converges to some fixed number which we denote by 


My, n 


Liva Asn (6 


or more briefly by 7; that is, suppose that for each e > 0 there 
exists an r such that A,, , differs from 7 by an amount < e for all 
mand »>~r. In this case we say that A is convergent and its 
sum is the limit 6). This definition leads to that given in 2, but 
we do not wish to urge this point. 


4. As an example let us show that 3) converges absolutely for 
any given z=2+ty when r=|q|<1. For, assuming for the 


moment that : 
ettw — eve’, 


we have gininz _ p2ninz, p—2nny_ 
Hence | e2mine | e-2nny, 


The adjoints of the B and C series defined in 4) are here 


¥= S p™ o> anny , €= s yp? e2nny, 
0 i 
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The ratio of two successive terms in % is 


yn)? 


eT epg Pv s,0 
i 


asn=oo. Thus B converges absolutely; similarly C also. 


5. Two-way Power Series. Let us consider the series 


CS eb Yar er ee 
een ee (7 
If we set poten 
u 


it becomes ih Aad aa Hs 

If this series converges for wu = ¢, it converges absolutely for all 
|w|<|e|. Hence if 7) converges for z = 6, it converges abso- 
lutely for all |z| > |6|. 

Let C be a circle about the origin such that 7) converges for 
every 2 without C and diverges for every z within C. Then Cis 
called the circle of convergence of 7). 

Let us now consider the two-way series 


Ay + a2 + age*+ + 
Stee ear C 
Ze 


where FP is the series in the first line. If (C is the circle of con- 
vergence of P, and D that of Q, the ring R= C — D lying between 
these two circles is called the ring of convergence of 8. 

The radius of ( may be infinite. 


41. Double Series. 1. A point whose codrdinates x, y are in- 
tegers or zero is called a lattice point. Any set of such points is a 
lattice set. Let am, be given numbers, the indices m, n corre- 
sponding to points of some lattice set. The symbol 


A= va pa @! 


is called a double series. With 1) we may associate a series 


B = =O: (2 
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where 8, is some term a,,, of 1) and where each term a, , of 1) 
is some b, of 2). If 2) converges absolutely, all these B 
series, being merely rearrangements of one of them, have the 
same sum. In this case we say 1) is convergent and its sum is 
that of 2). As heretofore it is often convenient to denote the 
sum of the series A when convergent by the same letter. When 
the series 2) does not converge absolutely, we shall say 1) is 
divergent. 

The series Hee See eta atl 
is called the adjoint of 1). From our definition of convergence 
it follows that % converges when A does, and conversely. 


2. Let us note that the multiplication of two simple series 


A Sa. =e on 
1 1 


leads to double series. In fact let us set 


Then CS Onn (3 


is a double series, and when A and B are absolutely convergent, 
we saw that Cis convergent and A-B=C. In the series 3) the 
indices m,n range over the lattice points in the first quadrant, 


excluding those on the a or y axes as for these m or n would have 
the value 0. 


3. We have seen that 


1 
poo titataty jena eas 
V6 , 
Thus 1 $ 
pee aa Ds a > mhn — 
Gl —a)A —b) eee : 2mm S 


where m, n range over all lattice points in the first quadrant, 
including those which lie on the x and y axes. 
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4. In studying the double series 1) it is often convenient to 
suppose the terms a,,, placed at the lattice points m, n. From this 
point of view any simple series 


Al Sa, 
; 1 
may be converted into a double series as follows. Choose an 
infinite lattice set & at pleasure, e.g. the points in the first 
quadrant. Put each term a,, at some lattice point r, s, so that 
each point of % bears one term of A. If a,, lies at the point 1, s, 


we may denote it by 6,,, so that 6, , is only another symbol for a,. 
In this way we get a double series 


B=, ; 


5. Example. Wet a, 6 be any two complex numbers, such that 
the three points 0, a, 6 are not collinear. If m,n range over all 
lattice points, the origin excluded, 


ma + nb 


will be the vertices of a set of congruent parallelograms, as in the 
figure, which completely cover the plane. 


The series 1 
ae ee ne ets Seat a 
ns y (ma + nb)? C 


is important in the elliptic functions and will be employed later. 
We now establish the theorem : 


The series 5) converges 
when p>2 and diverges 
when p < 2. 


For brevity let us set 


Onn = ma + nb. 


The adjoint of 5) is thus 


Then by definition 5) and 
6) converge simultaneously. 
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We replace 6) by the simple series 
B=28,, 


where 8, denotes the sum of the terms of 6) whose indices m, n 
correspond to points on the first parallelogram P, whose center is 
the origin O; 8, is the sum of the terms of 6) whose indices lie 
on the second parallelogram P, about O, etc. 

Let d and D be the least and greatest distances of the sides of 
P, from 0. Then each of the 8 numbers @,,,, which lie on P, 


satisfy the relation 
A <| Onn | < D. 


Similarly each of the 2-8 numbers @,,, which le on P, satisfy 


the relation 
2d sans 2 D.-ete. 


Thus 8 8 
ree tes? 
D0 48 2 


Thus 


or 8 


1 8 i 
Daas seer 


A 1 
‘ ‘ ~ gpl 


converges when p> 2 and diverges when p< 2, the theorem is 
proved. 


42. Row and Column Series. 1. Let us consider the double 


series yi 
= yy + yp + Ag + °° 


+ 91 + Ugg + Meg + °° 
rt te ae a 
=> ya mM n= il. Dy. seis 


m,n 
The m” row of A gives a series 


fo a} 
Tn = ZAn.n = Any + Ang + °° (2 


n=1 
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and from these we can form a series 


re) 
Rar tit =m e 
m= 
wo ao 
SD 2g 5: 
m=1 n= 


putting in the value of 7,, as given by 2). We say the series R is 
obtained by summing 1) by rows. 
Similarly the n™ column of A gives a series 


On = 2D Gyn = Mp Sn t+ (4 
m=) 


and from these we can form a series 


C= ++ ao 
ee (5 


We say the series Cis obtained by summing 1) by columns. 
2. To sum a double series A which is known to be convergent, 
we may often use the following theorem with advantage : 


If A is convergent, each series r, ¢, 18 absolutely convergent. The 
sertes Rt and C both converge absolutely and 


A= h=C, (6 
For let B=b,+b,+ + = 3, (7 
be one of the simple series associated with the double series A. 


Since A is convergent, B converges absolutely by definition, and 
A=B. Let |anq|= Gm The adjoint of A is 
A = Zonas 
Let us denote the series formed from 2% analogous to 

Tm 5 Cm o] Rk b) C 4 Din 
by Pm ’ Vn ’ ie i) © 4 Bas 
To show that 7, is absolutely convergent we observe that we 
can take s so large that each term of 


Pin, p = %m,1 at On, 2 area On, p 
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lies in %,. Hence 


Thus 


Pmp < B. < B. 
Pm =1iM pm,» < B- 
pro 


Hence the series p,, is convergent and r,, is therefore absolutely 
convergent. The same holds for ¢,. 


To show that R is absolutely convergent let us consider 


R =p, + pot ee. = lim. Ste, 


ae + pat ++ + Pm): 
But pene e ere 
= lim Pro, = LM (Oley tng 2? One) = 
If therefore we set he =. 
Urn, n= yy Mg + oe + Oy 


H Og + Ogg + o0+ + On 
-[- 


ci my + One =f oe O&mny 
lim Ynn = ms 


no 


9 = lim lim Y, » 


M=O N=0O 


we get 


and hence 


Now let us take s so large that each term of Y,,, hesin G,. Then 
Wan = OB. 


Passing to the limit n = oo gives 
Rn < B. 


Passing to the limit m = oo shows that R< B. Hence is con- 
vergent. As each 
5 onl Pas 


we see that & is absolutely convergent. 
To show that R = A we begin by taking s so large that 


G, <e. 
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Next we take p, ¢ so large that every term of % not in Y%,, lies 
in 8, Then B — 9 


contains only terms of 8, when m > p,n>q. Thus 
-B— Un <& 


- 


Now the numerical value of B— A,,, is < the sum of the nu- 
merical values of the terms of this series. Thus 


|B— A,n| < B— nn < 
Letiing now n=, we get 


|B— R,,|<e. 
Letting m= 0, we get Bane. 


As € > 0 is small at pleasure, this gives 
B=RkR. ..A=R. Q.E.D. 
Similarly we show that Cis absolutely convergent and A = @. 


3. Let us now show conversely : 
Tf the Rt or the © series converges, A is convergent. 


Let us suppose that ® is convergent. Taking s at pleasure, we 
may take m, n so large that the terms of &, lie in %,,. Hence 


B.S Unn S Rn SH. 
Thus % is convergent by 13,2. Hence A is convergent by definition. 


4. The following example will show that double series cannot 
be treated as if they were finite sums. They are the limits of 
such sums and often illustrate the fact that what is true of the 
variable is not necessarily true of the limit. Consider the series 


Zaye Cay >. 
9) pe Ae rs a a 


2 3 
p13 Gor Gor, 


-f e 
where a> 0. 
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The m* row has here the sum 
Ti Cm ae 
Thus summing A by rows we get 
R=r,+%+ BOC 
=et?te@4e%14.., 


This is a geometric series and converges absolutely since a > 0. 
We cannot infer, however, that A is convergent or that if it were 
its sum = R. In fact A is divergent. For if it were convergent 
each ¢, series must be convergent by 2. This is not so, for 
_* ee=1+14+14+-- 
is divergent. 

43. Application to Power Series. We wish to apply the fore- 


going theorem to obtain a result which we shall use later. Let 


the power series 
P(2) = a + a2 + a2? + -- ei 


have € as “a circle of convergence. About any point 2 within € 
let us describe a circle ¢ of radius p which also 


hes within ©. The point 2+ will lie in c if 
|h| <p. Hence the series 1) converges abso- 
lutely when we replace z by 2+ A; that is O 


Pethy=ataeth)+a(let+h)+.. (2 
is an absolutely convergent series. Let us expand 
the terms of 2) and write the result as a double series. We get 
A=a+0+0+4+0+4+.-.. 
+a,z2+ah+04+04-:- 

+ a2? + 2ageh + ah? +04. c 
+ az? + 8 age*h + 8 agzh? + h3 + ». 
tae 

If we sum 3) by rows, we get the absolutely convergent series 2). 


From this we cannot infer that 3) is convergent as we saw 
in 42, 4 
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The series A is, however, convergent, as we may easily see as 
follows. Let us set |z2|=7. Then 1) converges absolutely for 
z2=r-+p since this point lies within € Thus 

Oy + (7 + p) + OCT + pp)? ++ 


(4) 
=a) + ar cf ty PH tyr + 2 agrp + op? + ++ 


is convergent. Thus the simple series 
B=a,.t+ ayz+ ayh + azz? + 2agzh + ah? + --- 
is absolutely convergent since each of its terms is numerically > 


the corresponding term of 4). Thus A is convergent and we can 
sum it by rows or by columns. Summing by rows gives 


A=P(z+h). 
Summing by columns we get, since the result is the same as before, 
1 uel é 
P(x +h) =P(2) +hPy(2) + K WPo(2) + 3 PP a@) Br a 
pers Py, = 4,42 a2 + 8 age + see 
P,=2a,+2-384a2+ 3-407 + + 


CHAPTER IV 
THE ELEMENTARY FUNCTIONS 


44. 1. The functions employed in elementary mathematics are 
the following : 


Integral rational functions. Exponential functions. 
Rational functions. Hyperbolic functions. 
Algebraic functions. Inverse circular functions. 
Circular functions. Logarithmic functions. 


Except in case of the algebraic functions the independent vari- 
able # is usually real. 

We propose in this chapter to define these functions for complex 
values of the variable, and to study a few of their simplest and 
most useful properties. 


2. The reader is perfectly familiar with all these functions, the 
variable being real, except possibly the hyperbolic functions. For 
such as have not used these functions in the calculus we add the 
following. They are defined by 

cosh e =o FS" ; sinh ¢ == =: fa! 


= 


The left sides are read “ hyperbolic cosine of x” and “ hyperbolic 
sine of z.” We see that they are merely linear combinations of 
e7 and e-*. 

These functions have been computed and tabulated, so that one 
is as free to use them as sinz, cosz. The reader is referred for 


example to 
B. O. Peirce, A Short Table of Integrals. 


Ginn and Company, Boston, 1899. 


Jahnke and Emde. Funktionentafeln. 
Teubner, Leipzig, 1909. 
86 
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By means of these tables we may draw the graph of these func- 
tions which we herewith give. The graph of cosh z is the familiar 
catenary, that is, the form 
of a chain supported at y 
two points on the same 
level. It is important to 
note that : : 


cosh x never vanishes, 
while sinh x vanishes just 
once, viz: for x= 90. y=cos h x 


We note also that cosh x 
is symmetric with respect 
to the y-axis, and sinh x with respect to the origin. 

If we express e*, e~* as series we find 


ah a 
; I 
sinha= tate t (3 
From 1) we find at once that 
cosh? x — sinh? x= 1. (4 


45. The Integral Rational Function. These functions have the 
ee Ay + Ay2 + A927 + +++ + Aye”, a1 
where the coefficients a), a,,-:-4, are any given complex num- 
bers and the independent variable z is free to take on all complex 
values, or as we say is free to range over the whole z-plane. 
The exponent m is an integer > 0, and is called the degree of 1). 
Such functions are called polynomials in algebra. Since 1) 
involves only the operations of addition and multiplication of 
complex numbers, its value can be calculated for any given 
value of 2. 

In algebra we learn that 1) vanishes for just m values of z, say 


é, Both ete (2 
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some of which however may be equal. We call 2) the roots or 
zeros of 1). Knowing the roots 2) and denoting the expression 
1) by w, it is shown in algebra that 


W = Amn (% — 2) (2 — &y) «+ (2 — Sm) (3 
The theorem which states that : 


Every polynomial of degree m has m roots 


is called the fundamental theorem of algebra. As often given 
in algebras, its demonstration is long and difficult. Few students 
really comprehend it. It is a luxury which most students are 
willing to dispense with. And quite rightly, for it is far beyond 
their powers at that time. Later we shall give two proofs of this 
important theorem which the student wall comprehend ; one is so 
simple that he will not need to set pen to paper to follow it. 


46. Rational Functions. The quotient of two integral rational 
functions of zg is a rational function. Such functions have the 


form ay + aje+ Nie + a,2™ a 


by + bye Fe +e”? 


where the coefficients a), a, «+» 6), 6, «+ are constants and m, 
n are integers > 0. The expression 1) involves division by 
0 for those values of z for which the denominator vanishes. Let 
these be NM fete i (2 
For any value of the complex variable z not included in 2) the 
value of the expression 1) may be computed by rational opera- 
tions. These values of z form the domain of definition of the 
expression 1). We may thus state: 


The domain of definition of a rational function of z is the whole 
z-plane eaxceptiny the zeros of the denominator. 


The degree of 1) is the greater of the two exponents m, n, sup- 
posing of course that a,, 6, are #0. 


When 1) is of the first degree, it is said to be linear. The type 
of-a linear rational function of z is therefore 


pee (38 
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The rational functions include the integral rational functions as 
a subclass. In fact let the numerator of 1) be exactly divisible 
by the denominator; then 1) reduces to a polynomial. This 
takes place in particular when the denominator reduces to a con: 
stant, that is when n= 0. 


47. Algebraic Functions. 1. We say w is an algebraic function 
of z when it satisfies an equation of the type 


w+ Ri(z)w" 14 R(@)w"? + -- + R,(z) =9, a 


where the coefficients R,, R,--- are given rational functions of 
z, and n is a positive integer. The degree of w is n. 

Let us give to za definite value, real or complex, say z=a. If 
a is a zero for one of the denominators of the coefficients, we 
shall say that the point corresponding to this value of a is an 
exceptional point. Obviously 1) has no meaning at such a point. 
Suppose now that a is not such a point. Then all the coefficients 
in 1) can be calculated, and 1) reduces to an equation with constant 
coefficients. But such an equation admits n roots, which in general 
are unequal, ee ae (2 
Thus the equation 1) defines an n-valued function w of z for all 
values of z not included among the exceptional points of the coefti- 
cients. These values of z, or, using our geometric language, the 
points in the z-plane corresponding to these non-exceptional points, 
constitate the domain of definition of the algebraic function w. 

The number of exceptional points is finite. For the highest de- 
gree of any coefficient R,, R, --- being say h, no coefficient has 
more than fA exceptional points. As there are only n coefficients, 
there are at most An exceptional points. Hence: 


The domain of definition of an algebraic function of 2 embraces 


the whole z-plane, excepting possibly a finite number of points. 


2. Let us note in passing that the class of algebraic functions 
embraces the rational functions as a subclass. 
For let n=1 in 1); it reduces to 
w+ k,(z) = 9, 
or w=— R,(2), a rational function. 
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3. We have said that the roots 2) are in general unequal. Let 
us denote the equation 1) by F(w,z)=9. If we eliminate w 


from the two relations ar 


— —=0 
Hf =i) o. aa 


we will get an algebraic equation in 2, say 

G(z) = 0; (38 
of degree m, let us say. It is shown now in algebra that the 
roots 2) are all distinct at a point z=c when ¢ is not a root of 
3). We may call the roots of 8) critical points; they are finite 
in number. The exceptional and critical points together may 


be called singular points. All the other points may be called 
ordinary. 


48. Explicit Algebraic Functions. 1. The two roots of the alge- 


: 6 
braic equation A ag MENT EM fal 


where #,, #, are rational functions of 2, are 
w=—} Rh, +ivk?—4 R,. (2 


Since 2) satisfies 1), it is an algebraic function of z. To calculate 
this function we have to perform, besides the rational operations, 
the operation of extracting a square root of a known quantity. 


2. The three roots of the algebraic equation 
w+ R,(2)w + R,(2) = 0, (3 


where &,, A, are rational functions of 2, are given by 


= \= yy + V5 Re + oh BE + Re R+ oh Re. (4 


Since 4) satisfies 3) it is an algebraic function of z. The right 
side of 4) exhibits this function by means of roots of quantities 
which can be successively calculated by rational operations. We 
say 2) and 4) are explicit algebraic functions of z. 

In general we say w is an explicit algebraic function of 2) 
when its expression involves the extraction of roots of rational 
functions of z, or the extraction of roots of such roots, or the 
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rational operations on such roots, each operation performed only a 
finite number of times. This definition is clumsy, but its idea is 


very simple. The expressions 2) and 4) will serve as illustra- 
tions. 


3. It is shown in algebra that every explicit algebraic function 
of zis a root of an equation of the type 47,1). The demonstration 
is simple but will not be given here. 

On the other hand it is not true that every algebraic function 
of zis an explicit algebraic function. The demonstration of this 
fact is anything but simple. The solution of the cubic and bi- 
quadratic equations was effected by the Italian algebraists in the 
first half of the sixteenth century. The algebraic solution of the 
quintic was then sought. This became one of the celebrated 
problems of the seventeenth and eighteenth centuries. The great- 
est mathematicians of their time sought its solution, but in vain. 
At last Abel in 1826 demonstrated that the roots of the general 
equation of the fifth and higher degrees cannot be expressed as 
explicit algebraic functions of their coefficients, in other words 
that these equations do not admit an algebraic solution. 

If then the roots of the general equation of fifth degree cannot 
be expressed in terms of radicals, in terms of what functions can 
they be expressed? In 1858 the illustrious French mathemati- 
cian Hermite showed that these roots may be expressed in terms 
of the elliptic modular functions. This will be referred to again 
when we take up the study of elliptic functions. 


49. Study of Vz. 1. Let z=r(cosf+ising), then as we saw 

in 7, 3 the two values of Vz are 

w= Vr (cos $+ ising) » We — Wy. qd 
If we let z describe a curve in the zg-plane, the two roots w,, w, 
will describe curves in the w-plane. 

For example, let 2 describe.a circle € of radius r as in Fig. 1. 
When 2z is at A, 6 = 0, hence w, = Vr, = —wvVr. Thus W, is at 
a and w, is at 6. Let z describe the quadrant AB. Then ¢ 
increases from 0° to 90° while r remains constant. From 1) we 
see that the argument } ¢ of w, increases only half as fast while 


92 FUNCTIONS OF A COMPLEX VARIABLE 


its modulus Vr remains constant. Thus when z describes the 
quadrant AB, w, describes the octant #8. Since w, =— w,, we 
see that at the same time w, describes the octant de. Let now z 
describe the second quadrant BC. At C, 6=180°, hence } ¢=90°. 


z 


Fig. 1. 


Thus when z has reached (C, w, has arrived at y, while w, has got 
to € Continuing, we see that when z has gone all around the 
circle, p= 360°, hence 3 6=180°, and hence w, is at 6. Meantime 
Ww, has moved from ¢ to « Now when we began, ~™, was at «, 
and w, at 6. After the circuit, w, is at 6 and w, ata. The two 
roots have been interchanged. 


2. We will now let 2 describe any closed curve & about the 
origin as in Fig. 2. 

To any point P on & whose polar codrdinates are r, @ will cor- 
respond a value of w, given by 1), and the point in the w-plane 
corresponding to this value w, has the polar codrdinates V7, 3 ¢. 


Fie. 2. Fia. 3. 


As z describes & starting from A, ¢ will increase steadily from 
¢=0° to ¢= 860° when z will have returned to A. The 
modulus 7 varies continuously from its original value, say r = a, 
sometimes increasing, sometimes decreasing, but finally returning 
to its original value a. From this we see that the argument $¢ 
of w, will increase steadily from 0° to 180° while the modulus Vr 
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will vary continuously. Thus w, will describe a continuous curve 
as in Fig. 3, whose end points A,, B, lie on the real axis at the 
distance Va from the origin in the w-plane. Moreover, as 
We = — W, we see that w, will describe a symmetric curve on the 
other side of the origin. Hence when z has completed its circuit 
about the origin of the z-plane, w, and w, have interchanged posi- 
tions in the w-plane. 

Thus we see that this more general case behaves in an entirely 
analogous manner to the simple case considered in 1. The main 
facts to remember are these : 

1° When z describes a circuit about the origin, w, and w, each 
describes a curve, but not a closed curve. 

2° At the end of the circuit, w, and w, have interchanged 
values. In other words, a circuit about the origin effects the 
substitution 

Ci 
(es 
For this reason the point z = 0 is called a branch point. 


3. Let now z describe a closed curve, 
as in Fig. 4, which does not enclose the 
origin 0. Let the polar codrdinates of 

A B Cap 2D EH 
be a, 0; b,8; 93 a8; Ge. 


The value of w, at the point A is thus, by 1), 


w, = Va (cos $ a+ isin} a). 


The point A, in Fig. 5, corresponding 
to this, has the polar codrdinates 
Va, 4a. Let now z move along the 
arc ABC .... Its argument ¢ steadily 
increases till the radius vector becomes 
tangent to the curve at H; that is 
increases from @d=a to 6=e. Thus the argument $¢ of w, 
steadily increases from 4a to d¢, as w, moves from A, to E, in 
Fig. 5. The modulus r of 2 increases from r = a4 to r=d as it 
moves from A to a point D in Fig. 4, when it begins to decrease. 


Fic. 5. 
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Similarly, if to fix the ideas we suppose r > 1, the modulus Vr 
of w, will increase from Va to Vd as w, moves from A, to a point 
D, in Fig. 5. As z moves from H back to A and so completes the 
circuit, ¢ decreases from ¢ back to its original value # The mod- 
ulus r also assumes its original value r = a, at the close of the cir- 
cuit. Thus w, also comes back to its point of departure A,. Hence: 


When z describes a closed curve not including the origin, wy, 
describes a closed curve also. 


Since w, = — w, we see that w, will describe a symmetric closed 
curve on the other side of the origin. 


4. When z describes a circuit about z= 0 we have seen that the 
two values of w= Vz are permuted; on the other hand, we have 
seen that if z describes a circuit about any other point, which does 
not include the origin, the two values of w are unaltered at the 
end of this circuit. We therefore say that z=0 is the only 
branch point of w. 


50. Study of w=V(z—a)(z—5). 1. Let 
z—a=a(cos 6+ ¢sin 8), 
z—-b=B(cosd+itsin d). 

u,=Va(cos}O+isiniO) , u=— Uy, ad 

v,=VB(cosddtisindd) , »%=—%. (2 


Let 


Then the two values of w are 
W, =U, 5 We = — U2. 


We note that the expressions 1), 
2) defining w,, v, have precisely the 
same form as that defining w, in 49. 
From this it follows that when z 
describes a circuit Y about a, u, 
will go over into uwg=—wu,. On the 
other hand the curve % lies outside 
of 6, and hence by 49, 3, when z de- 
scribes , v, returns to its original value at the close. Thus v, is 
unchanged. Hence the effect of the circuit 2 on w, is to change 
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it into — u,v, or w,. As w,=—w,, we see that the same circuit 
converts w, into w,. Thus a circuit of z about a effects the sub- 
stitution & u:) 

tay sh 


Similarly if 2 describes a circuit B about 6, but excluding a, the 
roots w,, W, are also permuted. 

For this reason the points z= a, z= 0 are called branch points. 

The same reasoning shows that if z describes a circuit about a 
or 8, but in the opposite direction, the two roots w,, w, are per- 
muted also. 

Next let z describe a closed curve € which does not include 
either a or 6. Then 49 shows that both u,, v, return after the 
circuit to their original values and hence w, = u,v, also returns to 
its original value. 


2. Let 2 move from ¢ to d over the path %. If it describes the 
same path in the opposite direction, z.e. from d to ce, we may denote 
it by @ 1. Let Mt denote the other path from e to d@ as in the 
figure. Then %2-! will denote the closed gs 
curve from ¢ over 2 to d and back to e 
over the curve Mt. ¢ 

At each point z, the algebraic function 


w=V(z—a)(z—b) 


has two values. The values of w for z=e 
let us call y and —y. When z ranges over the curve &, the differ- 
ent values that w has group themselves into two curves or branches 
which we may call Z, and Z,. An end point of one of these curves, 
say L,, is y. Let 5 be the other end point of L,. Jf & does not 
pass through one of the branch points z= a, 2=6, the two values 
that w has for each value of z are distinct. In this case the two 
branches Z,, LZ, have no point in common. We may thus distin- 
guish the two branches L,, L, by giving one of their points. Thus 
the branch LZ, is determined by the fact that it passes through y, 
or through 6. 

Suppose now we allow z to range from ¢ to d over. If we 
start with w= -y, what value will we have when z reaches d if, as 
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we pass over &, we always choose that determination of w which 
will form a continuous set of values? Now at z=d, w has two 
values w= 6, and. w=—6. From the foregoing the value we 
must choose is obviously w=6. Let us indicate this by the 


notation 5 
Nes 503 


whereby we mean that if we start from =e with that value of w 
which is = y and allow z to range over the path & the value that 
w has at the other end of & is 6. 

Suppose that we next allow z to move from e¢ to d over the path 
mM. We prove now the important fact : 


If & M do not pass through or enclose a branch point, 
Te = Voi = }. 
In other words, if we start with the same determination of w at 
z2=c we alrive at the same value of w atz=d, whatever path we 
choose, provided no two paths pass through or enclose a branch 


point. 
The proof is very simple. For by 1, 


TON Ne 
Hence 
Yem—m = Yq 
But 
Vem = Yer 
Hence 
Ye= Ym: 


38. Suppose we start at z=c with the determination of w = y. 
We allow z to describe the circle € as in the figure. We ask what 
is the value of w when z returns toe? As w has only two values 
at ¢ we have 


Ve Ven) oe 
To determine which, we introduce the paths 
de and ce. 
Then 
YE = Ved -de-ec 
As the two paths de and de - ce do not include a branch point, 


VG Ved -de+ce-ec* 
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Now ed -de is a circuit about the 
branch point z=a. Hence 
Ved-de = — Y5 


d thus 
Hi ae Ye = cc VP easact 


Also ce-ee is a circuit about the 
branch point z=6. Hence 


e Y eatec a wy 

Thus finally Ye=1: 

51. The Elliptic Radicals. 1. When we take up the elliptic func- 
tions, we shall find that two radicals 


w=V4(2— e,) (2 — &)(2— 3) (1 
w=V(A1— 2) — 2?) (2 


and 


figure very prominently. Let us consider first 1). If we set 


2 — Cm =Tm(COS 8, +7 8iNn On) : 
ion m= 1, 2, 3, 
oe Um = V1'm(CO8 $ I, +7 8in $ O,), 
the two values of w in 1) are 


Now the radicals u,, = Vz — e, have the same form as those con- 
sidered in 50 and we may therefore conclude at once : 


The branch points of 1) are e,, ey, es. When 2 describes a circuit 
about one of them, w, and w, are interchanged. A cirewt which in- 
cludes two of the branch points leaves w,, W, unchanged ; a cirewt which 
includes all three branch points interchanges w,, W,. Finally a eir- 
cuit which includes none of the branch points leaves w,, w, unaltered. 


2. Let us now turn to the radical 2). Since 


da-2)(a1- kg?) = k®(2.—1)(2+ D(z _ alc + i 


we set 
z2—1=r,(cos6,+7sin6,) , 2+1=~7,(cos @,+7sin 62), 


z— 7 = 1r4(c0s 0, + isin 6) : z+ 7 =r,(cos 8, + isin 0,). 
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Finally we set Um = V7,,(cos 3 6,, +7 sin 4 On) m =1, 2, 3, 4. 


Then the two values of w in 2) are 


W, = kuylglgl, 5» We=— Uy. 


From this we conclude : 


1 


The branch points of the radical 2) are 1, —1, ema When x 


describes a circuit which includes no branch point or an even number 
of them, the values of w,, Ww, are each the same at the end of the circuit 
as at the start. If the circuit contains an odd number of the branch 
points, the values of w,, w, are interchanged after the circutt. 


—_ 


2 — a 
2—b 
radical is the same as that employed in 49, 50, and 51. We set 


52. Study of w= 


The method we adopt to study this 


z—a=a(cosO+isin@) , z—b=P(cosd+isind) 


and introduce the cube root of unity 


@ = cos= + isin 27. 
We also set 


Ve ep on: 

uy = Val cos + ising) » Uy=OU, , Ue= wu, 
8/B CD Nona 

= VA(oos€ + isin$) > %W=Ov, , =r. 


Then the three values of w are 


U. U 
W=4 , w=o- 
ey a 


Let now z describe a circle C’ about 
z= a, as in the figure. Then @ in- 
creases from say 0=t to 0=t+4+27, 


while ¢ returns to its original value. 
At the beginning of the circuit 


u,= Va(costt+isin}t). (2 
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At the end of the circuit, uw, has acquired the value 
(u)c= Va(cos 4(t +27) isind(t +2) ) 
= Oe 
Thus (Ug) ¢ = O(Uy) c= OU, = Us, 


(Us) ¢ = @7(U)¢ = OY, =U. 


The effect of C is to convert 


into Mamife Ug teh; 
As v, remains unaltered by the circuit C, the relation 1) shows 
that after the circuit 


go over into 


The circuit thus effects the substitution 


4=("1 We, Be 


Wy Wz, Wy 


Let z now describe a circle D about z = 6 in the positive direction. 
The same considerations show that ¢@ increases from say ¢ = p 
tog=p+27. On the other hand, @ returns to its original value. 
Thus at the beginning of the circuit D, 


v,= VB (cos 4p+isindp). 
At the end of D, v, has acquired the value 


(01)p = VB(cos 4(p+2r)+7sind(p+27)) 
=v. 


Similarly @ 


9) p= Oz, =z 5 Vg = Og = 24. 
As u, remains unaltered by the circuit D we have 


(%)p= (4) = “La=eA= OW, = Ws. 
V,/D wv, V4 
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Similarly w, goes over into w, and w, into w, after D. Thus the 
circuit D effects the substitution 


We notice A?=: B; that is, going around z=a twice in the 
positive direction produces the substitution B. If we go around 
a three times, w, w, wz take on their original values, or 


As ("4 Cs: vs), 
Wy a es 


A substitution which effects no change in the roots is called the 
identical substitution and is denoted by 1. Thus 


Acad, 


Let us now see what happens when z describes the circuit C in 
the negative direction. This path according to our agreement is 
represented by C-1. In this case @ decreases from say 0=¢ to 
@=t—27. At the end of the circuit (~4, u, as given by 2) has 
acquired the value 


(Uy) 9-1 = Vatcos 4(t — 27) isin A(t — 2 7)) 


=O) = OU, = U,. 
Similarly ;; = : 
1 “Q@y)on =U, and (4;)o1=4,. 


As v, is unaltered by this circuit, we see that C1 produces the 


substitution 
A= ee is e) apy 
Wg Wy We 


Since the circuit C7! just undoes what C does, we should have 
AA™=1 and this we see is indeed so. 
Similarly the circuit D+ produces the substitution B= A. 
We notice that A, B combine as products. 


53. 1. One ani Many Valued Functions. The integral rational 
function, 
W= Ay t+ aye+ os + An2", 
assigns for each value of z, a single value to w. It is a one-valued 
function of z Let w=b for z=a. If we allow z to describe 
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some curve in the z-plane returning to its point of departure 
z2=a,w will describe a curve in the w-plane which starts from 
w = 6, and returns to this point. 


2. On the other hand the function 


Aig Te w=Ve-—a 
assigns to w two values for each value of z except z= a where w 
has only one value w=0. This function is a two-valued function. 
For a similar reason 


_ 3le—a 
: ‘ NG EIG 
is a three-valued function. 
3. Since the equation 
wr + Ryu *+ ners + R,=0 ad 


considered in 47 has in general m distinct roots, the function w of 
z defined by this relation is called an n-valued function. 

Let z=a be an ordinary point [47,3]. If now z describes a 
curve C’ which does not pass through a singular point, the n 
values which w has at each point of C’ can be grouped together 


Z plane w plane 


so as to form m curves or branches. If w=a is one of the roots 
of 1) for z=a, one and only one of these branches will pass 
through the point w=a. It thus serves to characterize this 
branch. 

Now when dealing with many-valued functions we very often 
have to solve this problem : 

We take one of the values as w=a which w has at the ordi- 
nary point 2=a@ and ask what value of w do we get when z 
describes some curve C’ leading to z= 6 and avoiding all singular 
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points. The many values which w has for the points of C will 
be distributed over certain continuous curves or branches and 
the value of w we always want is that value of w for z= 6 which 
lies on the branch passing through the point w = a. 

This general problem we have studied in several simple cases 
in 49-52. 

If this value of w is w= £, we say that branch of w which 
takes on the value w=« for z=a, has the valuew=£8 atz=), 
when z describes the curve C. We have used the notation 


to denote this fact. Oe 

If z describes some other curve D not passing through a singu- 
lar point and leading from z=a to z=), the end value of this 
branch will not be in general 8. In any case it must be one of 
the many values which w takes on for z= 6. 


The Exponential Function 


54. Addition Theorem. 1. In the foregoing articles we have 
considered the algebraic functions which include as special cases 
the rational and the integral rational functions. All functions 
which are not algebraic are called transcendental. The first such 
function we shall study is the exponentiul function. 

It is defined by the series 

1 if 
es aay 51 EAN 31 me C 

In 39, 4 we saw that this converges absolutely for every z. 

Thus it defines a function of z which is denoted by the symbol 


or Exp. 


The domain of definition of this function is the whole z-plane. 
When z has a real value x, 1) reduces to the well-known expo- 
nential function 3 
= 
aha $e a beck Aas 
studied in algebra and the calculus. 
A most important property of e* is the addition theorem, as it 


is called, viz. : e%ev = erty, 
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Let us show that the relation holds for complex values. Let u, 
v be complex numbers. Then by definition 


alt eee ee yn 
oe 8 
ee=1+— vette 


If we multiply these absolutely convergent series, as shown in 
33, 2, we get 


ee v Ue avian v2 
a eee |alG sepa 


w wry uv — ys 
+(F4 5 eee eat ‘é 


=1+3 Mtn +5 pu oye + +a (wt oy + 

=e", 
Thus eve? = ert? (2 
holds for any complex numbers u v. 


2. From the addition theorem we can show how to calculate e* 


pony 2=xu+zy. , 2, y real 


by using our ordinary logarithmic tables. We have in fact 


ef = ett = ere, (3 
=1— a + vo _ 
inti”) 
Hence ev = cosy +7sin y. (4 


Thus from 3) we have ef = e*(cosy + isiny). (5 
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The relation 5) is an expression of the complex number e’, which is 
nothing but the sum of the series 1), in its polar form r(cos 6 +7 sin @). 
Thus the modulus of e? is e”, and its argument is y. In symbols 
jelae , Awesy. (6 
Thus to plot the value of ), _ 92 — pzpiv 
we first describe a circle of 
unit radius about the origin 
of the w-plane and then 


lay off on this an are of . 
length = y asin the figure. y 
On a radius through the 
end of this arc we now lay 5 
off alength = e*. Theend 
2 plane w plane 


point of this segment is w. 
To calculate e* by the tables we first compute 


(Pm (ES 


Then we convert the are y into degrees, getting an angle @. 


Then w=e=r(cos6 + isin @). 7 


If we wish to reduce w to the rectangular form 


wW=uUu+w 
we have, comparing with 7), 


; u=rcos? , v=rsin 8. (8 
Let us note in passing the important theorem : 
The exponential function e vanishes for no value of z. 


For e? cannot = 0 unless its modulus ew? = 0. But e? vanishes 
for no real za. 


3. As an example let us compute w = e? for 
2=—16—2.8%. 


oto pa heey es 
Hence ee era 

Let us set ee 

then 


log s = 1.6 log e = t, say. 
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Here the symbol log stands for the logarithm whose base is 10. 


log e = 0.43429 
log (log e) = 9.63778 
log 1.6 = 0.20412 
log-¢ = 9.84190 
log s = 0.69487 

log r = 9.80518, r = .20190 


We now convert y into degrees. From our tables we have 
ete 114° 35), 30!) 
0.84 = 45°50 12 
Hence 6 =— 160° 25! 49", 
or adding 360° 6 = 199° 34! 18/'. 


To simplify our calculation let us take 
(PES SUEY 
log (— cos 0) = 9.97417 
log (— sin 0) = 9.52492 
log r = 9.305138 
log (— “) = 9.27930 w=—.19024 
log (— v) = 8.83005 v =— .067616 


As a check for our work we should have 


tan @ =~. 
U 
us log” = 9.55075 
U 
or § = 199° 34! 


as before. Asa final result we have therefore 
w = — .19024 — .06762 2 
|w|=.20190 , Argw= 199° 34’. 


4, Since the function e? for real 2 often occurs in calculations, 
tables of this function have been prepared. We mention those of 
B. O. Peirce and those of Jahnke and Emde already referred to 
in 44, 
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From Peirce’s Tables, p. 114, we have 


log e 1! = 9.56571 
log e~* = 9.73942. 
Hence log e1* ='9:30513" 5 s+" = .20190, 


which agrees with its value obtained in 3. In the Tables of 
Jahnke and Emde we may take out the value of e 1 directly from 
the table on p. 6. 


55. 1. Euler’s Formula. Let us suppose the real angle ¢ is 
expressed in circular measure. Then 54, 4), gives Euler’s cele- 
d for ; = 

brated formula BE ada cern gy a 
which we referred to in 1, 8). The point in the g-plane as- 
sociated with this number lies on the unit circle, 2.e. a circle about 
the origin of unit radius. It lies on the radius making an angle 
¢@ with the real axis. Since every complex number can be ex- 

pressed in polar form ou 
z=r(cos¢+zsin d), (2 


we have, using 1) pee B 


We call this the exponential form of z. Thus we have three ways 
of representing a complex number: the rectangular form z +4 ty, 
the polar form given by 2), and the exponential form given by 38). 
Each way of expressing z is useful at times. 

From 1) we have 


6% 4 (eta — 1, eee a eta 1 (4 


TS 16" ae Cae et Cn ie eee : 6 


The n roots of a=r(cos 6+ 7sin 6) 


are eames Pa (a eae CA res 
y= Vre™ ean re em v), (6 
Or if @ is the first imaginary n” root in 5) 


6 
ae 
ioe n i 
Sy = Ve™ 5 ey Oz eens oe (7 
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2. In plane trigonometry the two formulae 
cos (6 + ¢)= cos @ cos d — sin O sin d (8 
sin(@ + @)= sin @ cos ¢ + cos Osin d © 
are of fundamental importance. They express the addition theorem 
of the cosine and sine functions. Let us show how they may be 


derived from Euler’s formula. 
From 1) we have 


e-* = cos d—isin ©. (10 

From 1), 10), we have, adding and subtracting, 
cos ¢ = 3 (e* sa.) aul 
and sin ¢ = aCe ea), (12 


These last two formulae expressing the cosine and sine as ex- 
ponentials are often useful. 
Let us now multiply 1) by 
e® = cos 0+ 7sin O. 
We get 
eet — etd) — cos (0+ )+7sin(6+¢) (13 
= cos 6 cos ¢ — sin 9 sin ¢ + 7(cos @ sin d + sin @ cos ¢$). 


Equating the real and imaginary parts of this equation gives 8) 
and 9) at once. 


3. Let us show how the powers of sin 6, cos @ may be expressed 
in terms of the sine and cosine of inultiple angles. To this end we 


t ; 7 
ee uaer , v=e*, 


Then 11) and 12) give 
(2 cos $)™ =(u+0)"™ = u™ + (Tun +() )un-tt ove 


— (u™ ae wm (Tart ak um) uv 
+(5 oo ae ym—*)y2y2 A 5 (14 
Now uv = eve = 1, 
Also 


um + v™ = em + e-mib = 2 cos md. 
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Thus 14) gives for m = 2, 3, + 
2 cos? d= cos2¢+1 
4 cos? $ = cos8 P+ 3 cos (65) 
tintin eo Need 


Similarly (23 aie rae = 6 = at 


gives —2sin?d =cos2¢—1 
—4sin?d=sin3¢—38sind 
+ 8sintd=cos4¢—4cos2$48 (16 


56. Period of e. We are familiar with the fact that 
sin (2 + 27)=sin x 
for any realz. We say sin @ is periodic and has the period 2 7. 
It is easy to show that e? admits the period 2 72, that is, 
eetini — pe 
for all values of z. For et? =e. e?t by 54, 3) 
= Oe 
In the same way we see that e? admits 2 mm? as period, where 


m is an integer. 
We say any complex number « is a period of e* when 
e*** == @* GE 
holds for all values of z. Let us show that e? has only the periods 
2 mrt just given.. 
For let «=a+z7b be a period. Then 1), holding for every 
value of zg, will hold for z= 0, and we have 
e-=e=1, 
or putting in the value of a 
erth — | — ere, 
Thus et=1, b= 2kr, k an integer. 


Hencea=0. Thus'any period must have the form 2hkmi. But 
these we have already seen are periods. 

We call 2 77 the primitive period of e%, since all its periods can 
be expressed as multiples of this period. 
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57. 1. Graphical Study of e*. In the calculus the student has 
become thoroughly familiar with the notion of the graph of a 
function, and has seen on many occasions how useful it may be. 
In the function theory of a complex variable, the graph of a func- 
tion is also most serviceable at times. Let us study the graph of 


w =e = erev = e*(cos y + isin y) (ei 


z plane w plane 


We have seen that when the variable z describes some curve C in 
the z-plane w will describe a curve € in the w-plane, and we call 
€ the image of C. 

Let z range over a line parallel to the z-axis. Then z=2+ 2b, 
where z ranges from — 0 to +, and 6 is constant. Let us call 
this parallel 7. The value of w corresponding to such a z is, by 1), 


w= ere, 
As 
[ole 5° Arg. wed, 
as moreover ; F 
lim e7 = 0, lim e*7 = + 0, 


2=—0 w=+0 


we see that w describes a straight line or ray r issuing from 
w= 0, and making the angle 6 with the real axis in the w-plane. 
Thus to each point on J corresponds some point on t. As 6 in- 
creases from ( to 2 7, that is, as 7 moves parallel to itself through 
the distance 27, the corresponding r rotates through an angle 27. 

Let 2 now range over a parallel » to the y-axis. Thenz=a+vy, 
where a is constant and y ranges from —o to +o. From 1) 
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the value of w corresponding to such a 2 is 
Ww = ew 
As w=e , Are wey 


we see that the corresponding points in the w-plane lie on a 
circle ¢. When z moves over a segment of length 27 on the 
line A, y moves over an angle of 27, and hence w goes once 
around the circle c. 

The parallels J, \ divide the zg-plane into a set of rectangles R. 
To each such R,, corresponds in the w-plane a curvilinear 
rectangle #,, bounded by the rays r and the circles c. When 
z lies in R,,, the corresponding value of w lies in RR. In this 
way the relation between z and the corresponding value of w is 
roughly given. The smaller we take the rectangles & the more 
accurately we will know the value of w corresponding to a given z. 

Suppose now that z describes a curve C. To find approximately 
the curve € which w describes we have only to note the points 
@1, 4, +++ where z enters and leaves the rectangles R. Then € will 
enter and leave the corresponding rectangles at points which 
may be estimated roughly by proportion. The smaller we take 
the #, the more accurately we will be. able to plot GC. 


2. Let us draw the lines 


y=2mr > m=+1, +2,... 4ar 
llel to tl is. This divides th axl ter eae 
parallel to the z-axis. 1s divides the SS SS 
z-plane into a system of bands B, B,, B_,, ASRS 


If we take a point z=x+vy in B, the 
point zZ,=2z+2m7i will have the same position relative to B,, 
as z does to B. We say z,, is congruent to z. On account of the 

eriodicity of e ; 
EB y, e2m — e@t2mni — e%. 
Thus w has the same value at z,, as it has at z. For this reason 
we call these bands, bands of periodicity. 

All the values that w can take on at any point, it takes on in 
any one of these bands as B. Let us show that : 


The function w = e does not take on the same value twice in B. 
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For say 2:=a+7b , 2,=a+78 
are two points in B for which e =e. 

Then ertib _ patip 
or 


ere — ere'B, 


This requires that 
e=e* or a=e@; 


also that ely Se 
As 2,, 2, both lie in B we must take m=0. Thus 5=8. Hence 
21 = 2 

Thus to each point z in B corresponds one point in the w-plane, 
and conversely to each point w in the w-plane corresponds just one 
point in B, if we agree to reckon only one of its two edges as be- 
longing to B. 

For this reason B is called a fundamental domain of e?, that is, a 
domain in which e? takes on every value it can take on, once and 
only once. 


The Circular Functions 


58. 1. Addition Theorem. We wish now to extend the definition 
of the circular functions to complex values. In the calculus we 
learn that the developments 


2 4 
ee 9 eae ae ae ent 
cos x aes 
; 22 agro oP 
pent Gagan Ton 


are valid for all real z. If we replace x by the complex variable z, 
the series on the right converge absolutely for every value of z, as 
we saw in 39, 4. 

This affords a natural extension of the circular funvtions when 
we wish to pass from the domain of real to complex numbers. 


We thus set ae 
608 ene dad 

\ Z g 2b 

Hie iat. (2 
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The domain of definition of these functions is the whole z-plane. 
When z becomes real, cos z, sinz reduce to the familiar cos 2, sin z. 
For real values of z2 therefore, cos z, sinz have the properties of 
cos 2%, sin 2. 

We wish now to show that these properties still hold for com- 
plex z. The most important of all these is the addition theorem 


sin(u + v)=sin u cos v + Cos u Sin 2, (3 
cos (u + ¥) = cos u Cos v — SiN & SiN v. (4 
Here u, v are any complex numbers. Let us establish 8). The 


reader may prove 4) in the same way as an exercise. 
From 1), 2) we have on multiplying 


; cgEh iis Mate wy Ube ure tee uot 
sin u Cos Vv = u (S+3)+(B tsp tiea) 


(ul uP ueyt uv® 
Th Stel Srate Thee ee 


yh fe ee ae Pee vut 
cos ¥ SINV=vV (Ft e+ + ata) 


vi vu veut vue 
aa ceaea 314! Tere 
Adding we get 


sin & COs v + Cos u sinv=(w+0)— 3, (ut P+ (ut vb 


= sin(w+v) 
which is 3). 


2. Since we have now defined 
6o 487 COS'. 2. am sine 


for all values of z, let us note that the relation 54, 4) holds 
whether y is real or not. We therefore have 


¢ 
e“ = cos u+7sin wu (5 
for any complex u. Hence also 
et = e“(cos v +7 sin v) (6 


holds for all complex w and »v. 
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We note that 5) is a generalization of Euler’s Formula, 55, 1). 
Since 5) holds for complex u, we see that we may also generalize 
55, 11), 12). We thus have 
eu a en 


Ue ee ei 


- : ag Ly ies eu 
ae th 8 
sin u dy ( 
and these relations hold for any complex w. 
Let us set w=2+7 in 8); then 
: Lh ie Se OZone Case 
sin( +2) ale : é j 
= ee { oe — ene | 
24 
=4(e#+e), by 55, 4) 
==.C08 2, bY; s.)- 


Thus sin( 2 + 5)= cose , sin(é+7)=-—singz. (9 


etc., as for real values of z. 


3. From the addition theorem we can show how to calculate 
cos 2, sing for any complex 


2=a+ly 
by using ordinary logarithmic tables. We have in fact from 3) 
sin z= sin(# + ty) = sin @ Cos ty + Cos w sin ty (10 
Now vie Cy? (ty)* 
cosy = 1 ioe | 
= y* 
1427 51 +h +: 
= cosh y i 44, 2). 
Thus cos ty = cosh y (11 
Similarly oe Cy)? Gy). 
toa gy 8 Fe so 
Be te ht 
= aus aia 


=isinhy, by 44, 3) 
Thus sin ty =7 sinh y. (12 
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Putting 11), 12) in 10) we get 

sin z=sin (2 + ty) = sinz cosh y +7 cos sinh y. (13 
Similarly we get 

cos z= cos(x + ty) = cos x cosh y —7 sin z sinh y. (14 
The formule 13) 14) express sin z, cosz in the rectangular form 
u+ iv, where u, v are known. 

4. As an example let us compute 
w=cosz=u+tv 

for z= —1.6002—2.87. 
Here x=—1.6002 , y=—2.8. 


We first reduce xz to degrees. From our tables we have 
aS Lido. 
.6002 = 34 23 20 
Thus —x=91°41' approximately. 
log | cos | = 8.4680 
log | sin z| = 9.9998 
log cosh y = 0.9166 
log | sinh y | = 0.9134 
log |u| = 9.38846 w= —.2424 
log yv=0.91382 v=8.188 
Hence cos z= — .2424 + 8.188%, approx. 


5. As an exercise in multiplying series, let us show that 
sin? z+ cos?z = 1. (15 
From 1) and 2) we have 


ea Gu orci 
-*itgisrtsisitt)* 

wrens hehehe) 
-*Gitiia tants) 
+2(5+ sgtnutanth)- 
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Thus sinte +eoste=1—F/1—(7)+1] 


FL -60-@4] a 
-§h-()+0-Cr0)-Oes]+- 


Now from elementary algebra we have for a positive integer m 


(a+b)™=a™+ i am-1h + () am 2524. ...4 ee 1 )abnt+-bm, ai 


If we set here a= 1, b= —1, it gives 


ea1-(G)eG-Genten an 


This relation shows that all the { --- } in 16) vanish. Thus the 
right side of 16) reduces to its first term, and establishes 15). 


6. When a function f(z) is such that 
I(—2)=—F@) (19 


for all values of z for which f(z) is defined we say f is an odd 
Funetion of 2. Similarly if 
ICL) =f) (20 
we say f is an even function. 
Since 1) involves only even powers, and 2) involves only odd 


powers, we have: 
The function cos z is an even function, and sin z is an odd func- 


tion of z. 
7. Let us now define the other circular functions for complex z. 
This we do as in trigonometry. We set 


i COS 2 it 
ae =——— , secz= , cosec z= 


sin 2 COS 2 sing 


tan 2 > cot2 


These functions are defined for all values of z for which their 
respective denominators do not vanish. 
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59. Zeros and Periodicity. 1. Let us find for what values 
sine =O) qd 

We already know that such values are 

z=mr , m=0 , +1 , +2 , oo (2 
We show that there are no others. Suppose in fact that 

sin (a+ 2b)=0. 
Then by the addition theorem 58, 13) 
sin a cosh 6 +7zcosa sinhb=0. 


sin a cosh 6 = 0, (8 
cos a sinh 6= 0. (4 


Hence 


Now when a product «8 = 0, either a or 8 must =0. Thus in 
3) since cosh 6 does not vanish at all [44, 2], we must have 
sna=0. Thusa=m7. Putting this value of a in 4) it gives 


sinh’ > = 0. 
But this requires [44, 2] thatb=0. We thus get the important 
result : 
The function sinz has the same zeros as the real function sin x; 
they are given by 2). 


From 58,9) we see that the zeros of cosz are 


gtr ry m= 0 5 +1 ’ + 2+ 


as for real cos 2. 
2. Let us now investigate the periodicity of 


W = sins. 
From 58, 9) we have 


sin(g+2mmr)=sine , m=+1 , +2 , 


Thus 2m are periods. Let us show that there are no others. 
For say a+ 7b were a period. Then for all values of 2 we would 


have : y : 
sin (¢+ a+ 76)= sin z. 
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In this relation set z=0; it gives 
sin (a+ 2b) = 0. 
But this equation is satisfied, as we saw in 1, only when 
: a=nr , b=0. 
Thus all the periods of sin z must be included among the numbers 


nr. But among these we know only those are periods for which 
mis even, orn=2m. We have thus established: 


The periods of sinz are2mr. m= +1, +2,+- 
Since all of these are multiples of 2 7, this is called the primi- 
tive period. 
60. Graphical Study of w=sinz. Let 2 describe a parallel / 
to the z-axis. Then z=2+75 where 6 is constant. Then 
w= sin(x +76) =sin a cosh 6 +7 cosa sinh } 
=uUu+ Ww. 


Thus to the point 2 whose coordinates are x, 6 corresponds in 
the w-plane a point whose coordinates are 


u=sinz cosh 6b, v=cosz sinh 8. ad 


r 


Thus the image e of the line 7 is the curve whose equations in 
parameter form are 1). As sin, cosx have the period 27, we 
see that when z describes a segment of / of length 27, w comes 
back to its original position in the w-plane. The curve 1) is 
thus closed. It is in fact an ellipse. For 

me ie 
cosh? b és sinh? 6 


= sin? z+ cos*z 


ais (2 
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Next we let z range over a parallel A to the y-axis. Then 
z=a+iy, where a is constant. As before we have 


w =sin(a+ty) = sin a cosh y +72 cosa sinh y 
=uUutiv 
so that u=sina cosh y, (3 
v=cosa sinh y. 
As z ranges over A, w will describe a curve whose para- 
metric equations are 3). As before we have 
ua v2 
isin 6 = (COs? & 


= cosh? y — sinh? y 
=1, by 44, 4). (4 

Thus f is a hyperbola. 

The ellipses 2) and the hyperbolas 4) are confocal and hence 
cut each other orthogonally. 

The parallels J, \ divide the z-plane into a set of rectangles R, 
to which corresponds a set of curvilinear rectangles #. When 
z lies in some #,, the corresponding value of w will lie in the 
image R,, of R,,. Thus the smaller the rectangles R are taken 
the smaller the rectangles 3 become and therefore the more accu- 
rate is our knowledge of the true value of w. 


The Hyperbolic Functions 


61. For any complex z we define 


Se ah Cac alate ce 
C051 Zea recta ition ob ae qd 


sinh g = & peepee gil ng Ne eta & eh (2 


From these we further define 


sinh z cosh z 


tanh z= coth z= 
cosha ” sinh 2’ & 
sech z= 1 
= » cosech z= — : (4 
cosh z sinh z 
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We saw in 389, 4 that the series 1), 2) converge absolutely for 
every value of z. The domain of definition of sinh z, coshz is 
therefore the whole z-plane. ‘That of the four functions 3) 4) is 
the whole z-plane except those points for which their respective 
denominators vanish. 

Since we have now defined 


sinz , cosz , sinhzg , coshz 
for all values of z, the relations 58, 11), 12) are not restricted to 
real y as we easily see, but hold for any complex value. 


We have therefore the important relations connecting the cir- 
cular and hyperbolic functions, viz. : 


cos 72 = cosh 2, (5 
sin iz = 7 sinh z, (6 
tan 72 = 7 tanh gz, etc. (7 


These relations show that all the analytical properties of the 
hyperbolic functions may be deduced from the corresponding 
relations between the circular functions. 
Thus the addition theorem : 

sin (w+ v)= sin u cos v + cos w sin v 
ees sin? (u+v)= sinh (w+ v) 

= sin tu cos tv + Cos tu Sin tv 

= 7 sinh uw cosh v +7 cosh uw sinh », 
or dividing by 2, 


sinh (w+ v)= sinh wu cosh v + cosh wu sinh v. (8 
Similarly cos (u + v0) = COS U COS V — SIN & sin v 
gives cosh (wu + v)= cosh u cosh v + sinh uw sinh v. (9 


The formule 8), 9) express the addition theorem of the sinh and 
cosh functions. 


Again the relation (31244 cos?y = 1 


becomes on replacing wu by ww 

sin? zu + cos? iu = 1, 
or cosh? y — sinh? uw = 1, (10 
and so on. 
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In a similar manner, when we have considered differentiation 
and integration, we shall see that all formule involving these 
operations on circular functions go over into corresponding for- 
mule for the hyperbolic functions on using the relations 5), 6). 

A student of a new subject is naturally eager to see its use- 
fulness made manifest as soon as possible. We submit the results 
just obtained as an example. As another example we recall the 
treatment of analytic trigonometry founded on Euler’s formula 
which we indicated in 55. We adduce also the elegant manner 
of establishing the formule of 6. Other examples will occur as 
we advance. 


Logarithms 


62. 1. In the equation je al 


let us find the values of w corresponding to a given z. We set 
W=Uutw 5 z= re®. (2 


Here r, 8 are known, and we are to find u,v. Putting 2) in 1) 


lives , ; 
8 Clee re (3 


Equating moduli, we have et =r, whence 
; u = log r. (4 
Equating arguments in 8) gives 
v=0+4+2am , man integer. (5 


This shows that all values of w which satisfy 1) must have the 


form : 2 
w=logr + 104 2 mmi. (6 


If we set these values of w in 1) we see that they do in fact satisfy 


it. Thus 6) is the solution of 1). We call it the logarithm of 


z, and write 
w = log z. Ci, 


There is a slight ambiguity which custom and usefulness sanction. 
In 6) the symbol log 7 means the logarithm of algebra. For each 
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positive 7, log r has one and only one value. On the other hand 
the symbol log z has an infinity of values, viz. those given in 6). 
As the reader is never seriously in doubt which of the two mean- 
ings the symbol log has, there is no need of denoting w by a new 
symbol, as Log z for example. 
2. In algebra y = log z is defined by 

v= 2. (8 
But here x is restricted to positive values. By enlarging our 
number system, the equation 8) admits a solution whatever value 
x has, the value x = 0 excepted. In doing this we find, however, 
not one but an infinity of solutions as given in 6). If we allow 
z to range over a curve, the corresponding values of w will trace 
out an infinity of congruent curves or branches. Each value of 
m=0, +1, + 2, --- in6) will give one of these branches. The 
branch corresponding to m = 0 we will call the principal branch. 
The branch belonging to a special value of m as n, say, we may 
denote by log, z. 


Thus w, = log, 2=log r+70 + 2 nmi. @) 


3. The relation log zy = log # + log y (10 


established in algebra for positive 2, y is called the addition 
theorem of logarithms. It is an immediate consequence of 


Cea es 


A similar relation holds in the complex domain. For let 
ware”. vias se. 
Then 
Hence by 2) and 6) 
log uv = log (rs) + 110+ &) + 2nmi qdi1 
= (log r+ 10+ 2n'mt) + Clog 8 + if + 2 n'77) 


uv = ree"), 


when n’, n!’ are any two integers such that 
n+n'=n. 
Thus 11) may be written, using 9) 
log, (uv) = log,,u + logy. (12 
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If we leave the symbol log undetermined, we may write 11) 
log uv = log w+ log v. (13 
The relations 12), 18) express the addition theorem of the 


logarithm in the complex domain. They are the generalization 
of 10). 
4. Let us find the zeros of log z. If we set 
w=logz=u+ i, 
we have Pear 


= Vlog? r+ (O42 mm). 


This being the sum of two squares cannot vanish unless 


logr=0 (, 0- 2mm = 0; 
or unless 


that is, 


r=1 , 6=—2%mr7, 
PIES Mie 
Since log 1 = 0 this shows that: — 


The function log z has one and only one zero, viz.: 2=1. 


5. Branch Points. Let z describe in the positive direction a 
circle of radius 7 about the origin. Then 7 in 2) remains constant 
while @ increases from say 0=0, to 0=0,4+27. If we start 
with the value of w corresponding to @= @, in 9), w, will acquire 
at the end of the circuit the value 


w, = log r+i(6, +2 1)+ 2 ni 
=logr +70, + 2(n+ 1) 
= Wn+1° 
Thus a circuit about the origin in the positive direction converts 
each branch w, into w,,,- 
Suppose now that z passes around (’ in the negative direction. 


Then @ decreases from say 0= 0, to 0=0,—27. Thus w, will 
have at the end of the circuit the value 


w, = log r+1(8, —27)+2 nmi 
= log r + 10) + 2(n — 1) mit 
= W,_-1: 
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Thus a circuit about the origin in the negative direction converts 
each branch w, into w,_,. 

Finally, let 2 describe a closed curve € which does not include the 
origin as in the Figure. .In this case both 7 and @ vary as z moves 
over ©. But if z starts from the point 
z=2 for which r=1r, 0= 0, as in the 
Figure, obviously 7 and @ acquire these 
same values when z has returned to 2. 
Thus if we start out with the value of w 
corresponding to r=”, 9=4@, in 9), w, 
will have this same value when z has 
returned to 2. Hence each w, remains 
unaltered when z describes a closed curve which does not enclose 
the origin z= 0. 

Since the branches w, permute when zg describes a circuit about 
the origin z = 0, this point is called a branch point. There is no 
other point in the z-plane having this property; that is, z= 0 is 
the only branch point of the logarithmic function w = log z. 

Since logz in the real domain is not defined for x= 0, it 
follows that the formula 6) has no meaning for r = 0; that is, 
when zg=0. Thus the domain of definition of w is the whole 


z-plane excepting z= 90. 


63. The Function z*. 1. Letting w denote any complex number, 
we define the symbol 


ae Woy gh == et0et (1 
Let ere. 
then logz=logr+i¢+2s7i, 8 an integer. 
Hence 1) gives gh = eulogr guid y2sumi, (2 


Let us consider special cases of the exponent yp. 
1° pa positive integer m. As 


e2msnt a iL 
2) becomes gm = pmlogrgmid 
But by algebra, emlogr ym, 
‘ 
Hence gm — mend @ 
=2-Z--+-2Z, m times, 


which agrees with 4, 4). 
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2? wa negative integer. Let w=—n. Then we find 
mee! 
go? = pre nib — ma 
as in algebra. 
fo) _ ™m oy H 
3° #=—,a fraction. Here 
n 
Mo i 
e2sent = AIS, My = Qo, 


an n root of unity by 56, 5). 
Also 


m oe 2. 
eb logr — eniogr —_ V rn 


m mob 
Hence 28 Sy te ween. ( 


as in algebra. Here the radical 
Vira 
has the value heretofore assigned to it; that is, it is the positive 


real root of the positive real nuinber 7”. One often denotes the 
right side of 4) by ip 
EPs 


4° wa real number not a fraction, and z real and positive. 


Let us denote this value of z by a. Heregé=0, r=a. Then 


alogr __ loga __ 
e ST — evlos (ih 


as is shown in algebra. Then 2) gives 
ae = gtemr | g=0, +1, 42... (5 
This shows that in this case z" has an infinity of values, each 
differing from the others by a factor of the form 
ersunt, 
For s=0 , 2=a". 


2. From the foregoing it follows that the function 1) is in 
general infinite-valued, as the logarithm is. If we give to logza 
definite one of its many values, the exponent on the right side of 
1) takes on a definite value, as v, say. Then 1) gives 2 as the 
absolutely convergent series 


v v2 98 
aman rote a 


Its value is thus completely determined. 


INVERSE CIRCULAR FUNCTIONS 125 


3. Suppose uw is not a positive or negative integer or 0. Then 
z= (isa branch point of 2". For if we start at 2 =a with one of 
the many values of w= 2, w will not have this value when z 
describes a circuit about the origin. 

Since z= 0 is the only branch point of logz, the only branch 
point of wis alsoz=0. That is to say, if we start at z=a with 
one of the many values of w, as w,, and allow z to describe a closed 
curve, which does not enclose the origin, w will return to its 
original value w, when z returns to z=a. 


Inverse Circular Functions 
64. 1. In trigonometry we learn that the equation 
siny=2 a 
has two sets of solutions y when 0<a2<1. If y =y is one solu- 
tion of 1), all solutions are given by 
Y = Yo + 2 mr, 


mn=0, +1, + 2,-- (2 
Y= T—Y + 2nn, 


Thus 1) defines an infinite-valued function which is denoted by 
y= siny‘y or 7 = are sin.2. 


Of these two, we shall employ the latter only. 
Let us now pass to the domain of complex numbers. We seek 


the solution w of ; 
gin w = Z (3 


where z is any given complex number. 


Now by 58, 8) teen 
aw 
ae 
This in 3) gives gto _ 2 tzew = 1; 
or setting t= et, 
Moree! oie al 


Solving this for ¢, we get 
et” = iz+ V1 — 2, (4 
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where the radical may have either of its two values. From 4) we 
have, taking the logarithm of both sides, 


w= log fig +V1— 2. (5 
a 


As the log is infinite-valued and as the radical may have either 
sign, we see that 3) admits a twofold infinity of solutions. If we 
denote these solutions by arc sinz, we have 


peesine = lop ee ee (6 
2 


2. Let us show that the relations 2) still hold for complex 
values. Let us set 
i@+Vl1—-#=Z, 
Wa oN Wit 3 Z,. 


Then if ip ieee di, 
is one of the determinations of log Z,, all the other determina- 
tions of log Z, are given by 


L, + 2 mm, 
as we saw in 62. Thus if 


u= I log, fiz +V1 — 2} = 1 log Z, 
a a 
is one of the values of 5) when the radical is taken with the posi- 
tive sign, all the other values of 5) for this determination of the 
radical are given by : 

u+2mnr , man integer. ‘eri 


Similarly if v= 1 log, {tz ao V1 — 2} = Looe Z, 
i 0) 


is one of the values of 5) when the radical has the negative sign, 
all the other values of 5) for this determination of the radical are 
given by 

v+2mr , man integer. (8 
NON uto= log ZZy Q 


a 
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the logarithm on the right being properly determined. But 
Z,2,=—1 


and . log (—1) = wi + 2 nmi. 
Thus 9) gives utv=r4+2nr7, 
or 


_v=m7—u+amultiple of 27. 
Putting this value of v in 8) it becomes 
7~—u+2sr , san integer. (10 


Thus all the values 6), that is, of arc sin z, are given by 7) and 
10). We have therefore shown : 


If w = w, is a solution of 3), all solutions of 3) are given by 


W=Wyt2mr , w=T7—w,+2mr7, (i 
where m=0 , +1,+2.-.. 
3. Since z= 1, 2 =-— 1 are branch points of 


V1 -#2=V—-@-)D(e+h, 


we see that when z describes a small circuit C about one of them, 
Z,and Z, permute. Thus if at z= z,) we start out with one of the 
values of w at this point, say w = w, and allow z to pass around (, 
w will not return to its original value wy when z returns to 2). 


Thus z = 1, and z=—1 are branch points of w. 
Let us see if there are any other branch points for w= are 
sing. Since z=1, z¢=— 1 are the only branch points of 


Za=te+vi1—2 
the only other branch points of w must be branch points of log Z, 
that is, points =a for which Z=0. But the relation 

a+ ARE a? = 0 
gives —@=1— a3, 
or l= 0, 
which is absurd. We have thus shown that : 

The branch points of the function 
w = arc sin Z 


are the points z= 1, z= — 1, and only these. 
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4. Ina precisely similar manner we may define and study the 
other inverse circular functions 


arccos2 , aretanzg , etc. 


We will not take space to do this, as it is all too obvious. We 
note, however, that the solution of the equation 


tan w =z (12 
is 1 1+ 2 
=— ] —_—_——_ = t 5 
w= logs 7, = are tana (13 


Its branch points are : : 
2=tandz=—42, 


CHAPTER V 
REAL VARIABLES 


65. Many readers of this book have studied the calculus chiefly 
with the view of learning its technique and of applying it to 
geometry, mechanics, physics, etc. Such students have little time 
to spend on demonstrations, and it is natural that their ideas of 
the limiting processes which lie at the base of all the principles 
and method of the calculus are often vague. It seems best, there- 
fore, to insert a chapter at this point whose object is to briefly 
treat such topics of the calculus as we shall need in the course of 
this work. It will be our purpose rather to refresh the reader’s 
memory and to illuminate the subject than to repeat demonstra- 
tions or to discuss delicate points. One may therefore, turn over 
the following pages, reading such parts as are not quite familiar; 
or he may pass at once to the next chapter and return to this one 
when further explanations are necessary. 


66. Notion of a Function. 1. The functions used in the calculus 
are usually made up of simple combinations of the elementary 
functions, as 


£ ee 
y= sin 2+ tee (1 
an erty sin “ry J/sin y 2 
EELS +Vsin y. ( 


Or they are defined implicitly by equations between such 
functions, as for example, 

dy Ss oa ‘ 

Za + a dan: (3 

The equation 1) defines y as a function of the independent varia- 


ble z But when z< 0, logz has no sense, the variables being 
129 


. 
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real. Also V1 — 2 is not real when 27> 1. Finally, when z= 1, 
log a= 0, and the denominator in 1) vanishes. Thus 1) defines 
y only forO<a<1. These values of x form the domain of defi- 
nition of y. 


2. Let us turn now to 2). This relation defines was a function 
of two variables x, ys We note that the denominator either =0 
or is not defined when the point 2, y lies on one of the lines, 


e+y=m-2, m=0,+1,4+2- (4 


Also the radical Vsin y is not real when sin y is negative, that is, 
when 

(2n—-—l1)r<y < 2n7n, n=0,+1, 42+. (5 
The domain of definition of « embraces thus that part of x, y plane 
after removing the lines 4) and the bands 5) which are parallel 
to the a-axis and of width 7. 


3. It is convenient to generalize our definition of a function. 
To fix the ideas, let us take a single independent variable x Let 
us mark a certain set of points on the z-axis and denote them by 
9. At each value of 2 in Y, let us assign to y one or more values 
according to some law. ‘Then we call y a function of x, and we 
call Y its domain of definition. 

To illustrate this let us take the function 1). For the point 
set 2 we take the values of 2 such that 0 < 2 < 1, that is, the 
interval (0, 1) except the end points. The value we assign to y 
for a given 2 in Y is the value that the right side of 1) has for 
this value of x. ; 

Another illustration would be the temperature y at a given 
place at a given time x If we were concerned only with tem- 
peratures from the time «=a, to the time «= 6, these would 
define y as a function of x in the interval % =(a, 6), and this 
would be its domain of definition. This would be an example of 
a function which is not defined by an analytic expression as in 1). 

As an illustration of a function of two variables not defined by 
an analytic expression we may take the following. Let 2 denote 
the latitude and y the longitude expressed in circular measure of 
a point on the earth’s surface. Let uw denote the temperature 
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at the earth’s surface at one and the same instant. As the lati- 
tude is restricted to lie between ie and Mi and the longitude 


between — 7 and 7, we see the domain of definition of uw is the 
rectangle 
6 SS Bei SO Msi yp ngs 
ican tieth att aaa 
67. Limits. 1. We have already discussed the notion of a 
limit of a sequence of numbers 
Ay, Ags Ags +++ ad 
when studying series. In the calculus we use the notion of limit 
also in another way. Thus in defining the derivative of a func- 
tion y=f(xz) we form the difference quotient 
Ay _f(a+h)—f (2) (2 
Az h ’ 
and allow the increment h= Az to converge to 0 by passing over 
all values near h=0. The value h=0O is excluded, since this 
would make the denominator in 2) vanish. What do we mean 
by the limit of 2) as h=0? The value of x being fixed, the 
quotient 2) is a function of A; let us denote this by q(h). If 
now q(h) converges to some fixed value las 4 =0, we mean that 
gq may be made to differ from 7 by an amount as small as we 
please, say by < ¢, provided A remains numerically < some posi- 


tive number 6. 

Graphically we may state this as fol- 
lows. Let us plot the values of q for 
values of h near h=0, on an axis which —— 
we may call the g-axis. With / as acenter “aaa 
we may lay off an interval of length 2e. Then if g=/ as h=0, 
there must exist an interval (— 6, 6) on the A-axis such that qg 
falls within the e interval when 40 is restricted to lie within 
the 6 interval. 

This graphical formulation .of the notion of a limit may be put 
in analytic form. By the phrase g(h)=1 as h=0 we mean that 
for each e > 0, there exists a 6 > 0 such that 

|q(h)—l| <e 


provided 0<|h| <6. 


oes {fe Se as 


“8 (O! 8 
axis a 


O Le l le 
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The reader should think this over carefully and see that this 
analytic formulation exactly represents the above graphical for- 
mulation. 


2. This notion of the limit is used in many other parts of the 
calculus. We will therefore state the definition quite generally. 

Let the function y =f(z) be one-valued about the point =a. 
When we say f(z) =/ as x=a or otherwise expressed that the 
limit of f(z) =1/ for x= a, in symbols 


lim f(v) =, (8 
we mean this: a 


For each e > 0 there existsa 5 >0 such that |f (x) —1| < € pro- 
vided 0 < |jv—a| <6. 


The last sentence will be expressed more briefly by a line of 
symbols, 


e>0r OS Or 5 P@)at<et, O-aleel-e0ae eG 


and such a line of symbols is to be read as the sentence above in 
italics. 


3. The reader will note the similarity of this definition and 
that employed in 16. 

Almost all students dislike this « form of the definition when 
first presented to then. It seems so much easier to think of f (@) 
converging to J as 2 converges to a. Why bother about these 
e's and 6’s? In reply we refer the student to the remarks made 
in 16. Fortunately the intuitive form of the definition of f con- 
verging to its limit is usually quite sufficient, and we shall avoid 
the e’s as much as possible. When we do employ them, it will be 
to aid clear thinking. When the reader can think clearly with- 
out the e’s, let him do without them. 


4. The reader should note that when the limit 3) exists, 
J (x)= when x converges to a from the right side, or when it 
converges to a from the left. For by the definition given in 2, 
the only restriction on x is to remain in the 6 interval, excluding, 
of course, the value x=a. It can therefore approach a from 
either side, and f(2) must =/ in either case. 
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5. From the definition of a limit we conclude that when 3) 
holds, we may write 


f(ay=lt (5 


and know that |e’|<e provided z lies in some Sinterval. We 
may also say in this case that e =O asxv=a. 


68. Limits for Two Variables. Let us now consider limits of a 
function of two variables. Suppose the one-valued function is 
defined in a certain domain Y&. Let w=a, y=6 be a point « of Y. 
Then u(a, 6) is the value of w at the point « “More briefly we 
_ may denote this value by u(«). . 

Let us describe a circle of radius 6 about « The points 2, y 
within this circle may be called the domain of this point of norm 6, 
and denoted by any one of the symbols 


Dia, BY) DE BY Dia) SS Dee). 


The simpler forms may be used when no ambiguity can arise. 
When the center « of this domain is exeluded, we indicate this 
fact by a star, thus D*. 
What now do we mean when we say: wu converges to J as the 
point = 2, y converges to«=a,6? In symbols 


HHT. 4. ase = a. 


We mean just this: Let us plot the values 
of won an axis, the w-axis. With /asa center 
we lay off the e interval as in the figure. 
About the point «=a, 6 we describe the 6 
circle in the z, y plane of radius 6 as in the im 
figure. Then for each ¢ interval there must aa val wala Ta 
exist a 6 circle such that « remains within 
this interval when the point a y remains within this circle, the 
center a, 6 excluded. 

Analytically we may formulate this as follows: 

The limit of w(z, y) for =a, y=} is l, or in symbols, 


8 


lim. #(@, yy=t 


z=a, y=b 
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when for each ¢ > 0, there exists a 6 > 0 such that 
|u(a, yy—l|<e 
when 2, y lies in D,;*(a, 6). 

The reader will note that the definition of a limit for a single 
variable is a special case of the one just given, the domain of the 
point «=a, b reducing to an interval. 

He should also notice that in passing to the limit the point 2, y 


is never allowed to become «=a, 0; thatis, 2, y ranges in D*¥(a@) 
and not in D(«). 


69. Continuity. 1. Let y=f(x) be a one-valued function in the 
interval %=(p, g) whose graph is given in Fig. 1. The graph 
shows that y is continuous in B" 
except at the point z= 6. Let us 
formulate the notion of continuity 


analytically. To this end we note 
how f(2) behaves at a point of con- 
tinuity as =a, and about the point o 
pa b qd 


of discontinuity x= 6. 
Let f(z) have the value « at z=a. rages Tl. 
Then as x= a, we see that y =a; in symbols 


lim f(«)=f(@)= «a. 
On the other hand, at the point x= 6, the ordinate does not con- 


verge to a definite value. For when x<b on the left y= 


when «= 6 on the right, y= §'’. But if the reader will turn back 
to 67, 4, he will see that when 


lim f(x) 

20) 
exists, f(#) must converge to the same is 
value whether z= 0 on one side or on the = 


other. 

Another case of discontinuity is illus- 
trated by Fig. 2. Here y= f(z) is a one- 
valued function whose value at x= a is 
defined to be y=a. The figure shows that 


lim f(@)= a. 
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Here the limit exists, but its value is not the value that f(z) 
has assigned to it at this point which is a. 
These considerations lead us to say : 


The function f(x) is continuous at x= a when and only when f(x) 
converges to the value of f at a, that is, when 


lim f(x) =f). 


Therefore if lim f(x) does not exist at x =a, or if it exists but 
has a value different from the value f(a), then we must say that 
J is discontinuous atx=a. If f(x) is continuous at each point of 
an interval = (p, q) we say f is continuous in Y. 


2. When f(z) is continuous at z= a, we know that the value 
of f(x) differs from its value at z=a by an amount as small as we 
please if z is only kept sufficiently near a. In symbols 


f@)=fate ad 
where e¢ =Oasx=a. This is the same as saying that 


|e" |<e , providing |z—a|< some 6. (2 


3. Let f(x) be continuous in Y=(p,q). Let us take e>0 at 
pleasure and fix it. At any point =a we lay off the 6 interval 
about a as in Fig. 3 such that the é’ 
in 1) satisfies the inequality 2). Let 
us pass to another point 6 in %f and 
lay off the corresponding 6 interval 
about 6, such that ée’ again satisfies 
2). At the point « = 6 the curve is 
steeper than at a, and therefore the 
6 interval at 6 is shorter than at a, 
that is, the value of & at 6 is less 
than at a. The reader will note, how- 
ever, that as a ranges from ptog the p a b q 
value of 6 corresponding to the dif- 
ferent values of a will never sink below some positive number 7. 
In other words, for the value of e that we have been using, there 
exists an 7 > 0 such that f(z) differs from f(a) by an amount <e 
when |2—a|<7; and here a is any point in Y. 
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If we expressed this in symbols, we would say that for each 
e>0, and for any and all points a in %, there exists a fixed »>0 
such that 


| f(z) — f(a)| <e , provided |x—a|<n. é 
Or what is the same, ya es 
where |e’ |<e provided |x—a|<n. (4 


This important property of a continuous function in an interval 
% is expressed by saying that f(v) converges uniformly to f(a) 
in Y%; or in symbols 


F(@) = f(a) uniformly in Yf. 


The reader should remember that here a is a variable point in the 
interval 2. 


4. When f(x) has a point of dis- é 
continuity in Y=(p, g) as at y=e in 4 
Fig. 4, the reader will see at once that 
taking ¢€>0 small enough and then 5 
fixing it, there is no corresponding P ae q 
n > 0 such that 3) or 4) holds wher- ee 
ever ais taken in Y. To make this perfectly clear we have taken 
e as in Fig. 4, and laid off the corresponding 6 interval at a point a. 
The reader will see at once that for a 
point 6 very near e, the length of the 6 
interval will be determined by the fact 
that it cannot contain the point z= e. 
For in any interval containing this point 
F(x) could differ from f(0) by an amount 


bax 
far greater than the small quantity e, as 


Fig. 5. 
Fig. 5 shows. 
5. Finally let us consider the function 
fe) =tan a, 
This is defined for all 2 not included in the point set 
7 3 5 
at ) S6 = 5 ase 
7) T 3 Tv 
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Let x range over the point set {& defined by 0>2<%. This 
may be denoted by (0, a"), the star * indicating ap the end 
point 5 is omitted. We call such a set an incomplete interval. 
Obviously f(z) is continuous at each point z = a of A, for 


lim tanz = tana. 
7a 


It is not uniformly continuous in %. For in the relation 2) we 
see that 8’ must =0 as the point a approaches =. There exists 
therefore no 7>0 such that 3) or 4) holds. 

6. The analytic definition of continuity can be extended at once 
to functions of any number of variables. For clearness let us 
take two. 

Let the one-valued function u(x, y) be defined in some domain 
D about the point z=a, y=6. ‘Then wu is continuous at this 
point when u(z, y) converges to u(a, 6) as the point x, y con- 
verges to the point a, 6; in symbols when 


lim wa, ¥) = ua, d). 
=a, Y=) 


If uw(a, y) is continuous at each point belonging to some point set 
Mf, we say u is continuous im A. 


T. Let u(a, y) be continuous at the point a, 6. If 
e=u(a, 6) #9, 


there exists a domain D,(a, 6) about a, 6 such that in it w(z, y) has 
the same sign as e. 
For since u is continuous at a, 6 there exists a 6 >0 such that 


|u(a, y) —e|<e G 
when 2, y is restricted to D,(a,b). But 5) is equivalent to 
e—e<u(a, y)<ct+e. (6 


Obviously as ¢ is #0 we may make e> 0 so small that ¢—e and 
c+ have the same sign as ¢. 
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8. If u(az, y) is continuous at a, 6 
|u(z, y)|<some G (7 


in D,(a, 6) for a sufficiently small 6 > 0. 
This follows at once from 6). 


70. Geometric Terms. 1. At this point it will be convenient to 
introduce some geometric terms which we shall need constantly. 
We begin by considering the point set 2% formed of the points 
within a circle , that is, in the interior of R. Any point a of Of is 
such that we may describe a circle c about it as center, and all 
the points within c form a part of 2%. In other words, 2% is such 
that any point a of it is surrounded by some domain D;(@) which 
also lies in Y. As a approaches ®,6=0. But for each given a, 
dis >0. 

We may. now generalize. Let 2 denote any set of points in the 
plane. If Y& is such that each of its points a has a domain D(a) 
which also lies in Y, we call the point set YU a region. 

For example, the two curves C}, C, in Fig. 1 
define a ring 9% whose boundary or edge € is 
formed by them. The set of points % in the ring ©) 
® but not on its edge € form a region. A 

Let us look at the set of points § formed of 2 
and the curve Cj, in symbols the point set 


B= A+ C. 


2 


Cy 
Fia. 1. 


The set Bis not aregion. For let e be a point of C, asin Fig. 2. 
Then however c is taken it will contain points of 8 and points not 
in B. 

As another example of a region, let 2 be the 


point set formed of all the points of the 2, y (i2 
plane except the points lying on a finite num- 


: : C 
ber of ordinary curves, and also a finite number * 


of isolated points. Obviously 9 is a region. 
We say a region Y& is connected when any two of its points can 
be joined by a curve lying in Y. 
If the boundary of a connected region is a closed curve without 
double point, we call it a sémple region. 
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2. Let %& be a connected region whose boundary or edge € is 
formed of a finite number of ordinary closed curves or points. 
The point set € formed of Y and G, that is, € = A+ G, we call a 


3. The reader will note that the definition of continuity given 
in 69, 6 requires that if u(a, y) is continuous in a connex G, it must 
be continuous at each point of its edge, and this requires that wis 
defined as a one-valued function for all points in some D(e) of e. 


4. Let &be a connex or a connected region. Let P be any 
point; it may or may not lie in 2. . Let r be the radius vector 
joining P to a point z of Y. If z can describe a 
continuous curve lying in & such that 7 describes 
a complete revolution about P, we say that % is 
cyclic relative to P, otherwise acyclic 

Thus in Fig. 3 let 2 be the ring-shaped figure 
bounded by Cj, @,. Then Y is cyclic relative to 
Land M, but acyclic relative to WV. Fia. 3. 


Cy 


71. Uniform Continuity. Let us now show that if u(a, y) is 
continuous in a connex € it is uniformly continuous. By this 
we mean the following. Since uw is continuous at a point a, 6 of 
ornare u(x, y)=uca, b)t+e , |e <e ad 
if only z, y lies in some domain D,(a, 6) of the point a,b. We 
say now that the point set © being a connex, 6 cannot sink be- 
low some minimum value 7 > 0, as the point a, 6 ranges over ©. 

For say that as a, 6 converges to some point a, B of ©, d=0. 
Since uw is continuous at «, £, 

aise 
if z, y lies in some D,(a, 8). 

But then & cannot = 0, for as the point a, 6 
converges to the point «, 6, the figure shows 
8=c, and not to 0. Since therefore 6 cannot 
= 0 as a, 6 ranges over G, it follows that thee 
exists an 7 > 0 such that 


u(a, yy=u(a, b)+e'| , dl <e (2 
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wherever the point a, 6 is taken in ©, provided 2, y lies in 
D,(a, 6), the norm 7 being the same wherever a, 6 may be in G. 

We may thus state the following theorem, which for our fur- 
ther development is of utmost importance : 


If u(x, y) ts continuous in a connex &, tt is uniformly continuous 
in ©; or in other words the relation 2) holds in ©. 


72. Differentiation. 1. We touched on this subject by way of 
illustration in 67. We wish now to discuss it more fully. Let 
y =f(z) be a one-valued function in the 
interval 2{ = (a, b}) whose graph is given in 
Fig.1. If we give tozvan increment = Az, 
the function receives an increment 


Ay =f(x +h) —f(e). 
The quotient 


Ay _f(e+h) —#(2) a 
Az h 


is called the difference quotient. From the figure we see 


AY _ tan @. (2 
Az 
As Av=0, the secant P@ converges to a limiting position, 
viz. the tangent at P. 
We call the limit of 1) when A= 0 the differential coefficient at 
the point x and write 


oY = 3'(2) =limfG+ Daf). 


(3 


If f has a differential coefficient at each point of some interval 
A, we say f has a derivative in A; the value of this derivative 
at a point 2 of A is given by 3). 


2. Let us consider the function 
y= (@— 13. (4 


The grapb of this function is given in Fig. 2. It has a point 
of inflection with a vertical tangent at ~=1. We see here that 
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the secant PQ converges to a vertical posi- 
tion. The difference quotient 

Ay__ 1 
Az (Ax 3 


is always > 0 and increases indefinitely as 
Az=0. We say its limit is + o and write 


dy ! 
Be Ati for , = 1. nae 

To say that a variable g has the limit +o as «=a is only a 
short way of saying g has no limit at =a, but that it increases 
without limit as v= a. 

Strictly speaking the function 4) has no differential coefficient 
at a=1. Usage, however, permits us to say its differential coeffi- 
cient is + oo at this point. We also say the derivative f'(2) is 
definitely infinite at this point, meaning thereby that the differ- 
ence quotient does not change its sign about z= 1. 


38. Let us consider the function 
y= (a@— 1)8 , radical with positive sign. (5 


The graph of this function, Fig. 3, has a ver- 
tical cusp at = 1. 


At this point Ay _ (Ary 


(6 
Az Ax 
It is thus positive for positive Az, and nega- 
tive when Az is negative. Thus 


ie =+o as Arv=0 on the right, 
pan Maes Mie cue Siig din %s left. 


Here we cannot say that the difference quotient Ay/Azv converges 
to any value, not even to an improper limit as +o, or — 09, since 
it changes its sign in any interval about «= 1. 


4, Let us now consider the differentiation of a function of 
several variables. For clearness let us take a function u(a, y) of 
two variables which we suppose is one-valued in some domain D 
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of the point a, 6. Then, as the reader knows, 


lim u(ath, ae al ul, (a, b) = Su Cm 


h=0 


is the partial differential coefficient of « with respect to x at the 
point a, 6, and a similar definition holds for 


Uy (a by = 


The values of 7) as the point a, 6 ranges over some set of points 
% define the first partial derivative of w with respect to x; this 


we denote b 
ul(a, y) or ws or ou (8 
Ox 
A similar definition holds for 
Ou 
Us, ¥) or ws or ay (9 


The derivatives 8), 9) are also functions of x, y and so in general 
possess partial derivatives 
AA yn _ Ou 


iE 5 x etc. 
daz” %  axdy 


5. Suppose wu possesses first partial derivatives for the points 
x, y of some point set Y%. The expression 
_ Ou Ou 
du=—h+—k 
ey (10 
is called the first differential of wu. 
Similarly, if w has second ae derivatives, 


O74 76 a 
— BSc) Cap cs 5 
Ox? 2S a ss ay? c 
is the second differential of u, etc. 
We note that the right side of 11) may be written symbolically 


) 0 \2 
ee Vey 
( set ay) (12 


du = 
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In general, suppose wu has all partial derivatives of order <n 
for all points 2, y in some set %. Then 


0 oN 
du =|h—+k—) u, 
U ( ea a) U (13 


when after expanding the right side we replace 


(se) Ga) Y aay 
SEN RSE Pt ae Toye es 
ox] \dy LOT sOvee” 

73. Law of the Mean. 1. Let the graph of the one-valued func- 
tion y=f(x) be as in the figure. Let the secant PQ make the 
angle @ with the z-axis. At each point x 0 
let us draw the tangent to the curve. It 
makes an angle @ with the z-axis. Let now 
x start at a and move toward b. The tan-_ p_, Ab 
gent changes its inclination from point to 
point. If the reader will reflect a few mo- 
ments, he will see that it is altogether im- 
possible to pass from a to 6 without somewhere the tangent being 
parallel to the secant PQ. Let this be the case forz=c. Now 


tan d CMS HAGDY 


v= 


a Cc b 


tan 6 = 24 = f!(x). 
dz 


Since ¢= 6 at the point ¢, we have, on equating these two expres- 
sions, f(b) — f(a) =(B—a)f'(e) , a<e<s. 

This is the celebrated Law of the Mean. It is one of the most 
important theorems in the whole calculus. 

The foregoing considerations do not form an analytic proof of 
this law. They do, however, make the reader feel in the most 
convincing manner that this law is true, and this is all that he 
needs at this stage. On account of its importance let us formulate 
it as follows: 

Tf f(x) ts one-valued and continuous in the interval A =(a, 6) 
and of f'(x) is finite or definitely infinite within YU, then for some 


point a<c<b f(b) — f(a) = (b — a) f'(e). d 
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2. Let axa<b, f(xt+h)—f(z)=Af. Then the law of the 
mean 1) gives, setting h = Az, 


kOe rcu<cath. (2 


Suppose now that f’(z) is continuous in the interval 2. Then 
fi@af@+re-, lel<e (3 


provided | Ar|< some fixed 6, wherever the point 2 is chosen in 
Y. This in 2) gives 


Af =fi@a)te (4 
Az 
and e! = 0 uniformly in Y. 


3. From the law of the mean it is easy to establish another very 
important theorem, viz.: 


Taylor's Development in Finite Form. In the interval %&f =(a, 6) 
let f(z) and its first n — 1 derivatives be continuous. Let f™(2) 
be finite or definitely infinite within Y&. Then for any x within 


f(a) = f(a) +7" = f(a) + FED pCa) + os 


4 ae = att SOV (ay + Ge = comes FOU) , acv<z. (5 
As this is not a work, on the calculus we do not intend to prove this 
theorem ; we have quoted it in order to state precisely conditions 
for its validity. 


4. From the law of the mean we can draw an important con- 
clusion which we shall need later. Suppose u(a, y) has continu- 
ous first partial derivatives about the point a, 6. When we pass 
from this point to the neighboring point a+h, b+ 4, wu receives 
the increment 

Au=u(a+h,b+k)— ua, b). 
But we have 
Au= ju(ath, b6+k)—ula, b+k)i + fuCa, b+ hk) —u(a, by} 
=A,+A;. 
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By the law of the mean 
A, =hul(e,b+k) , ebetweenaanda+h 
A, =kul(a,e) , e between 6 and 6+ k&. 


But u, ul, being continuous, 
ur(e,b+k)= u,(a, 6) + « 
ul(a, e)=ul(a, 6)+ B 


where «c=0, B=0 as h and k=0. Hence we may state the 
theorem : 

Let u(x, y) have continuous first partial derivatives about the 
point a,b. Then the increment Au differs from the differential du 
by a quantity of the form 

ah + Bk 


whereanandB=Oashandk=0. Thus 


Rp ah ee. 
0x oy 


5. Suppose now that w/, and w/, are continuous functions of a, y 
in aconnex ©. Then, as observed in 71, «and § will converge 
uniformly to 0 in ©. Hence in particular 


Jal<@ , [B|<G, 


provided | h| and | &| are < some 6, and here 6 is independent of 
the position of the point a, 6 in ©. 


6. Taylor’s development 5) may be extended to a function of 
any number of variables. For clearness let us take a function 
u(a, y) of two variables. Suppose w and 
all its partial derivates of orders <n are 
continuous in some domain D about the 
point a, 6. Let a+h, 6+ be any point 
in D. Let Z be the segment joining these 
two points. Then any point x, y on L 
has the codrdinates 


gz=at+sh , y=b+sk , O<8s<1. 


ath, bk 


L/fxy 
ab 
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When s ranges over the interval 6 =(0, 1), the point 2, y ranges 


over LZ. Then 
u(a, y= u(a+ sh, b+ 8k)= G(s) 


is a function of s defined for values of s lying in ©. But 
g(=e ht k= du(a, y), 


Oy, 


g's) = 24 +2 ay a pn Pula») 


Hence ¢/(s), d!’(s) ---d™(s) are continuous in @ and we may 
apply 2 to the function ¢(s). Doing this and then setting 
s=1, we get 


Uu(iath, b+k)=u(a, b+ duta, +s d*(a, b)+ -- 


+ a d™u(a -+ Oh, b + Oh) (6 


where 0< 0< 1. 
For convenience of reference we note that 


du(a, b= seh Sk 
a 


dy 


_ FU je 9 Pu 2. 
@u(a, b)= e W2+ 2 Rae hk + apa 
Integration 
74. 1. The integral » 
[s@ae ad 


may be defined in connection with 
the notion of area as follows. Let 
the graph of f(x) be as in Fig. 1. 
In the interval of Y= (a, 6) we 
interpolate the points a,,a,--» If 
no interval (a,,_,, @_) has a length 
greater than 6, we say these points 
effect a division of X of norm &. 

We set 


Sn = An — An} = |e 
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and form the sum 
SF (a1) Ax, + fCag) Avg + + = D(a) AG: (2 


The value of this sum is the area of the shaded rectangles in 
the figure. If now 6=0, this sum obviously converges to the 
area under the curve. Thus when f(z) is a one-valued con- 
tinuous function of z in the interval %, the sum 2) has a 
limit as 6=0. This limit is the value of the symbol 1). This 
symbol we also denote sometimes by 


I, f(a) dz. 


2. These geometric considerations 
enable us to take a more general 
definition of 1). In the intervals 6,, 
let us take at pleasure a point «,,. 
If f (an) = Bm let us construct the 
rectangles of base 6,, and height £,,, 
as in Fig. 2. We now form the sum Fic. 2. 


F(a) Ax, +f (%,) Az, SE ks Sakae =f Cn) ALm- (3 


The value of this sum is the area of the shaded rectangles. 
If now 6 = 0, the sum obviously converges to the area under the 
curve and therefore has the same value as before. 

Let us state this in a theorem : 


If f(x) is continuous in the interval (a, 6), 
lint > fCa,, Atm (4 
6=0 


exists and this limit is the value of the integral 1). 


3. With this definition we can establish the following funda- 
mental theorem: 


In the interval (a, 6) let F(x) be one-valued and have the continu- 
ous derivative f(a). Then 


ff f(z) dz = F(b) — F(a). (5 
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For, using the points a, @ +++ @,—, introduced in 1, we have by 
the law of the mean 


F(a) — F(a) =f (a, )Ax, 
teas Be was 


FQ)— F(a, 1) ar a Ns 


where @,, ig some point in the interval Az,,. 
Adding these equations gives 


(6) — F(a) a ZH (Gn AL, 


Now by 2 the limit of the right side as 6= 0 exists and equals 
the integral in 5). 


4. From the definition of an integral given in 1) follows an 
important property which is useful in estimating the numerical 
value of an integral. Since 


| PCa )A%n |S Z|FC4m)| At 


we have, on passing to the limit 6 = 0, 
[ P@ae < [\f@ la as (6 


| f(z) |<) in the interval (a, 0). 


Also let 


Then similarly we have 


[ f@w 


5. Another property of importance is that: 


Ta)= | “fla)ae ; a<x<b 


<[ e@a j a<d. Gi 


considered as a function of its upper limit xis a continuous function 
of x such that 


ad 
a am F(@); 


the integrand f(x) being continuous in (a, b). 
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75. Surface Integrals. 1. Let w=f (a, y) be a one-valued con- 
tinuous function of a2, y in a field % bounded by a finite set of 
ordinary curves. As 2, y ranges over 
Y%, the end points of the ordinate 
through z, y will describe a surface 
S, while the points of the ordinates 
will constitute a solid of volume V 
lying between S and the 2, y plane 
under S. 

Let us draw a set of parallels to 
the z, y axes in the zg, y plane as in aR 
Fig. 1. This effects a division of the 
plane into rectangles R. If their 
sides Az, Ay are all < 6, we say the norm of this division is 6. 
Let us now form the sum analogous to 74, 2), 


Zh Cams On) ALmAYns (1 


extended over all rectangles containing a point of %. The points 
Am, 5, are the vertices of these rectangles. 

The sum 1) is obviously the volume of the set of prisms whose 
bases are the rectangles Az,,Ay, and whose heights are the ordi- 
nates of the surface S at the points r=a,, y=6,. We take it as 
‘geometrically evident that the sum 1) converges to the volume V 
as6=0. This limit we use to define the symbol 


if F(a, y)dady. (2 
e/ 


Anlbn+1 | 
WS 


“Radin | 
AmDn [ 


need 


Fig. 1. 


2. To calculate this integral it is usual to express it as an 
iterated integral 


[a Fa, y)dy. (3 
B c 


Here the symbol % denotes the projection of the field Y& on the 
a-axis. Let x be a point of GB. The line through 2 parallel to 
the y-axis will partly lie in 2%. This section we denote by ©, or 
more shortly by ©. Thus to calculate 3) we give w a fixed value 


in 8 and calculate 
fk f(x, dy, (4 


150 FUNCTIONS OF A COMPLEX VARIABLE 


the field of integration being the section € of {& corresponding to 
the value of x chosen. This integral itself is a function of z. 
This we now integrate relative to x over the field %, getting in this 
way 3). 

To illustrate, suppose 

the field of integration 
% in 2) is bounded by 
the three outer curves 
and the two inner curves 
of Fig. 2. Then the pro- 
jection 8 on the v-axis 
consists of the segments 
AB, CD. For a value 
of x corresponding to Fig. 2. 
E, the section € of Y& is formed of the two segments marked € in 
the figure. At # the section € is made up of three segments, also 
marked G. 

It is shown in the calculus that: 


The two integrals 2) and 3) are equal. 


The following geomeirical considerations will make this 
apparent : 
That slice of V which lies between the two planes 


C= An 9 = An+4 


in Fig. 3 has approximately the 
volume 


AG, fb FS (Gms YAY; 


as is seen from Fig. 38. The 
sum of these slices is 


y 


Dat [ fms yay. 8 Re 


Thus the volume V is the limit of 5) or the iterated integral 8). 
Thus 2) and 8) are equal as they both = V. 


Fig. 3. 


76. Curvilinear Integrals. 1. Let us suppose that f(2, y) is a 
one-valued continuous function of 2, y at the points of a curve 0 
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whose end points are a, 6, as in Fig. 1. If we interpolate a set of 
points @,,. @, a3 -++ such that the arcs Aly, WyMq, AgMg +++ are of 
length <6, we say these points aj, a, ++ 
effect a division of norm 6. 

Let Ln» Ym be the coordinates of a,,; let b 
Alin = 2n41— Tm. We now form the sum 


y 


a 


D5 gl Car hag) VAN ad a: qs 
D a 
If we let = 0, this sum converges to a Fia. 1. 
definite limit which we denote by 
ns 
[re y)dzx or by | LCI (2 
Cc a 


and call it the x-curvilinear integral.of f(a, y). 

When the curve C reduces to a segment of the z-axis, the 
integral 1) reduces to the ordinary integral considered in 74, 
since y is now constant. 

Let us prove that the limit of 1) exists for the simple case that 
the equation of C is any GB 


¢@ being one-valued and continuous, the end points of C' corre- 
sponding toz=0«,2=f. Then 


Sa y=fle, $()] = 9), 


and 1) becomes 2 Jn AL: < 


But g(2) is continuous, hence the limit of 4) exists and is 
B ; 
Mio (5 
va 


Hence the limit of 1) exists and has the same value. We note 
that this form of proof not only establishes the existence of the 
limit of the sum 1) but determines its value. 

Because 2) and 5) are equal, we may extend the properties of 
ordinary integrals to curvilinear integrals. Thus if ¢ is some 
point on C between the end points a, b, we have 


i f(x, y)de = se fla, yde + ip f(a, yaa. (6 
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Let us return to the sum 1). The factor (2, y,) denotes the 
value of f at the end point of the are a,_,@,. The same geo- 
metric considerations used in 74,2 would show that 1) has the 
same limit when 2,,7,, denote any point in the are a,,@,. We 
shall make use of this fact in 8. 


2. The foregoing proof apples to the 
case when Cis the are PQ of the circle of 
radius rin Fig. 2. For then 


y=t+VPF— 2 = $(), gi 


the radical being taken with the plus sign. 
It does not apply immediately if C is the 
are PQS. For if —s is the abscissa of 8, 
y is two-valued in the interval (—r, —s). 

In this case we have only to break C into two ares 


Fre. 2. 


C,=PQR and C,= RS. 


Then on C; we have ¢ determined as in 7), while on C, ¢ is 


determined by pa 
y=—Vr — a= d(2), 


the radical now having the negative sign. 
Corresponding to this we would break 2) into two integrals 


°° 
* [ and J. 
Cy e/ Cy 


To each of these our proof applies. 
3. In 2 we have taken the equation of the circle as 


9 9 ‘ 
ge + a oe 7, ( 


D 


which defines y as a two-valued function + V7? — 22. Instead of 
the equation 8) we may use the equations of the circle in pa- 
rameter form F 

T=Prcos¥ , yorsine ¢!) 
If we do this, we ean avoid the radical and so deal from the start 
with one-valued functions. 


In general, let Pu) , y= Wu) (10 
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be the parametric equations of a curve (; that is, when w ranges 
from u =a to u= 8, the point x, y defined by 10) describes the 
curve C. We suppose of course that $, y are one-valued con- 
tinuous functions in U =(«, 8), with continuous first derivatives. 


Then 
I@N=SFfid@), Vw}= 9M) 


is a continuous function of win U. Let us effect a division of Ul 
of norm 6 by interpolating the points «,, «++. To them will 
correspond certain points a, a, ++. on C. 

Then by the law of the mean 


AZn — f( Om) far? P(Gm—-1) = f' (Um) Am 


where v,, is some point in the interval (a@,_,, «,). To this point 
Vm Will correspond Zp, Ym in the arc (Am_1, 4m) on the curve C. Thus 


2S (Lai Ya dota = 29 On) PD Om Ath 
If we let the norm 6 = 0 in this relation, we get in the limit 
2h 2B 
[f@par= | 9 (4) $! (w) du. (qu 
4. In precisely the same manner the y-curvilinear integral gives 


6 *B 
fI@ day= [IO@y wu (12 


77. Work. 1. Let us show how the notion of curvilinear in- 
tegrals presents itself naturally in mathematical physics. Suppose 
a particle is acted on by a force § whose com- 
ponents are X and Y, as in Fig. 1. The work y b 
done in passing from P to a point @ near by “ T 
on the curve C is (2A 

dW = § cos @-ds, el x 


where @ is the angle between § and the tan- Beer, 


gent 7. If § makes the angles a. 8 with the 2 and y axes, and 7 
the angles «’, 8’ with these axes, we have, from analytic geometry, 


cos 8 = cos« cos a + cos B cos fi’. (2 
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Now Gcose=X 5 FeosP=— VY, 
<2 = cos al 3 2d = cos fi 


Thus 1) and 2) give 
dW= Xdzx + Ydy. (3 


Thus the work done by the particle in passing from a to 6 along 
the curve C is 


W= i '‘(Xdx + Yay) (4 


= | xa f ‘Yay. (5 


It is therefore the sum of two curvilinear integrals. 


2. The relation 3) may be obtained more My 
simply by referring to Fig. 2. The work per- 
formed in passing from P to a point @ very ae 
near is in general the same as if the particle P x 
took the route PR, RQ. The work done dx R 
along PR is Xdx; the work done along RQ Fic. 2. 
is Ydy. The total work dW is the sum of these or 3). 


78. Potential. 1. In physics we often deal with forces § whose 
components are the partial derivatives of some one-valued function 
V@@, y), that is 

av av 
X=—-— , Y=——. ad 


In this case 77, 3) gives 
o 


av OV 
—dW= —dz oo (fi. es 
ae oan ra dV, 


and the element of work is the total differential of the function 
V, with sign reversed. 
ae Ma AMG A 
et us suppose that eat ey are continuous. We can then 
show that the work done in passing from a to 6 is independent of 
the path. For let us effect a division of norm 8 of @ by inter- 
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polating points a,, a,, --- between a and b. Then by 73, 4 


oV av 
AV=—Ar+—A 
on r+ ay Ay + «Ax + BAy 


= — XAx— YAy + adzx + BAy 


where «, B= 0 with Ag, Ay. Thus we have 
V(a)— V(a,) = X,Ax, + VYiAy, + «Ax, + BAy, 
V(a,)— V(a,)= X,Ax, + Y,Ay, + Ax, + BAy, 
V (a,-1) — V(b) = X, Az, + Y,Ay, + @,Ax, + 8, AZ. 
Now by 73, 5 lm | and | Bq| 


i 


are all < some e for all norms 6< some 6. Thus, adding the 
foregoing equations, we get 


V(a)— Vb) = 2(X,, Atm + YrAYm) + € 
where e¢ =O aséS=0. Hence, letting 6= 0, the last relation gives 
W= V(a)— V(b)= Fi (Xdx + Yay). Q 


As V(a, y) is one-valued, the value of the work done by the 
particle in moving from a to 6 is independent of the path taken, 
and depends thus only on the end points a, 6. 


2. It is sometimes useful to know that the relation 2) holds, in 
a certain sense, when Vis not one-valued. In fact the foregoing 
reasoning is valid if V(a, y) is only one-valued about each point 
of the curve (and possesses continuous first partial derivatives as 
before. Suppose then that V, is the determination of V(a, y) 
with which we start at a. If V, denotes the value that V, 
acquires on reaching &, passing over C, we see that we may 
write 2) 
W= | (Kaz Vaya Ve (3 

c 


3. The simplest case of a potential function is presented by 
several particles of masses m,, Mg, -**. 
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A unit mass at P is attracted by m, by P(xY) 
a force whose components are, as seen by is ‘ 
the figure, Fae bs 
x, = 2 cos#, , Yy= 7 sin 4. is Ts 
Similar forces are exerted by mg, mg, +++. Thus the total force § 


exerted on a unit mass at P has the components 


x=y 7 COS y= 5 Y= ¥"ysin Oy (4 
k k 
Let us set weil 5 
V > a ( 
From Patty 
we have rdr = xdx + ydy, 
a dr =" dx +4 dy. 
r r 
ence ERD Secs Gi ee ae 
Ox I ha 
Thus : 
0 G)= a 07 ne ae 6, 
da\r/ oar\r dx Om 
0/1 1 
iC meen 0 
Hence Os =m, = (=)= — =m, cos Oy x 
0 Ox \T, r 
We have therefore an av pas aV rf 


Ox oy 


and hence the function V is a potential function for the force §. 


79. Electric Current. 1. Suppose a constant current of elec- 
tricity is passing along the wire PQ. ‘The lines of force gen- 
erated by this current are circles (as in Fig. 1. The intensity 
of the force § is given by 


ls 
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where ¢ is proportional to the strength of the 
current. We have here, as shown in Fig. 2, o 


. 4 pi tage 
X=—Feind=—0% ; Yes c=: 


Suppose a unit mass of electricity to describe 
the circle (. Then 


r=rcosé , y=rsind, 
dz=—rsin@d6 , dy=rcos dé. 


The work is 


W= db (Xdz + Ydy) 


Qn 74 
= ef (sin? 6 + cos? 8)d0 =e [ dé 


as 2 ore, (1 


2. Let us now suppose that the unit mass 
is restricted to move in a connex % acyclic 
with respect to O, asin Fig. 3. Let us set 


V=—c-arctan4. (2 
ZL 
Then OV _ ot Y ot ee AK (3 
ay +P PO FP ey, 
OV L 


Thus V is one-valued in & and has continu- 

ous first partial derivatives. We can there- Fia. 3, 

fore apply 78, 2), which gives as the work done by the unit charge 
moving from a to 6, 


/ i 
W=e { arcte — aretg i | 
where zy’, z’'y"' are the coordinates of a, b. 


The work Win moving from a to 6 is independent of the path 
between these points, provided only it lies in Y. 
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3. Let the convex % be cyclic with respect to OQ as in Fig. 4. 
The origin O is the point where the current pierces the 2, y plane. 
It is excluded from %& by a small circle. 

The partial derivatives of V are one- 
valued and continuous in & as 3), 4) 
show, but V is no longer one-valued in YI. 
For when the point x, y makes a circuit 
about O, V has increased by —2e7r. Thus, 
if V, is the determination of V chosen 
at the point a, after the circuit V, has 
acquired the value ee 


Thus, if we apply 78, 3), the work done 
by a unit charge moving around the circuit C is 


W=2er. 
This agrees with the result found directly in 1). 
80. Stokes’ Theorem. 1. The theorem we now wish to prove is 


a special case of a theorem due to Stekes and which is much used 
in mathematical physics. For our purposes it may be stated thus: 


Let F(x, y), F(a, y) be one-valued functions having continuous 
first partial derivatives in a connex A whose edge we denote by &. 


Then 
_[ Fae + Gdy) = Ll aa dxdy. qd 


In calculating the curvilinear integral on the left we let the point 
x, y run over € in the positive sense, that is so that the region 
bounded by € hes to the left of the direction of motion as in Fig. 1. 

Let 8 be the projection of 2% on the z-axis, and € the section of 
Yat a point z of B. Then 


ar 
OF dads = far [Gye 
ee : 


as we saw in 75, 2. 
Ata point z=« in Fig. 1 


oF 
jy Y= Fa + BB) =a P+ B= F 
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where F, denotes the value of F(z, y) at the point 1, ete. Ata 
point as z= in Fig. 1 the right side becomes F,— F,. Thus in 
any case 


oF 
he Peay 9 = 
hijy U2 Fon BD» 


and hence 
"OF 
on dy = iE dr (F,i,—F,. (2 
a dy JB 
Let us show that the right side 
is equal to ; 
z f Far. GB 


E we B a 
Fig, 1. 


In fact to calculate 3) we 
break € into a number of arcs such that for each arc y is a one- 
valued function of z Along the lower are AB of Fig. 2 let 
y =Yy along the upper arc let y=y,. Along the lower arcs CD, 
EF \et y=y, and along the upper arcs let y=y,;. Thus 


[fu = | Fe y, dx 
& a 
ss Hf "F(a, yn) de 
b 
d 
Y ui F(x, y,)dx 
+f FG y,)dz 
d 
f 
ap F(a, y,)dz 
+ [Fe Y4) ade. 
ly 


Hence 


— [Fae = [By Bde + fC — B+ By Bidet Pe 
& a c 


= f de® (F.4, —F,) (4 
8B 
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asin 2). Thus 2), 4) give 


{ec oe | "Fae. (5 
a OY JE 


In the same way if C denotes the projection of % on the y-axis and 
B a section of % parallel to the x-axis, we have 


[Gp ada = fay [Fe ae 
HE eae (6 
C 


On the other hand, taking account of the positive direction of € 
if Give [ Tee ee (1 
e/& 2/0 


Hence from 6), 7) we have 


[ey =f Gdy. (8 


On subtracting 5) and 8) we get 1). 


2. Asa physical application of Stokes’ theorem let us return to 
our line integral 


W= i! ” (Xde + Yay), C9 


which expresses the work done by a unit mass moving from a@ to 
6 along some curve C in a field of force § whose components are 
XX, Y as explained in TT. 

We saw that when § has a one-valued potential V(2, y) whose 
first partial derivatives are continuous in some connex Y, the value 
of W is the same for all curves C in %& leading from a to 6. This 
condition is sufficient to make the value of W independent of the 
path @. 


In this case peace ae we el) 


Q 
8 
Qs 

S 


If X, Y have continuous first partial derivatives, Stokes’ theorem 
shows that if Cj, C, are two paths leading from a to 6 and & the 
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connex they bound, the work done in running over the boundary 


E=C,4+ Cy} of & is 


ie satoat pe SL op 
“IE : 


Now from 10) ax av 2 
dy dx dxdy 
Thus 11) gives w= - [= 
Cy e. Cy 


or the work performed along C; is the same as the work done 
along C,, as it should be. This gives us nothing new. 

But let us reverse our reasoning. Let us suppose that X, Y 
have continuous one-valued first partial derivatives in a certain 
connex Y%. We ask what condition must X, Y satisfy in order 
that Wis independent of the path C? 

The answer is that aX _a¥ me 

oy 0x 
must hold at each point of %. For suppose it did not hold at a 
point ¢c, in Fig. 8. Then within some domain D about e, 


being a continuous function of x, y, must 
have one sign, by 69, 7. Let y be a circle 
with center ¢ and lying in D. Then by 
Stokes’ theorem 


if (Xdx + Yay) = { one ) HEAD 


where I is the region bounded by y. 
Now the right side cannot = 0 since the integrand has one sign 
in I’. Thus the work done in going around y¥ is not 0, or 


W, + 0. (13 


Fia. 3. 
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Let us now go from a to 6 along opposite sides 7, Y¥2 of ¥. 


pose the work 


Wo, » Wo, 
for these two paths C), C, were the same. Then 
Wo oa= 0. 
pu C,Cy} = aay, - Bb- bB + ys 1aa. 
a Wu=—Wee » Wa=— Wr W, y= = W,, 


which contradicts 13). 


Thus W.. 


1 


i= W,=0, 
which contradicts 13). 


Sup- 


Stated in mathematical language these considerations give : 


Let F, G be one-valued functions having continuous first partial 


derivatives in the connex A. In order that the value of 


ii ‘(Fax + Gdy) 


shall be the same for all paths in % leading from a to b, it is 


necessary and sufficient that 


OF 0G. 
ay = in YJ. 


(14 


CHAPTER VI 
DIFFERENTIATION AND INTEGRATION 


81. Résumé. Before going further, let us take a look back and 
see what we have accomplished so far. In Chapter I we have 
_ established the arithmetic of complex numbers. It is thus pos- 
sible at this point to define algebraic functions of a complex 
variable z, since the definition involves only rational operations. 
The reader will recall that a rational function of z is defined by an 
expression of the type 


, M,N positive integers, 


R oe Got ye + nee 
O's corgrantar male 


which obviously involves only rational operations. An algebraic 
function w of z was defined by an equation of the type 


w+ Ryo =f soe =f Poa W+ one = 0, 


where the coefficients are rational functions of z. Thus the defi- 
nition also only involves the rational operations of addition, sub- 
traction, multiplication, and division on the variable z. 

The transcendental functions 


e,, sing, logz, sinhz, arcsinz--- CL 


cannot be defined in this simple manner. The definitions we have 
chosen as the most direct and simple employ infinite series. We 
have therefore developed the subject of series. Now the conver- 
gence of a given series A whose terms are any real or complex 
numbers is of prime importance because divergent series are not 
employed in elementary mathematics. To test the convergence of 
A we pass to the adjoint series 2 when possible, because the terms 
of % are real and positive. Thus we are led to consider first the 
theory of series whose terms are real, and especially those which 
163 
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are positive. This we did in Chapter II. In the next chapter we 
studied series whose terms are complex, and in particular the 
important subject of power series. 

Having developed the theory of infinite series as much as need- 
ful we were in position to study in Chapter IV the elementary 
transcendental functions 1). At the same time we took a brief 
survey of the algebraic functions. 

The next topic in order would be the calculus of these functions, 
that is, we should learn to differentiate and integrate these func- 
tions just as is done for a real variable x. In order to treat this 
subject clearly we have inserted a chapter, the foregoing one, 
whose object is to furbish up the reader’s knowledge of the cal- 
culus and to emphasize certain points of theory which are usually 
passed over hurriedly in a first course. We also developed the 
notion of a curvilinear integral which is the foundation of the 
following chapters. 

These matters having been looked after, we are now in a posi- 
tion to take up the differentiation and integration of functions of 
a complex variable z. But first let us define more explicitly a 
function of z. 


82. Definition of a Function of z. 1. We have already defined a 
number of functions of the complex variable zg, viz.: the algebraic 
functions, e’, sin 2, log z, etc. These we called the elementary func- 
tions. From these we can form more complicated functions of z as 


; yee 


1 +sineV1 +23. 
—Z 


All such expressions will be called functions of z just as they 
would be in the calculus if zg were replaced by the real variable z. 

Any such relation establishes a relation between z and w as 
follows. For each value of z which belongs to a set of points 
in the z-plane, one or more values are assigned to w. We now 
generalize as in 66 in this manner. Let %f be a point set in the z- 
plane. Let a law be given which assigns to the variable w one or 
more values for each value of z in Y. Then we say w is a function 
of zg in Y&f. Ifw has but one value for each z in Y, w is a one-valued 
function in 9%, otherwise many-valued. 
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For example, the relation 


5 
ps etl ‘al 
sln 2 


assigns to w two values for each zg not among 
0, +7, +27, ie (2 


except at z= +1, where w has buta single value,w=0. Thus w 
is a two-valued function in the point set 2 which embraces the 
whole z-plane excluding the points 2). 

The branch points of this function arez=+1, that is, when z 
describes a circuit about one of these two points, the two values of 
wpermute. By means of this two-valued function we can define 
a one-valued function of z. In fact let B be an acyclic part of Y 
relative to the points z=+1,andz=—1. For example, let % 
denote the points of 2% which lie to the right of the parallel to the 
y-axis, x=1. At the point z = 2, w has two values 


sin z sin 2 


Each of these may be used to define a branch of 1) and this 
branch is a one-valued function of gin 8. If instead of B we take 
a cyclic set € relative to +1 or — 1, the function of z just defined, 
which is one-valued in %, is two-valued in G. 

Thus a function which is one-valued relative to one domain 
may be many-valued in some other. Conversely by taking on a 
part 8 of the domain of definition 2{ of a many-valued function 
we may employ one of its branches to define a one-valued function 
of z relative to 8. 

2. It is important to remember that the functions we deal with 
in the following are one-valued in the domain { under considera- 
tion unless the contrary is stated, or unless it is obvious from the 
matter in hand. 

We make also another limitation. The domain for which a 
given function w is defined will always be a region [70, 1], unless 
the contrary is stated. 

For example, the domain of definition 2% of the function 1) is a 
region. For z =a being any point of %& we may obviously describe 
a circle ¢ about a such that all points within c belong to Y%. The 
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reader will also note that the domain of definition of all the ele- 
mentary functions defined in Chapter IV are regions. 
For example, the domain of 


w= logz 
is the point set 2% formed of the whole z-plane excluding the origin 
z= 0. This function is infinite-valued in %; but any one of its 
branches is a one-valued function in a connex acyclic relative to 
210. 
As another example, the domain of definition of 
sin 2 
COS Z 


i= cane — 


is a set % embracing the whole zg-plane excluding the points 
at mm. Obviously, %f is a region. 


3. Let w be a function of z defined over some point set Y. To 
each point z = #+7y in A, w will have one or more values, 


w=uti. (3 


The values of w, v will depend on the position of z in Y%, that is, on 
the values of 2, y. Thus uw, v are real functions of the two real 
independent variables 2, 


* U 
y. If w is one-valued, 
so are uw and »v. 
W=U+ 
Conversely, let rs e 
; Vv 


U(r, Y) 5 X,Y) 


be two real functions of 
the real variables x, y defined over some domain Y. If we set 


2=x2-+1y, (4 


then to each point a, y of & will correspond a value of z. By 
means of 3) we can now define a function w of z by stating that at 
the point 2, w shall have the value 3) when w and v are given the 
values that they have at the point 2, y corresponding to this value 
of 2 as defined in 4). 


Example 1. Let = CCR Ye ape ee" SIN (5 
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To a given value of z, correspond a pair of values z, y determined 
by 4). For these values of 2, y, the relations 5) define the values 
of wu, v. These put in 3) determine the value w has for this 
value of z. Thus ria 

w=e* cosy + ve*sin y 
is a function of z. It happens to be the exponential function e* 
Lot, 5)]. 


Example 2. Let uw=aerty? , v=—Qay. 


Then we must consider from the foregoing definition 


: w= (a? + y7) -i-2ay 
as a function of z. | 


4. Images. Let w = f(z) (6 


be a function of z defined over a point set 2%. When z ranges 
over 1, w will range over some point set, call it %, in the w-plane. 
It is convenient to call 8 the image of W% afforded by 6). We 


write 8 me 9 


This we may read: % is the image of %, or B corresponds to Y. 

The relation 6) establishes thus a relation between the points 
of Mand B. If f is a one-valued function in Y, toa point z=a 
in & will correspond but one point w=6 in B. If f is on the 
other hand a many-valued function in 2%, to =a will correspond 
more than one point in %, as 0, 6”, b'’’ .... If b™ is one of these 
points, we may write eee 


which we read: 6 corresponds to a. 

When to each point a in %, there corresponds but one point 6 
in 8, and to each 4 in S but one ain Y, we say the correspond- 
ence between % and % is one to one or unipunctual. This we may 


write S~°A , unipunctually. 


83. Limits, Continuity. 1. Let w be a one-valued function of 
z defined about z=a. Suppose as z=a, that the values of w 
converge to some value 1. We say / is the limit of w forz=a 
pra limw=l1 ; orw=lasz=a. a 


2a 
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Geometrically this means that having described an e circle 
about the point 7 in the w-plane there exists a 6 > 0 such that 


when gz is restricted to lie in 
a 8 circle about z=a, the 


center excluded, the corre- 
sponding values of w fall in 


Z plane 


the e circle. O oO 


Expressed in ¢ language the 
relation 1) means that for each 
e > 0, there exists some 6 > 0 such that 


lw—l|<e forall0 <|z-—a| <6. 


w plane 


©) 


(2 


The reader will note the perfect analogy of this definition with 
the definition of a limit given in Chapter V where the variables 
are real. From this follows that the ordinary properties of limits 


employed in the calculus will also hold here. 


Thus if 
J@)=T;, Jes ised, 
ao lim(f+9)=r-+é, 
lim f 9 =7.~¢. 


If | g(z)| = some y > 0 near z =a, 


etc. 
2. Suppose we write 


w=utiv , l=rA+im , a=a+iB, 


where w, v are one-valued functions of z, y about the point a, B. 


Obviously if 


as x, y converges to the point a, 8, then 


W=rA+m=1 as 2= d. 


Conversely if : : 
wal as 2 = a, 


necessarily 3) holds. 


(3 
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3. Continuity. Let 2 describe a continuous path P in the 
z-plane ; if the corresponding values of w define a continuous curve 
in the w-plane, we say w is continuous. 

To obtain an analytic formulation of this we have only to repeat 
the considerations of 69, with slight modifications. This leads us 
to define as follows : 

Let w be a one-valued function of z defined about the point 
z=a. Let w have the valueaatz=a. If 

lim w= a, 

z=—a 
we say w is continuous at a. If w is continuous at each point of 
some domain Y, we say w is continuous in Y. 

4. Asin 2,letw=u-+d2. The same considerations show that 
for w to be continuous at z = a= a +4 7£ it is necessary and suffi- 
cient that u(z, y), v(x, y) be continuous at the point «, B. 

5. If w is continuous and + 0 at z= a, wis # 0 in some circle 
c described about a. 

For let w=aatz=a. Then for each ¢€>0 there existsac 
such that 

|w(z)—al<e for any 2 inc, 


or what is the same, 
a—e<w(z)<ate Gl 


If we take e such that e <|«| = A, this relation shows that 
|w(z)|> 7 where n = |a|— €>0 (2 
for all zinc. 
6. If w is continuous at z = a, 
|w(z)|< some G (3 
for any 2 in some circle c about a. 


This follows at once from 1). 


7. The inequalities 1), 2) may be extended to any connex 
€ as follows: 

If w is continuous and + 0 in the connex 6, the numerical value 
of w never sinks below some positive constant 7 in G, or 


|w(z)|27>0 in €. (4 


170 FUNCTIONS OF A COMPLEX VARIABLE 


For suppose w = 0 as z ranges over a set of points aj, a, +++ in © 
which converge to a. In symbols suppose 


lim w(a,) = 0. (5 
Now w being continuous, 
w(a) = lim w (a,). 
Thus w= 0 at z¢=a by 5), and this contradicts the hypothesis 
that w # 0 in ©. 
8. If w is continuous in the connex G, 


|w(z)|< some G@ , in. (6 


For if not, suppose |w(z)| = +o as 2 ranges over some set of 
points a,, ag+--in © which =a. But w being continuous at z= a, 
the relation 3) holds inc. But then 


lim |w(a,)| cannot be + oo. 


Thus if 6) does not hold, we are led to a contradiction. 


Differentiation 


84. 1. Let w be a one-valued function about the point z= a. 
When the independent variable z passes from zg=a to z=a+h, 
that is, when z receives an increment h = Az, the function 
w(2) receives an increment 


Aw =w(a+h)— w(a). 


The quotient AG) ; 
Az h C 


is called the difference quotient asin the calculus. If 


lim 
h=() 


wia+t+h)—w(a) 
h © 


exists, we say w has a differential coefficient at 2 =a, whose value 
is the limit 2). It is denoted by w'(a). If the limit 2) exists 
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for each point z of a region Y, it defines a function of z denoted by 


dw 


dz 


and called the derivative of w(z). The value of w'(z) at z=a 
is of course w’ (a). 


or by w' (2). 


2. The reader will note that this definition of the differential 
coefficient w'(a) is entirely analogous to the definition when the 
variable is real, given in 72. The only difference lies in the fact 
that in the calculus, A is restricted to move on an axis about the 
point h=0, while in 2) h is any complex number +0, in some 
circle about the point h=0. 


8. Let us note that if w has a differential coefficient at z= a, w 
must be continuous at a. 

For by hypothesis the limit 2) exists and is finite. As the 
denominator A = 0, the numerator must also =0. But then 


wia+h)=w(a), 


which is the definition of continuity, 83, 3. 


4. By reasoning exactly as in the calculus we can show that 


IIT D — p12) +9 @) C 
dz 
TLD) — fy! + af d 
dz 
d (f co gf! — fg! is 
dz 6 Li, : 


hold under the same conditions as when the variable is real. To 
illustrate this let us show that 5) holds in any region YU in which 
gz. 

For let us set A = Az, 


wat, g=g(@+h). 
g 


een Aw gAf—fag _1Af_ f,1Ag (6 
Rea ghey Gg he og “9 Ae 
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If Az is taken so small at a given point z that 2+ /h lies in Y, 9 


is +0. Next we note that 


limg=limg(¢+h)=g9(), 


Az=0 h=0 


since g is continuous by 3. Passing now to the limit Az=0 in 


6), we get 5). 


5. By the aid of the foregoing we can find the derivative of a 


rational integral function 
FH Ay +42 + Ag27 4+ + + A,2™. 


For as in the calculus we show that 


den 
dz 


= ner}, 


Thus by 38), 
i Tay + Qaye + ee 


Also the derivative of a rational function 


palo tet tase" _f 
by + byez + +++ +6,2" g 
can be found by 5). 


6. Let us prove here a theorem we shall need later. 


Ifw=f (2) has a differential coefficient f'(a) #0 at x = a, there 
exists a 85 >0 such that Aw does not vanish when z2=a+ Az is 


restricted t6 D3(a). 


For as im =e) Santen 
Az=0 Az 
ens Aw = {f'(a)+el} Ae 


where | ¢’ | < ¢ if only 0 < | Az| < some 6. 
If now we take 0 < € <|f’(a) | 


we see that f’(a)+! cannot vanish when 0 <| Az| < 6. 


Aw cannot vanish under this restriction, as 7) shows. 


(7 


Thus 


85. The Derivative of a Power Series. 1. Let the power series 


P (2) = My + a42 + age? + ++ 


qd 
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have € as a circle of convergence. We show that P has a deriva- 
tive within ©, viz. : 


P! (2) = a, + 20,2 + 8 age? + + (2 

For by 48, 5) : : ; 
PE+h)=P(e)+ hPy(e)+ = WP(2) +++ é 
re Py =a, +2 a2 + 3 agz2+ +. €: 


which is the series on the right side of 2). As z is an arbitrary 
but fixed point, let us write 3) 


Pet+hy=b+b,h+ dh? + -: (5 

This converges absolutely as long as the point z+ h lies within G, 
that is as long as 

The adjoint of 5) is 

3% ee By + Ayn a Bon? me ae 


n =|h|<some 6. 


and as this converges for = 6, 


By + B18 + Bo& + ++» = By + B18 + BIB, + B36 + B67 + ---3 


is convergent. Hence 


: Q = 8, + BS+ Bio + excxe (6 
1s convergent. 
From 38) and 5) we have 


“= Pe FLEE) = Pi (2) +hhb, + dh + +} 
= P,(2z)+hQ. a 


Now each term of O= b+ bh 4 bh + ..- 


is numerically < the corresponding term of the series 6) when 


|A|< 6. Thus |Q| <Q, a constant. 


Hence AQ=0 ash=0. Hence, passing to the limit 4=0 in 7), 
we get 2). We have thus this result : 


The function of z defined by a power series 1) has a derivative 
within its circle of convergence, which is obtained by differentiating 


1) term by term. 
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2. Let us show that : 


The derivative series 2) has the same circle of convergence © as 
the series 1). 


For let z be any point within ©; let 6 be any point within € 


such that ¢ 


eee 8 
aS ( 


Since 1) is convergent at 8, 
«, 8" < some M n=0, 1, 2--- 
by 30, 8. Let us now look at the adjoint of 2); it is 
a +2054 3 aF% + --- (9 
Its mth term is 


maggot af <m(E 


6 \B B \B 
Thus each term of 9) is < the corresponding term of the series 
We oe 
EN ee ake (10 
ay" : 


This last series is convergent by 21, Ex. 1 by virtue of 8). Hence 
9) is convergent and hence 2) is absolutely convergent. 

The series 2) cannot converge for any z without ©. For then 
9) would converge for some € > the radius of ©. Thus 


& + a5 + 2 a5? +3 68 = COC 
is convergent for this value of ¢ Hence a fortiori 
& + at,f Si Cee = t,08 Sian ot 


is convergent, and thus-1) converges at a point without ©, which 
is impossible. 


3. Since Z 22 
e—1 — — eee 
i one 
3 5 
Zoe 
Sint ¢ en ae 
Tees a ! 
2 4 
coszg = poe ee 


DIFFERENTIATION AND INTEGRATION 175 


etc., we have, differentiating these series termwise, 


de? @ ae 
Sere | Sc 25 200 = 0%, 
ah ad ee 
dsinz g2 at 
oe Peg Os 
dcosz Z o : 
- Same ae es 
pimalatly © 79 nies d-coshzg __. 
= coshz , ———-~=sinhe. 
dz dz 


86. The Cauchy-Riemarn Equations. 1. In the foregoing article 
we have been able to find the derivatives of e%, sinz, sinhz--- 
because these functions are defined by means of power series. 
In other cases the following theorem is of great service ; it also 
has a deeper significance from a theoretical point of view. 


Let w=u+w be a one-valued function of z2=x+ty in the 
domain YX. Let u, v considered as functions of the real variables x, y 
have continuous first partial derivatives which satisfy 


Ou ov Ou Ov 


a . fae al 
dx «OY oH] 0x 
in XY. Then w has a derivative in UX and 
CUS Of 00 ee ue (2 
dz 0x CLEOY | 1.09 
For 
Aw = Au ui jae . 
Ae Ke Az 
Bags 4 Au = ae Av + ue Ay + Az + Bay, (3 
Oo Ox Oy 
Ov ov 
Av = — Av + — Ay + yAz + dAy, (4 
Ox oy 
Beare veo are all << 


4 
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if 0<|Az|< some 7. Thus, using 1), 


St Ay + dAy) et Ar + 4Ag) 
Ox Ox 


Aw I 
we Ax + iAy ue 
MOU OU 5 
Fite rat C 
where ef “Art BAy + i(yAa + 6Ay) | 
Az 
Now Ag) hgh are ay Aes 
See l|<le|+|8/+]y|+|al<e 
This says that Ate) Nea NO 


Hence, passing to the limit Az = 0 in 5), we get 2). 


2. The equations 1) play a very important part in the theory 
of functions. They are called the Cauchy-Riemann equations. 

From 5) we have, on using 2), 

Aw = §w'(z)+ €'} Az, 6 
where e’ = 0 with Az. wk) ( 

For later use we note here an important property of é': 

Let w(z) be one-valued about each point of a connex &, and let 
w' (2) be continuous in ©. Then e = 0 uniformly in ©; that is, for 
each ¢ > 0, there exists a 8 > 0 such that 

|e |<e provided 0 < | Az|< 6; 
moreover the same & holds wherever z is taken in ©. 
For by 73, 5, a B, y, 6=0 uniformly in ©. 
87. Derivatives of the Elementary Functions. 1. Let us apply 


the theorem of 86, 1 to find the derivatives of the elementary 
transcendental functions. We have 


w=e=e(cosy+7zsiny) 


so that here p @ 
u=e* Cosy v=e*sn y. 
We have at once i. av 
— =e" cos y=—, 
Ox 0 
Ou Sor dv 
—=—eéesiny=——- 
oy Ox 
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As these are continuous functions of x, y in the whole z, y plane, 
the Cauchy-Riemann conditions are satisfied. We have, therefore, 


by 86, 2) 


eee 1 =e cosy + tersin y 
dz dx Ox 
= e*(cos y +78in y) 
=e’. ad 


This result agrees with that already found in 85, 3 by another 
method. The method just employed may be used to prove the 
more general relation 


—— = ae, 2 
dz ¥ ( 
2. Similarly, we can show that 
d+sinz 
= COS Z. 3 
dz ( 
03 w=sing=sin (w+ ty) 
= sinz cosh y +7cosz sinhy, by 58, 13) 
=uUut+iv. 
Here 
Oe cos z cosh y = ae 
Ox oy] 
cus sin sinh y = — ae 
dy y Ox 


These derivatives are continuous and satisfy the Cauchy-Riemann 
equations 86,1). Hence 


zg a “= cos x cosh y — 7¢sin wsinh y 
@ s 
= cosz, by 58, 14), 
which is 3). 
Another way to establish 3) is to start from 
ie 
ae 


which we derived in 58, 8). Then by 2), 


. a] , tz Yond 4Z e7#% 
d sin z _ 1 pete iota sh 
dz 22 D, 


by 58, 7). 
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8. Let us now show that 


d-logz_1 (4 
dz z 


taking one of the branches of log z, say 


log z=logr+ id +2 mrt. 


Hence u=logr , v=¢+2mz7, 
where 
fim N geese g =aretg 2. 
Now at any point different from the origin 
Do OU OF ee 
Oe.) 10r, Or earee ne nore 
Cu OU pg ee Seine 
oy Or dy reat ar dx 


which is 4). 


4. In a similar manner we find : 


d-arcsing__—s 1 darctgz_ 1 (5 
dz N/a, dz 1+2? 
d-sinhz d - cosh z E 
= COST ee : 
cosh z de sinh z (6 


In the first equation of 5) we must choose the right branch of 
v1—<2? for the particular branch chosen for are sin z, just as in 
the calculus. 


88. Inverse Functions. 1. Let w be a one-valued function of z in 
the domain %. As z ranges over Y, let w range over a domain &, 
in such a way that to each point w in B corresponds but a single 
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point zin &. Then the relation 


w =f (2) dl 
may be used to define a one-valued function of w, 
2=9(w) @ 


in the domain 8. We call this the inverse function. If, on the 
other hand, to several values of z in % corresponds the same value 
of w in %, the relation 1) may be used to define a many-valued 
inverse function. 

We have already had examples of inverse functions. Thus 

WwW = e 

defines the logarithmic function. 

We note that % is the image of % afforded by 1). When the 
inverse function 2) is one-valued in %, 


BS ~ A, unipunctually. 


2. Let us now consider the derivative of the one-valued inverse 
function 2). We have the theorem : 


If a is +0 in A, the inverse function has a derivative 
Zz 


dz il 


Te do in B. GB 

dz 

For Az _ 1 
Aw ~ Ba C 

Az 


provided Aw#0. Now by 84, 6, Aw+0, if we take 0 < | Az|< 
some 6. Thus, passing to the limit Az=0 in 4), we get 3). 


3. We have already found the derivative of log z directly from 


its analytic expression log r + if + 2 mri. 


It may, however, be found much more easily from the theorem 2 


above. Westartfrom | _., 


We have seen in 62 that log w is one-valued in any connected 
region %, acyclic relative to the branch point w=0. While w 
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ranges over %, let z range over YY. Since 


dw = e* 
dz 
never vanishes for any value of z by 54, 2, we liave at once from 3), 
pg tne 
dw e w 
ae d-logw_1 
dw w 


which is the result obtained by another method in 87, 3, the letters 
w, 2 being of course interchanged. 


4. Let us find the derivative of the are sin function considered 
as the inverse of : 
w=sing. 


We saw, 64, 3, that the branch points of 


zZg= are sin w 


cla w=+1. 


Thus in any connected region % in the w-plane, which is acyclic 
relative to both of these points, any branch of the are sin function, 
call it 2, is a one-valued function of w. While w ranges over %, 
let 2 describe the set 2. Then in & 


dw 
—= C08 Z 


dz 
does not vanish. For cos z vanishes only for 


if T 
Q= _— 3 se 
ae 5° ae 9 
But for these points w= + 1, and these points are by hypothesis 
excluded from the region %. 
Thus all the conditions of the theorem in 2 are satisfied. We 
have therefore 


d-arcsinw_ dz 1 1 
~ dw dw dw cosz 
dz 
if 


ee 
V1 — w? 
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where the radical must have the sign of cos 2 at 
the point zg which corresponds to the value of w 
in question. 


5. In the calculus we have 

daresivg — A 
du ses a 
As the radical is two-valued, the sign to be taken 
depends on the branch of the function we employ. 
Thus if we take the branch which passes through 
A in the figure, we must take the + sign. If we 
take the branch which passes through B, the figure shows that we 
must take the — sign. 


89. Function of a Function. 1. Let us now extend the familiar 


relation 
7 dw _ dw de 
dt dz dt 
for complex values, under certain restrictions. 

Let z be a function of ¢ in some domain S$. When ¢ ranges 
over Z let z range over a domain 8 in the z-plane. Let w be a 
function of z in 3. Then w may be considered as a function of 
the variable ¢ in &. 

Example 1. Let : : 

ASshle 5 Uae 
While ¢ ranges over the whole ¢-plane T, z ranges over the whole 
g-plane 8. Thus 


sind 


w=e 
is a function of tin S. 


Example 2. Let Fae, \ NS 


taking that branch which corresponds to z= +1 
for t= 0. Then z is a one-valued function in 
any connected region &, which, as in the figure, 
is acyclic relative to the branch points t= + 1 
of the radical. When ¢ ranges over &, let z 
range over 8. Let 

w= log 2, 


SSN 
SSG 
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taking that branch which =0 for z=1. Then w is a one-valued 
function of zin 8. Hence oa logVI=ee 


is a one-valued function of ¢ in f. 
2. We now prove the following theorem: 
Let z have the derivative “ in S, and w the derivative oe in 8. 


shy 3 does not vanish in Z, then 


dw dw dz. 

Cy es ; 1 

rates ( 
For Aw 2 Aw Az 2 

ING Tyee Yes 


provided Az#0. But by 84, 6, this condition is satisfied if we 


take 0 < |At| < some 6>0 


since by hypothesis 22 4.0 in T. Let now At = 0, at the same 
time Aw = 0. Thus, passing to the limit At = 0 in 2), we get 1). 


3. We may use the relation 1) to calculate the derivative of 
complicated expressions, just as we do in the calculus. Thus, let 


w= esing | 
We set = 
w=e i—ISiiiees 
Then 
dw u sing du 
dis =e =—€@ 5 — = COSZ. 
U Z 
Hence 
dw sin 
ay eC em COSe, (3 
zZ 


for all zg for which cosz# 0. 
For these exceptional values of z it is easy to show directly from 


ae that cy Se 0, so that the relation 3) holds even in this case. 
Az dz 
4. Let us find the derivative of 


w=(1+2z)4, (4 
where pw is a constant. Then by 63, 


w= eb log(1+z) y 
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Let us set u=plog(l+z) , w=er. 

The only branch point of wisz=— 1. Let then 3 be any con- 
nected acyclic region relative to this point. Let now w denote 
one of the branches of wlog(1 +2); it is one-valued in 3, and 


As this does not = 0 in 3 we have, from 1), 


dw yt 
dz Ser, 


= p(1 +2)*1, (5 


5. We have proved the important relation 1) on the hypothesis 


that “ is #0. This condition is imposed by the fact that our 


reasoning requires that Az cannot =0 as At=0. In 118, 9 we 


shall see that the relation 1) holds even when = 0, provided 
fe is a continuous function of t. 


dt 
90. Functions having a Derivative. 1. Let us return to 86 and 
prove the important converse theorem : 


Let f (2) = u + ww be one-valued in the domain A and have a deriva- 
tive f'(z). Then u, v satisfy the Cauchy-Riemann equations 


eee Pek eee qd 
at each point of %. 


For at any point z of Y 
Af _ Au, ;Ae 2 
Az Ae’ Az ( 
Since f’(z) exists at 2 the left side of 1) 
must converge to f’(z) however 2’ =z+Az 
converges to z. Suppose we allow 2’ to 
=z by making it approach 2 along a 
parallel to the a-axis. As in general 


Az = Ar + tAy, 
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we see here that Ay=0. Then 2) becomes 
Af __Af _Auw, ,Av 


— + Fy 
Meo ke ae Re 


Passing to the limit, we get 

FUG) span ars 3 
Let us now allow z’ =z by making it approach z along a parallel 
to the y-axis. Then Ay=0 and hence Az=7tAy. Thus 2) 


becomes Af _ Af _1Au , Av 
Az tAy tidy Ay 


Passing to the limit, we get 
al iors 


PO=Fn+ 5 C 
Comparing 3), 4) gives 
ou, dv _ pou ov 
0x Ox “ay oH] 


Equating the real and imaginary parts gives 1). 


2. Conformal Representation. Let w= f(z) be a one-valued 
Function having a derivative in the connex A. Let Ci, Cy be two 
curves within I which meet at 2 = a,-making the angle @ with each 
other. If f'(a) # 0, their images ©,, ©, will cut at the same angle @, 
at the point « ~ a. 


For let @, a, be points on C,, C, near a, as in the figure. Let 
a, =f (a,), & =f(a,). Then 


a —a= §f'(a) + 4 $(a, — a), 
a, —a={f' (a) + e}(a, — a). 


Since f! (a) # 0, a, — wis #0 if a, is sufficiently near a. Hence 


ma _a—a f'(a)tey é 
W—a@ ad—a fl(a)t+e, 
Now the argument of the left side is the angle ® between the 
chords «a and a, «. The argument of the first factor on the right 
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of 5) is the angle ® between the chords a,a and aa. Since «, ¢ 
are numerically small, the argument of the second factor on the 
right of 5) is a small number 8. Thus, taking the arguments of 
both sides, we have 

©®=60+56 


on choosing ® properly. Now as a, and a,+a, @©+@ and 
6=0. Hence d= @ also. 


a, 
2 plane 


Ce 


Ww plane 


3. This property of the representation of the zplane on the 
w-plane afforded by a function w= f(z) having a derivative is of 
great importance in many applications of the function theory. We 
see that if f’(2) #0 in circle € about z=a, to any little triangle 
T in © will correspond a triangle F in the w-plane which is the 
more nearly similar to 7, the smaller 7’ is. This we may state 
briefly by saying: The image of an infinitesimal triangle T, in which 
F'(@) # 0, 18 a similar infinitesimal triangle E in the w-plane. 

For this reason the representation of the zg-plane afforded by the 
function w = f(z), is said to be conformal, where f' (2) # 0. 

We have had examples of this conformality in studying the 
representations afforded by the exponential and the sine functions 
in 57 and 60. 

Thus in the case of w = e*, we divided the z-plane into a set of 
rectangles and found that their images are a set of circles and 
their radii which, of course, cut each other at right angles. 

In the case of w = sinz, the rectangles had as images a set of 
confocal ellipses and hyperbolas which also cut orthogonally. 


4, The reader should note that if f(2) is not one-valued or 
if f’(z) is 0 or does not exist at 2 = a, the reasoning in 2 breaks 
down. We cannot say the representation is conformal at this 
point. 
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For example, Hans 
b) 


which we studied in 49, is not one-valued at z=0. Two radii in 
the z-plane passing through this point and making an angle @ 
with each other have as images two radii going through the 
point w= 0 and making an angle 4 @ with each other. Thus the 
representation is certainly not coutorcral at this point. 


Integration 


91. Definition. 1. Let f(z)= w+ w be one-valued and continu- 
ous on the curve C’ whose end points are a, b. 
We will suppose the equations of C are given by 


z=$(t) , y= W(t), el 


as t¢ ranges over an interval T=(a, 8B). We will suppose that 
¢'(¢), ¥’() are continuous in ZT; also that the correspondence 
between Cand f& is unipunctual. 

Let us effect a division of [= of norm 
n by interpolating the points 


ty, fy, b> 
To these points will correspond the 
points B4) oy eg vee (D 


on ( which effect a division D of norm 
6, say, of C. Moreover 


6=0, as n= 0. 
Let us now calculate the sum 
2S (Em) Mem =F (2) (2 — @) + F(Z) y= By) + @ 
Since Az = Az + iAy, we have 
J (@)Az =(u + tv) (Ax + iAy) = uAz — vAy + i(uAy + vAz). 
Thus af (z)Az = Z(uAc — vAy) +712 (uAy + vAz). 
The sum 2) has, therefore, the value 


X (UmALn — Vm AYm) + TE (UmAYm + UmALn): (3 
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Suppose now we let 6+ 0, the sums in 8) converge to curvi- 
linear integrals. Thus the limit of 2) exists; we denote it by 


[f@u or by [s@w. (4 
Cc a 
We have, therefore, 
ip F(e)de =lim 3 f(2,)Az,, 
C 5=0 
= [ude —vdy) +t] (udy + vdr). (5 
c c 

2. Example. Let us evaluate 


fs 22dz,. 
Cc 


where (C is an arc of the circle 
L=7 Cost. 5) yi=r sin €. 
@=#=(@+yPaxer— y+ 2 ayi, 


b=, Vex ay, 


Here 


hence 


dx=—rsintdt , dy=rcos tdt, 
udx = — r°(cos*t — sin?t) sin tdt = r3(siu® t — cos?t sin t)dt, 
vdy = 2 r° cos*t sin tdt, 
udy = r°(cos? t — sin?t) cos tdt, 
vdaz = — 2 r° cos ¢ sin? tdt. 


if Sdz 


é 
8 : ; B : 
=r3f (sin?t — 3 cos*t sin t)dt+ ir? } (cos®t— 3sin*tcost)dt. (6 


a 


In particular, we note that if Cis the whole circle, call it ©, 


[ee =), 6 
€ 


92. Properties of Integrals. 1. The definition 
b 
re f(2)de = lim Ef (¢n) Ae ad 
la, 6=0 
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of an integral of a function of a complex variable is entirely 
analogous to the definition when the variable is real. The only 
difference is the path of integration; in one case it is a piece of 
the z-axis, in the other it is a curve C in the z-plane. 

From this we conclude that many of the properties of integral 
developed in the calculus can’ be extended to the integral 1). 


Thus we have : Q 
[7@u = =) f (2) dz 2 
a 6 


[fou = [fue + [fae (3 


where ¢ is a point on C. 


el) 2b t) 
[+ oae= Fae + [gd (4 


2. As an exercise let us prove the very important relation 


| [tOu 


CF Gy Ge on (6 


G0, G 


where 


and Con the right of 5) stands for the length of the path of inte- 
gration C. We have at once 

Sf em)Aen| <E| Cm) | + | Aen |< FE] Az, (I 
on using 6). As 


AZ Si &m—49 

we see that |Az,,| is the length of the chord joining the points 
Zm—1) %m on C. Thus, referring to the figure in 91, 

DipAz, (8 


in 7) is the length of all the chords corresponding to the division D of 
norm 6. Now by definition the length of the curve C’is the limit 
of 8) asd=0. Thus passing to the limit = 0 in 7), we have 5). 


3. From 5) we have the useful relation 


J@)de <inG 
Jo@—a)y he! 


n an integer (9 
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where Cis a circle of radius R about z =a, and 
LFf@)| = 4 on (. 


For the integrand is here 


eer which is numerically < é 


and the length of Cis 2 +R. 
93. Fundamental Integral Theorem. 1. In 91, 5) we have 
seen how the calculation of an integral may be reduced to that 


of two line integrals. In a great many cases it may be effected 
by a far simpler formula, as the following theorem shows. 


Let F(z) be one-valued about each point of a connex WX, and have 
a continuous derivative f(z). Then 


[fox = F(b) — F(a), a 
where if F(z) is many valued in M, (6) is the value which F(a) 


acquires as z ranges over the path of integration C. 


For let us effect a division of Cof norm 6 by interpolating the 
points 2), 2. -+-2,-,- Then by 86, 6), 


F(@,) — £ (a) =f ,) Az, + ¢,Az, 
Sn ar gee + i 


FQ) - Ben: 5 A yAz, + €,AzZ,. 


Adding, we get 

E'(b) — F(A) = 2 f (Em) Aen + Ze mASm: (2 
Now by the theorem in 86, 2, the |e,| are all<e for any 
6 < some 5p: Thus the last term in 2) is numerically 

< €& |Az,|< eC, 

where Cis the length of C. This shows that the last term in 2) 
has the limit 0as 6=0. Thus passing to the limit 6=0 in 2), we 
get 1). 
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2. The relation 1) is merely an obvious extension of the similar 
relation in the integral calculus. It is just as useful in the function 
theory as it is in the calculus. 


8. A particular case of the theorem 1 and one of especial 
value is: 


Let F(z) be one-valued in the connex A and have a continuous de- 
rivative f(z). Then 
fi f(e)dz =0 3 
¢ 


for any closed curve Cin Y. 


94. Examples. To make the reader feel perfectly at home with 
integration in the complex domain, we give now a number of 
examples. 


Example 1. Let us evaluate 
b 
ih 2™dz m a positive integer. 


Here ; 1 
= 2” - vi ANA Sees Eas m+. 
I@=: @=— +? 


Thus F(z) is one-valued and f(z) continuous in any connex. 
Hence for all a, 6 we have 


b 1 
dz= omt1_ gmt}. 
['f@ie= oe — oy a 
The reader-will note that the integral considered in 91, 2 is a 
special case of 1). 


Example 2. 
i m a positive integer > 1. 
Here F(z) = - 


is continuous in any connex % which does 
not contain the origin, as for example the 
ring in Fig. 1. Fig. 1, 
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Also 1 1 
Fd 6 = eee 
(2) l—m gl 
is one-valued and has f(z) as derivative in f,. 
Hence od 1 1 1 
y 
ih ors Poa C 
Example 3. | ‘ 
foe fi 
ee 
Here 


f@=+ , y= Tome: 


Thus f(z) is continuous in any connex % which does not contain 
the origin O. Unless & is acyclic relative to O, F(z) is many- 
valued. In fact if we start from z=a with one of the determina- 
tions of loge at this point which we call 
F, and allow z to describe a circuit & 
about @ in the positive sense, F’, will acquire 
the value #7, = F, + 277 at the end of &. 
Thus 
ee (4 
Re 
Let now J, be the value of 3) for the 
path C, in Fig. 2, and J, for the path CQ. 


oe Jy = I, — 2 eri. (5 ay 


For C,0, forms a circuit ® about O. Hence by 4) 


2ni= f =| +f =f - =J,—d,, 
ee (6-1 ¢ om Cy C2 


waich proves 5). 
Finally let S be any connex, acyclic relative to the origin. Then 
any one of the branches of the logarithmic function is one-valued 


in %. Denoting this by log z, we have 
fae 8 — bog a, (6 
be 


and this integral is independent of the path of integration, pro- 
vided of course it remains in &. 
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95. The Indefinite Integral. 1. Returning to the relation 1) in 


93, let us write it . 
[sox = F(2)—F(a). qd 


Let G(z2) be any other function of z which has the continuous 
derivative f(z). Then similarly 


[t@u= G(z)— G(a). (2 
Comparing 1) and 2), we have 
G(2)= F(@)+ 6 


where C is a constant. The functions #, G are called primitive 
functions of f(z). They are denoted by 


ff f (@da, 


no limits of integration appearing in this symbol. Primitive 
functions are also called indefinite integrals. 


2. Every formula of differentiation as 


dE (2) _ 
EO — $02), 


where F(z) is one-valued and f(z) is continuous in some connex 
Y, gives rise to a formula of integration, 


[?@xe A al C2) 


Thus any table of indefinite integrals given in the calculus may be 
extended to the complex variable z, provided z is restricted to a 
connex in which F(z) is one-valued and f(z) is continuous. 


3. Let the one-valued continuous function f (z) be such that 
G (2) =| f (2) de (3 


as also one-valued in the connex A. Then 


ag 
em et (4 
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For let z= be some point of &. Then 


BG=IC Ge hyd Gaye f oe ii Fae 


uth 
= i fdz. 


As f (2) is continuous, S@O=fuM+e 


and |e’|<efor|h|<some 6. Thus 


AG _1 uh 
At oe, if (u) + €'}dz. 


As wu is a fixed value of z, f(w) is constant. Hence 


AG f(u) 1 BS ae 
ag = ap dots f Bip Piles lay ce (5 
Obviously Far Cay: 
Bls0 | [ea <elh|. 
Hence |K| <e. 


Thus K=0ash=0. Hence letting h = Az=0 in 5), we get 


G'(u) = 5 

which is 4). Care 
96. Change of Variable. 1. Every student of the calculus knows 
that a change of variable is often cf great assistance in calculating 
an integral. It is equally useful in the function theory. To this 

end we establish the following theorem : 


Let f (2) be continuous on the curve C. When z ranges over C\ let 
u = $(2) range over a curve D which corresponds to C unipunctually. 
Let the inverse function z= W(u) have a continuous derivative on D. 


Then 
He f@Qu= ‘, Fina) iy! (udu. a 


For let us effect a division of norm 6 of D, by interpolating 
the points u,, ++. To these points on D will correspond points 
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2) Z, --- on C which effect a division of norm, say y, of C. Also 
Lm — Sin = Adm = We! (Um Aten + €mAUms 

where len|<e. m=1, 2,--- 
provided §< some 5). Thus 

ES Cm) Aen = TIP Um) SY! (Um Atm + XPemAUm @ 
Now the last term on the right is numerically 

< eG |Au,,|<eGD, (8 


where D is the length of the D curve, and|f(z)|< G. But 
3) states that the last term of 2) has the limit 0 as6=0. Thus 
passing to the limit in 2), we get 1). 


2. Example. Let us calculate 


aE) 
Je | ees 0 4 
a V22— ( 


along a curve ( lying in a connex 2% which is acyclic relative to 
the branch points +e of the radical. We change the variable, 
setting 


. u= (2) =2+V2—e. (5 
Then ge ae ate (6 


ifu+0. But uw cannot vanish, for if it did, 5) gives 
2+V2—7=0 , or 2=2?— 


which requires e=0, and this is contrary to hypothesis. From 
6) we see that z is a one-valued function of wu. To the end points 
of C correspond 
‘ a=$(a) , B=$(b) 
on the curve D~ C. 
From 6) we have 


dz='(u)du = 
From 5), 6) we have 


VE =Aau-2a4 =", 
2u 


uz — ¢c2 


Daz du. 
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Thus 4) becomes, on using 1), 


* Pay B 
Jaf Sp ee 


= log ev Oe Cl 


oO 
a+va?— c? 


97. Integration by Parts. 1. This is another important method 
for evaluating integrals. Analogous to the calculus we have the 
following theorem : 

In the connex Y, let the one-valued functions f(z), g(z) have 
continuous derivatives. Then 


[ fade =|F@a@] — [afiae. @ 
For let us set h(@) =f-g. 
Then h' (2) = fg! + of". 


Hence by SF es Ba 
[ (fg! + of)dz = h(b) — h(a) = Fa | 


or b ab b 
[oder [ opae =|f0). 
which gives 1). 


2. The relation 1) still holds when f and g are many-valued in 
the connex Y, provided we take the right determinations of f, g 
and their derivatives along the path of integration as 91, 1 shows. 


Example. Let us evaluate 


J = | 2 log edz. (2 
eee F@)=logz , gg @) =z. 
Then 1 22 
if — pa 
i eas ’ ON alert 
Thus 


J=312 logz — pf ede 
=42*(logz — 3). (3 
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98. Differentiation with Respect to a Parameter. 1. Let g(Z, w) 
be a one-valued continuous function of z on a curve (@ for each 
value of win some connex U. Then the integral 


p(u) = [9 u)dz qd 


defines a function of w over U. 
For example, let 
g(2, uw) = miGe ee 


(2—u)” ° 


where f(z) is a continuous function of z 
alone. Also for purposes of illustration 
let C be a simple closed curve, as a circle 
or an ellipse, and let the connex U he 
within C as in the figure. Then z— wu 
does not = 0 as z ranges over C, for any 
point win YW. Then 


> F(2)dz (2 


o (@— u)” 


n an integer, 


defines a function of w over U. We shall see that the integrals of 
the type 2) are very important. Returning to the general inte- 
gral 1), we prove the following theorem, which will be of great 
service later. 


0g . ; ; ; 
If “e is a continuous function of u and z for each u in Yi and 2 on 
u 


CO, we have 


Mose iE 2 de. GB 


P Ct) lam he 


Auw=0 AU 


For by definition 


pe Ap=o(uthy— ou) . h= du 
=| ae. ut hyde— | 9 u) dz 


= [ig@u+D—g@,whde (4 
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Now as in 86, 2 
9@ wth)—g, u) = fgiCz, w) + et Au, 


where |e’| < € provided 0 <|Au| < some 8; moreover this holds 


for every zon C. 
AP = foice, wae + [ede (6 


Thus +) gives 
But ome al R3 
[ew < €C, 
a 
as we have often seen. But this states that the last term of 5) 
has the limit 0 as 6 =0. Hence passing to the limit 6 = 0in 5), 
we get 3). 


Functions Defined by Series 


99. Steady Convergence. 1. Let us consider series of the type 
H=F,(2) + fo(2) + fa(2) a = Jn(@)s d 


whose terms f,,(2) are one-valued functions of zg in some point set 
%, which may be unlimited. The simplest case of such series is 
power series P 
& +a,(@ — @) +a,(2—a)?+ + (2 
or changing the variable by replacing z — a by 2, 
My + a2 + agg? + +: (38 
By means of such series we defined the functions e*, sin z, etc. 

If the series 1) converges in Y, it will define a one-valued func- 
tion of z in Y, which we denote by #(z2). We wish to study such 
functions relative to continuity, differentiation, and integration. 

To this end we introduce the notion of steady convergence. 

Suppose for all 2 in & the m” term is such that 


| Fin(2) | SS UN — 1, 2, Gat (4 
where g,, J +++ are positive constants. 
Let the series CL eNO ete eta 6 


converge. Obviously the series 1) converges absolutely for each 
z in %, by virtue of the relations 4). In this case we have com- 
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pared a series whose terms are functions of 2 with a convergent 
series whose terms are constant. This kind of convergence we 
call steady. We therefore define : 


The series 1) converges steadily in X when each term of 1) satisfies 
the relation 4) for all z in Y, and when the corresponding constant 
term series 5) 1s convergent. 


2. An important property of steadily convergent series is the 
following: 


If the sertes 1) converges steadily in YU, the remainder after n terms 
FF, is numerically <e for any n > some m, for every z in A. 


For the G series being convergent, 


Gn<eé , for some m. 


Hence as the g,, are positive 
G,<e a fortiori for any n>m. 
But from 4), | F. I<, 
for any z in Y. 
3. Power Series. Let the circle of convergence of 3) be C. Let 
D bea circle lying within C, and having the origin as center. Then 
3) converges steadily in D. 


For, let z= 8>0 bea point lying between the 
two circles C, D on the real axis. Then as 8) 


converges absolutely at this point, the constant 
term series | 

oy + a8 + af? + ++ (6 ae 
is convergent. But for any z in D 


[ene" | enR" m=0,1,2.-- (7 


Thus the terms of 3) satisfy the relations 4) for every z in D, and 
3) converges steadily in D. 


4. The definition of steady convergence may be extended at 
once to two-way series ES 
Efn(@r (8 


2S, (2). (9 


and to double series 
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Thus if for every z in some point set 2% 


IF, 2) | SGne9 


29r,s 
is convergent, then 9) converges steadily in Y. 


and if 


5. Example. Let us consider the series 


ch 
f= >), ———— 
> @ Pat Onn)?” Se 
where p is an integer >2 and 
Omn = ma + nb (il 


as in 41,5. These series, as we shall see, are very important in 
the elliptic functions. 

Let us describe a circle & about the origin and consider the 
series H formed only of terms of 10) for which the points 11) lie 
without &. We show that the H series converges steadily in &. 


For zZ 


<k<l 


@ 


for any z in § and for any a@,,, in H. 
Now 1 


1 -i1 

Z—-OWmn Onn y 2 

Onn 

Hence 1 ae 
C= Dah | @an |, 


where Cis some constant > 0. 
Thus each term of the H series is < the corresponding term of 
the positive constant term series 


1. 
6) Tea ae, 
~ | Onn |? 
which we saw converges in 41,5. Thus H converges steadily in 
the circle §. 
6. Let us show that : 
A two-way power series 
Ay + ay2 + A927 + + (12 


ea 
@ z@ 
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is steadily convergent in any ring R lying within its ring of conver- 
gence Rf. 

For let R= C—D, and R=€—®. Then the series in the 
first line of 12), call it P, converges steadily in ©. Let now 
z=6>0 bea point on the z-axis between the two circles D and 
©. Then the series Q formed of the second line in 12) converges 
absolutely for z= 6, that is, the positive term series 


oie. 


= 13 
4 Oa 4 , [bn|=Br ( 


is convergent. Let now z be any point on the circle D or with- 
out it. Then |z|=¢>6; hence each term of 


Q a4 ny ny ate 
zZ 2 


is numerically < the corresponding term in 13). Thus @Q con- 
verges steadily for all points on and without D. Hence 12) 
converges steadily in the ring ®t formed by € and ©. 


100. Continuity. 1. It is quite important at times to know if the 
sum of a series of continuous functions is itself continuous. The 
following theorem is often useful. 


Let the terms of the series 
F=f,@)+heth@+ ad 


be continuous and one-valued about z=a. If 1) converges steadily 
in some circle © about a, F is continuous at a. 


To prove this we have only to show that 
lim F(a + h)= F(a). (2 
h=0 


Let AF = F(a+h)— F(a), 
then 2) is equivalent to nA: (3 


A—0 


Let us write 1) F=F,+F 


then AF = AF,,+ AF,,. (4 
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Since #' converges steadily in ©, 
F, Se 
for some m and for any z in € by 99,2. Thus, in particular, 
| Fn(a)| <5 |FnCat hI <5 , athin€. 


Hence subtracting, 
|AF,, |l<e , orlimAF,=0. (5 
h=0 


Since F,, is the sum of m continuous functions, it is itself continu- 


ee EL 
ioe ak fina A 0: (6 
h=0 
Thus letting h = Az = 0 in 4), we get 3) on using 5), 6). 

2. The power series yy _ eae eer (7 
is a continuous function of 2 at any point within its circle of con- 
vergence ©. 

For let z=a bea point within ©. Let & beacircle about z= 0 
which contains @ in its interior. Then we can describe about 
z2=aa circle c which lies in &. As 7) converges steadily in & 
by 99, 3, it does in c also, since this is a part of &. Hence Fis 
continuous at z=a by 1. 


3. A property of power series often used is this: 


Let the series Pety a7 Lagi ty 


converge about the origin. If a,#0, P does not vanish in some 
circle c about the origin. 
This is an immediate consequence of 83, 5, since P is continu- 


ous at z= 0. 


4. Closely connected with the property of continuity is the 
following theorem; it embraces 1, in fact, as a special case. 


Le F@=fO+h@+ (8 
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converge steadily in some circle R aboutz=a. Let each 


SALZE)= Cy 5 @2=a4., 


Hh 
ap C= Cy + Co + 
ts convergent, we have 


lin. #(z)= > lim f,@).= ¢. 


For we may take m so large that 


|Fn@1<5 ) On< 3 > 2 in . 


Also we may take 6> 0 so small that 
| F(Z) — Crn| << , O<|z—al <6, 


since by hypothesis, VEO e EG 


Then the relation 
F— C= F,,— On + Fn — C,, 
ives Le = 
: Pee rR reo 


€ € € 


i See Oe by 10a 


; D6 0 MEO 
and this establishes 9). 


9 


(10 


(1 


101. Termwise Integration. 1. In order to integrate a series 


Fe=HAO+A® ++ 


‘al 


it is usually most convenient to treat it as we would a finite sum 


and integrate it term by term, or as we say termwise. 


This 


method, which suggests itself at once to the reader, is permissible 


as follows : 


Let each term of 1) be one-valued and continuous in a connex A. 
If 1) converges steadily in U, we may integrate it termwise over any 


curve Cin X; that is, 


fF@w= [fae + f fe + oes 


(2 
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For being steadily convergent, 
F=F,+ F, (3 
pad |F.l<e a 


for all nm > some m, and for all z in Y%. 
By 100, 1 F is continuous. As F, is the sum of m continuous 
functions, itis continuous. Hence #, iscontinuous. Thus 8) gives 


iL Ran He iene if Fda. G 
Cc C JC 
By 92, 2, ioe 
| | Bae 
Cc 


where C’is the length of @. Thus the last term in 5) has the limit 
Qasn=o. Thus letting n=o in 5) we have 


mle), 


Jf Faz= tim lim f Fyde 


= lim { f fade + wt f fade} 6 


Now for the series on the right of 2), that is, 


ffdet f fitz + mi 
C C 


to converge it is necessary that the sum of its first m terms should 
converge to some limit. The relation 6) shows that this sum does 
converge and has as limit the member on the left. Thus 2) holds. 


2. From the foregoing we can show that 


LEAT Mee Ae ) 
ey es eer eee le ie a 
log (1 — 2) {E+ gt J ¢ 
is valid within the unit circle, that is, for |z| <1. 
For 1 
Sy ee eer Mahe |< Le 


ley 
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Hence 2 dz 


=—log(d_—z2)= [oder [ede + vee 
Jy 1-2 «0 0 


which is 7). 


3. We can show similarly that 


3° ab 
arctge=2—S tea (ileal (8 
(3) 
For ll 
——_ =] —2%+2t— 2+... 2|<le 
1+ 22 
Hence 3 Z 2 
i dz 5 = arctgz = de— [ 22dz + +. 
hy WEE 2 0 0 
as 
which is 8). 


4, The reasoning in 1 shows that 2) holds provided each term of 
1) is continuous on the curve C and the series 1) converges steadily 


on C. 


5. Since a two-way power series 


T= Sa,(z —a)” (9 


converges steadily in any ring %t lying within its ring of conver- 
gence, we have for any curve C’ in ® 


f Bie= fagte+a { (ead + 
¢ c c 
dz dz 
Set reer ier 


= ya fc —a)"dz. (10 
—==00. C 
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Let now Cbe a circle &. Since 
[ @-ayde=0 n#—1, 
JR 
seen ey © ‘ Fade =2 mia_;. an 
K 


102. Calculation of 7. Let us use the relation 8) in 101 to calcu- 
late a; it will serve as an exercise in infinite series. Putting 
z= + in that relation we get 


tele ee ee Le 
it t a = _—— — * all 
Pmt as cpm eMgenn © Bue yA anny ( 
The error committed in breaking off the summation of any term is 
less than the next term, as we saw in 15, 1. 


From trigonometry we have 


2 tan a 
tan 2«¢= 
pees 1 — tan? « 
which gives here tan 2a= Jy 
Similar] 
mmuarly tan 4 a = 122. 
Then _tanda—1_ 1 
SE opera oe SOOT 
Thus 101, 8) gives 
feo she A a ve (3 
~ 939 3 239% 5 23896 


and the error committed in breaking off the summation at any term 
is less than the next term. Thus from 1), 2), 3) we get 
Toy ie al leh ek = ee ae 
Ae el O ee eo. «De 239 38 2398 


We have now 


$=.2 1 1 — 002666667 
1 1 _ 0064 Boe 
5 5S 

1 1 _ 990001829 

1 1 _ 990000057 7 
9° 5 
i oan 1 1 _ (90000002. 
a5 a= -0000000001 ait 
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Wise a = 200064057 — 002668497 
= .197395560 
is correct to 9 places, and 
4 «@ =.78958224 
is correct to 8 places. 
Also we have 


xe5 = -004184100 
1 1 _ yoo000024. 
3 2398 
Thus 8 = .004184076 
is correct to 8 places. 
aoe 7 = .78539816 
or m= 3.1415926.-- 


is correct in the last.decimal. In fact a more elaborate calculation 
gives or = 3.14159265358 --- 


103. Termwise Differentiation. 1. From the theorem on term- 
wise integration of a series given in 101, 1 we can deduce a useful 
theorem on termwise differentiation : 


In the connex %, let each term of the convergent series 


F=f,@+h@+-~ dl 
be one-valued and have a continuous derivative. If 
G=fO+h@+ (2 


converges steadily in WU, 


dF 


= in Sf, 


dz 
[Ga = [ i@ae + [ Fo@)de+ ao 


={N@-A@®@ {+i A@—-A(@}+-- 
= F(z)— F(a). (3 
Thus by 95, 3 we get, on differentiating 3), 


For by 101, 1 


FUNCTIONS DEFINED BY SERIES 207 


2. A power series may be differentiated termwise at any point 
within its circle of convergence. 

For let Faataz+ag?+ (4 
have the circle of convergence €. Then by 85, 2 the series 

G =a, +2 a,z+ 38 azz? + + 

obtained from F by differentiating it termwise has the same circle 
of convergence C. Thus if ¢ is a little circle about a point z=a 
within C, the series # converges in c, and G converges steadily 
in ¢ by 99,3. Thus the condition of the theorem 1 holding, we 
may differentiate 4) termwise, or 


-- = 4,+2a,2+ 3 ae*+ + | 

Remark. We note this theorem was proved in 86, 1, making 
use of double series. 

3. A two-way power series F= Sa,2" may be differentiated 


termwise at any point within its ring of convergence; that is, 


oF Sna,z™-. 
dz —o 
To prove this we need to consider only the special case 
f= a + b, +: circle of convergence. 
z@ @ 
If we set mpi 
u 
we get F= but byw + ++ 
and Ge =o, + 2b.u+ vee 
If now we apply 89, 2, we get 
SAE Ge since UTES #0 without & 
dz du dz dz a 
i 


Sours iC veel 


=— {4+23+ | 
‘e z 
without &. 
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4, Differential Equation for F(aSyz). As an exercise in dif- 
ferentiating power series let us find the derivatives of the hyper- 
geometric series 


F (aByz) =1+ 
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ae 
ile 
introduced in 39, 4 and show that it satisfies the differential 


equation ae 9 
ad 
az@—IsatiG@+h+)e-y 7 + oBP= 0. (6 


On differentiating 5) termwise we get 


; a: ee -atn—1-8-B41---B4+n—-1 yr} 
P'(uBy2)= Yn 2 qe peer el 


n=1 


2S a-atl---atn-8-B+1---B4+% 


— nN 


1-2--n+1l-y-yttl--ytn 


n= 


SES CN us eta 
yo 1-2-.-n4+1-y+1--ytn 


n 


So B+1, y+1, 2). (7 
Hence 
F""(aByz) =~ “2 Patt, B+1, ¥+1, 2) 
_a@-a+1-B-B+1 
ete mame rim tee ein ces. Ce 


To prove that 5) satisfies 6) let us set 


p otetlnetn—1 8 B+1 Bena 
a 1-2--neqyeytl--ytn—1 : 


Then the coefficient of 2” in 22F’’ is 


n(n —1)P,, 
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i es ee 
ieee ths _ natn B+n) p 


Dhak 
A ator 
in (a+ 8+1)zf" it is nat B4+1)P,, 
in — yf’ it is a (4+n)(B+2) p 
7 yin n 
in «BF it is nay ae 


209 


Adding all these gives the coefficient of 2” in the left side of 6). 


We find it is 0. 


CHAPTER VII 
ANALYTIC FUNCTIONS 


104. Definitions. 1. At this point we begin the study of the 
theory of functions of a complex variable. The functions con- 
sidered in this theory are not the general functions considered in 
Chapter VI, but a subclass of these, viz. those functions which have 
a continuous derivative. To be more specific, let w have assigned 
to it a definite value for each point z of the connected region Y such 
that w has a continuous derivative in Y%. We call w a one-valued 
analytic function of z in YU. Suppose, on the other hand, that w has 
in general more than one value assigned to it for the points of Y. 
We will call it a many-valued analytic function if its values can 
be grouped in branches, each of which is a one-valued analytic 
function about each point of Qf. 


2. From this definition it follows that 


e* , cose , sing , coshzg , sinhz 


are one-valued analytic functions in the entire plane. For they 
each have a continuous derivative for any z. 
Similarly 1 


g— 1’ 
for example, is a one-valued analytic function for the region %&f 


formed of the whole z-plane after deleting z=+1, the zeros of 


the denominator, while 
tan 2 


is analytic for the region 2% formed of the whole plane after delet- 
ing the infinite point set 


RN 5 Gee rad ap LEN inal a EA 
2 2 DON gO fap : ia y 
On the other hand, 
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is a two-valued function for the region % formed of the whole 
plane after deleting the branch points + 7, while 


log z 


is an infinite-valued analytic function in the region &% formed of 
the whole plane after deleting the origin z= 0. 


3. A power series 
P(2)= a) + 4a,(2—a)+a,(2—a)?+>-- 


is an analytic function within its circle of convergence G. 
For by 85, P has a derivative within € which is a power series 
and therefore continuous within GC. 


4. The quotient of two power seriés 


elles a(@—a)+-- 

by +6,(2-—a)+ + 

having a common circle of convergence G, is an analytic function 
of z within some circle c about the point z= a. 

For the denominator does not vanish at z=a, since by hy- 
pothesis 6,+0. Thus by 88, it does not vanish in some c lying 
in ©. Hence by 84, @ has a continuous derivative within c and 
is therefore analytic within c. 


b= 0; 


5. A two-way power series 
P= S a,(2— a)” 
is an analytic function of z within its ring of convergence. 
This follows at once from 108, 3. 


6. We propose now to study the general properties of analytic 
functions and shall rest our treatment on two theorems of a grand 
importance due to Cauchy, and called his first and second integral 
theorems. 


105. Cauchy’s First Integral Theorem. 1. Let f(z) be one-valued 
and analytic in the simple connex A. Then 


f f (2)d2 20 a 


for any simple closed curve Cin %. 
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ay f@=ut+w , 2=xu+Vy. 
Then since f has a continuous derivative in YW, the first partial de- 
rivatives of wu, v are continuous functions of x, y which satisfy the 
Cauchy-Riemann equations 


du _ ov du sav 
dx Oy : oy Ox 


by 90. On the other hand, let us express 1) as line integrals, 
using 91,5). Then 


fe — | (udx — vdy) + if (udy + vdzx). (3 
Cc e C C 


We now apply Stokes’ theorem 80, 1) and get 


ov , ou 
Lond ee fae a0 eae 
[cua ody) Get) aoay y 2) 


fcoay + vdzr) -((@ - =| dxady=, by 2). 
C € Ox OY 
These in 8) give 1). 


2. From this we conclude that: 


ap ap ip fae, (4 


where C,, C, are two simple curves in AX having the same end potnts 
but no other points in common. 


For (,Cy1 is a closed curve. Hence by 1) 


_ fdz=9 


CLC, 
Oh ig Cy C2 


3. The restriction that C,, C, should have only their end points 
in common is obviously not necessary. For if C,, C, have other 
points in common, we can break them up into ares which have only 
their end points in common. Similarly C,, C, may have mul- 
tiple points. 


which gives 4). 
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4. In the connex X in which f(z) is one-valued and analytic, let 
C,, C, be two simple closed curves forming the complete boundary of 
a ring-shaped connex, as in Fig. 1. Then 


[s@x = [ (Oa, (6 


: : < 
the curves C,, C, being passed over in the i 


Same sense. 


For let us join C,, C, by two adjacent 
curves 34, 16, as in Fig. 1. Then 


C= 128 . 34.456. 61 / 
is a closed curve forming the edge of a 


simple connex in YY. Thus Fig. 1. 


i he ea e 


Now the value of f(z) at a point z on 34 does not differ by an 
amount greater than e from a point near by on 16. Thus 


o4 6 
sf fde and if 
3 1 


differ by an amount as small as we please as the curve 34 is made 
to approach 16. 


26 1 
a i! ie i fae, 
1 6 


we see that under these circumstances 


1 
[ fat [ file=0. 
3 e/6 


Tae = fae 


123 


Similarly 


and 3 
Fdz =— Fda. 
t J Cy 


e/ 456 


Thus passing to the limit in 6) we get 5), 
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5. The little strip 1643 taken out of Fig. 
1 and whose edges are then allowed to ap- 
proach indefinitely near we call a cross cut. 


6. Let C,, Cy --- Cy be simple closed 
curves as in Fig. 2, each exterior to the 
others and all interior to a simple closed 
curve C. Let these curves form the com- 
plete edge of a connex Y in which f(z) is 
one-valued and analytic. Then if all these Fig. 2. 
curves are described in the same sense, 


fae = | fae +f fae+ eee cy ie (7 


To prove 7) we need only to put in the cross cuts 74, Yq. *** Yms 
as in the figure. This produces a simple connex € with edge &. 
As f is one-valued and analytic in ©, we have 


[ye=o. 


We may now reason as we did in 4. 


106. Cauchy’s Second Integral Theorem. 1. Let f(z) be one- 
valued and analytic in a simple connex whose boundary is CO. Then 
for any point z within C 

Hoye = wy PACOLE ‘al 
Tio U2 


For by 105, 4 we can replace (’ by a circle & of radius r and 
center z. Then for a point u on &, 


I@)=fE)te jel <r 


for all w on & if the radius r is sufficiently small. Thus as f(z) is 


constant Ai 
Fujdu _ ¢¢2) fms f © duaJ+K. (2 
Q U-z2 Jgu—z2 Jgu—zZ 
But J=277f(Z) 
while | KK | <aONT Es 


Thus lm K=0. 
r=0 
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On the other hand, the left side of 2) does not depend on r. 
Hence letting r= 0 in 2) we get 1) in the limit. 


2. This theorem of Cauchy brings to light a tremendous differ- 
ence between analytic functions of z and the general function of 
z. For suppose we know of a function f(z) that it is one-valued 
in a simple connex € and has a continuous derivative in €. Sup- 
pose also that we do not know the values of f within € but only 
on the edge C. Then the relation 1) says that to learn the value 
of f at some interior point z we need only to calculate the inte- 
gral in 1). 

In other words the values of an analytic function f(z) are com- 
pletely determined when its values on the boundary Care given. 
This is not at all the case for the non-analytic functions of z. 


3. At first it seems strange to students that the values of an 
analytic function f(z) should be fixed for all points within C 
when its values are assigned on the curve C. 

Here the study of nature reveals many cases of just this phe- 
nomenon. For example, the stationary flow of water, heat, or 
electricity in a body are all determined by the flow at the surface. 
In case the body assumes the form of a thin plate, it may be 
treated as a plane figure € bounded by a curve (C, provided the 
flow is parallel to the plane. 


107. Derivatives. 1. The integrand in 106, 1) 
fu) 
U—z 
is an analytic function of z for each value of w on the curve C, 


provided z is restricted to lie in a connex bounded by a curve C”’ 
which lies within C. We may, therefore, apply 98 and get 


a PEOOLE. 
AG bags o (u—z)* & 
Fi@= se, (LOS @ 


ae mt Jo(u— 2) 


n! F(u)du 


2 miJc(u—2)th 


FOC = 
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From this we conclude: 


An analytic function of z has derivatives of every order. 


We also have the result: 


If f(z) is a one-valued analytic function, so is each of its deriva- 
tives. 


2. From 8) we get at once an inequality called Cauchy's In- 
equality, which is of great service in theoretical work, viz.: 


1G 
Wie yl ne 4 
| f (2) | << R p) ( 
where | f| < G ona circle & of radius R with center z, and f is 
one-valued and analytic in &. 

For we need only to replace the curve ( in 3) by the circle & 
and apply 92, 9). 


108. Termwise Differentiation of Series. 1. By the aid of these 
integrals of Cauchy we can establish a more general theorem 
than that given in 108. 


Let 
: F@=fi@Ot+h@t == fa): a 
We saw that if this series converges and the series 
Ga=fi@+fr@+ + ==Zfhn() @ 
converges steadily in the connex Y, then G@ represents the deriva- 


tive of F. 
Let us noW prove the more general theorem : 


Let the terms of 1) be one-valued analytic functions in the connex 
RK. If F converges steadily in R, F is an analytic function within 
RK and 


In other words under these conditions we may differentiate 1) 
termwise. 


For let c be a circle of radius 7 and center z, lying within ®. 
From 1) we have 


FM) _ y fn(u) 
Tee . 
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and since 1) converges steadily on c, the series on the right con- 
verges steadily on c since |u—z|=7 a constant on c. Thus by 
101, 4 we may integrate 3) termwise : 


F(u)du _ fala, 
¢ Uz Se C 
Now by 106, 1) i 
Hence 4), 5) give ’ 
1. (FON 37.0). (6 
2 ri u— 


But by 1) the series on the right is F(z); thus 6) gives 
F)= it Fu) du, (7 


271). U—zZ 


Now by 98, Fi@)= i! F(ujda (8 
2 iJ. (u—2)? 
Reasoning as before, we have 
*F(u)du = 3 Fim(u)du 
=e). a ae) 4 
= 2 if /,(2)» 
From this and 8) we have 
F' (2) = 2 fn(2)- 9 


2. From 8) we get, using 98, 
P'@)= 2! (FCu)du, 


2mtJ. (u—2)° 


Proceeding as in 1, we get 
P(e) = Ef), (10 


and so on for higher derivatives. 
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109. Taylor's Development. 1. Let f(z) be a one valued analytic 
function in a circle © of radius R about the point z=a. Then at 
any point z within © 


a 


(a) + GE pray d 


This theorem is a direct extension of the corresponding theorem 
in the calculus. It is of transcendental importance in the func- 
tion theory, as we shall see at every turn. Its demonstration may 
be conducted very simply by resting it on the termwise integration 
of steadily convergent series. 

Let c be a circle about z lying within © 
as in the figure. Then by 106, 1), 


a SF (udu | 


271), uz 


f@= Q 


But Pp p(wdu_ (?f(u)du. 


Cu—zZ Je Uz 


We now develop 
as in 89, 10), ee 


= aN? 
legeent {142 ood “y+ oof. Ee 


U—z2 uUu-—al Uu—a 


in a power series about the z— a, getting 


This series converges for any wu on € since 


|z-—a\=r |u—-a|=h and r<R. 


Hence 
FU b) 7, FC 2 
J Lo) oe u +6 a) Lo, U kes Dia ra Pas (4 


‘This series converges steadily on €. For f being continuous, 


| f(a) | < some M on G. 


Hence each term of 4) is numerically less than the corresponding 
term of the constant term convergent series 


Mg) M a) oN Gh 
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We may thus integrate 4) termwise and get 
SF (udu _ [Fee Ce a) f Feoee, 


C Uu—zZ U—a 
Ota emtGaie tem | 


on using 106, 1) and 107, 1), 2), «+. 
Replacing the first member of the last equation by 2) we get 1). 


2. If we set z=a+ hin 1), it takes the form 
2 
Fat D=f@+tM@O+E Mat © 


This is the form of Taylor’s Hove ha pute: usually given in the 
calculus. 
If we set a= 0 in 1), we get 


F@)=LO+ A O+ESINO + (6 


which is often called Maclaurin’s development. 

The coefficients in 1) and 6) are constants. These series are 
thus power series. We say that 1) isa development of f(z) about 
the point z=a. Thus Maclaurin’s development 6) is merely the 
development of f(z) about the origin. The two series on the 
right of 1) and 6) are called Taylor’s and Maclaurin’s series re- 
spectively. 

3. Let f(z) be one-valued and analytic in the region Y. Leta 
be any point of %. About a as a center describe a circle which 
contains no point of the frontier of 2%. Then by the theorem 1, 
F(z) can be developed in a power series valid in &, 

F(Z) = % + 42-4) + a,(2— a)? + Gi 
whose coefficients are those in 1). 

We may also proceed thus: With a as a center describe a circle 
€ which passes through a point of the frontier of 2 but contains 
no frontier point within ©. Then the development 7) holds for 
all points within ©. 

For let z be any given point within ©. We can describe a 
circle 8 with a as center which contains z but no point of the fron- 
tier of Y. Thus f(z) is analytic in & and we can apply 1. 
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110. Examples of Taylor’s Development. 1. Hxample 1. Let 
J) sine: 
This function is analytic in any region. If we develop about the 
origin z = 0, we have, exactly as in the calculus, 


S' @) = cos z SLR el 
Sf" @) =—-— sinz e000 
f''(@) =— cosz fl Cites = t 
fe 2) Set fie) of CO ae Ose te: 
Thus 109, 5) gives, Pe a: 
sing@= 77 — 37 4 aCe 


which is exactly the series we used to define sin z. 
Similarly we may develop 


eo + \COS'2 5s uSle as, CLC. 


Example 2. Let F(z) = log z. 


This is an analytic function in the region % formed of the whole 
plane after deleting the origin. The frontier of Y is thus a single 
point z=0. It is one-valued in any connex which is acyclic 
relative to this point. Thus by 109,3 we may develop log z about 
z = 1 and the development will be valid within the circle having 
z= 1 as center and passing through the frontier point z= 0. 
Proceeding as in the calculus, we have: 


J) = 0 
fl@)=* fidjy=t 
ri@=— 5 Laan 
f!"(@) = : F'"' (1) = 2, ete. 
Thus loge =2-1-G@—=V GV _., lie 
If we set Ze ae 
this gives log (1+uysu— 444 — jul <1, qd 


which is the development given in the calculus. 
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If the reader asks why one develops about the point a = 1 in- 
stead of about a = 2, the answer is that the values of the coefficients 


r@ ,£@ , H@).. 


9 
are simpler for a = 1 than for any other value of a. 


Example 3. “The Binomial Formula. Let 
f@=A+e)" (2 


From 89 we know that any branch of f is a one-valued analytic 
function in any connex acyclic relative to the point z= 1. It 
thus admits a development about z = 0 which is valid for all points 
within the unit circle. 

Proceeding as in the calculus, we have, choosing that branch of 
2) which reduces to 1) for z = 0, 


Ff) =1 
I@) =e +z} f'O) = 
S@=ew@-NYaAta f'O) = 4 (w— 1), ete. 
Thus 
C+2z)*=1+ pe + BD) MH D2) os vee , 
—+()+(ee()ee~ ict 


2. Let us make use of 1) to develop a formula which we shall 
need later. If we set 
u=— re’?, 
it gives for r < 1 
; ; y2 a. > 2. 
nO i= — Loe (le elt) = re em? fet ne 
“ Oo 
But e = cos nd + 2 sin nd. 


Hence BE ay C08 np, awwrrrsin nd ; zh 
— log (1— re ig? lemons 71D 2 eeeermes ( 


Let us write the left side of 4) in rectangular form, 


log (1 — re?) = A+ 7B. 
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To determine A and B we set 
LT 7e = se 
Now 1 —re* =1—r(cosd+isin $d) 
= (1—~rcos ¢)—zrsin ¢. 


Thus 
s? =(1—rcos¢$)?+ 7? sin?¢ =1—2rcoso+”, 
and ; 
_ —rsng 
Spee eee net 
HOGS A=tlog %=hlog(l—2rcos¢+7°), 


SN apart) Porpual Me 
Bee on ea peaad 


Thus, equating the real and imaginary parts in 4), we get 


y Peesnd — Flog (1-27 cos p+ 1%), 5 


1 n 


ice) 


r” sin np rsin h 
een NYU Ho) eee eee 6 
> n econ ( 


The relations 5), 6) hold for 0 < r< 1 as we have just shown ; 
a more delicate analysis shows that they hold for r=1. With- 
out establishing this important fact we shall set r=1 in these 
formule, getting, replacing ¢ by 2 7a, 


> cos 2 me log (2 sin rz), (7 
; n 
> sin Sums = arctg (cot mz) = 7(4 — 2). (8 


1 


111. Critical Remarks on Taylor’s Development. We are now in 
a position to point out another great advantage which we reap 
from the theory of functions. Let us compare Taylor’s develop- 
ment as here presented and as given in the calculus. 

To make use of the development 


F@+W=f@+Y'@)+ Ef @+t a 
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in the calculus we must first assure ourselves that the remainder 
A” en) 
a (2+ Oh) eet peel |. 


or one of its equivalent forms, converges to0 as n=o. This is 
n . 
an easy matter for oe ‘sine, -Cos-, 


but it is far from easy for most functions; for example, 

~  (A+a)y" , tanz. 
How difficult it is to show that the remainder for (1 +2)" con- 
verges to 0, the reader may see by turning to a good work on the 
calculus. As to the remainder for tanz, no one, as far as we 
know, has ever shown that it = 0. 

These considerations show that the applicability of Taylor’s 
development in the calculus is crippled by the fact that we can- 
not show that the series on the right of 1) really has as sum the 
function of the left. 

How differently we are situated in the function theory. Take, 
for example, tanz. We know without putting pen to paper that 
this can be developed about z= 0, and that the development is 


valid for all |z| ao since tan z is one-valued and analytic within 
this circle. Thus if we wish to restrict ourselves to real values, 
the development holds for 5 apie OF, 


2 
Let us look similarly at 


(1+2)*. 
This we know is one-valued and analytic for all points within the 
circle of unit radius about z=—1. Thus the validity of the 


binomial formula for real values of x for which —2<2<0 is 
again established without any calculation whatever. 


112. Remainder in Taylor’s Development. Let us write 109, 1) 


f@)= F(a) + 2=4 f(a) + PED" ft 


+ EO" $a) + Ry 


where nee SS (2 = 9 p00), (2 


s=r+1 
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Let 7 be the radius of a circle ¢ about z= a, lying within the 
circle ©, for which 1) holds. Let 

\f(2)|<G on ¢. 


Let z be any point withinc; we set |z—a|=p. Then by Cauchy’s 


inequalities, 107, 2, 
‘ f()| <2 


ie 
Thus 2) becomes 


n+ 2 
Tcotyrete(ie~| 
r r if 


n+1 1 
eye) e) pps fo r5 : 
ai ( {—f 3 
v8 


113. Analytic Continuation. 1. We have seen in 106, 2 that a 
one-valued analytic function is completely determined in a simple 
connex & when its value is known along its edge. We now wish 
to generalize this result. Suppose 

1° it is known that f(z) is one-valued and analytic in a con- 
nected region 2. 

2° the values of f(z) are given along some curve C in Y, as, for 
example, a small segment of the z-axis. 

We show that under these conditions the 
value of f may be found at any point of z 
in &; that is, the value of f at this point is 
determined by the above data. 

Suppose in Fig. 1 that ( is the are a, 8. 
Join a and z2 bya curve D lying in Y. Since 
J (@) is analytic about a, it can be developed 
by Taylor’s series 


f@O=f@+@-asfa+ GS pat 


The value of f will be known for all values of zg within a circle ® 
whose center is a and which extends as near the frontier & of & 
as we choose. 

Let now wu be an arbitrary but fixed point on C. Then f!(w) 


is the limit of S(@)—Ff (uy) 
Z2—u 


(2 
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as z= wu. Moreover f(z) being analytic, this limit is the same, 
however z approaches wu. Let us suppose that z approaches u by 


running along the curve Cas in Fig. 2. Then. for a 
each such value of z the difference quotient 2) is C 
known by hypothesis. Thus its limit is known, that it 
is, f’(2) is known for each z on C. 
As now s 
Fu) = lim EOP) (3 
z=u 2—-U b 


we may reason on f’(z) as we did on f(z). Thus f’(z) is known 
for each z on C. 

In this way we see that the values of the derivatives of every 
order f™(z) are known for all values of z on C. 

In particular they are known for g=a. Hence all the coeffi- 
cients of 1) are known. ‘Thus 1) gives us the values of f(z) for 
all points in §. 

Let & cut Dina,. About this as a center we can describe a 
circle &,, which extends as near the frontier € as we choose. 
Since f(z) is now known on the are C, = aya, we can reason on Cy 
as we did on C. If &, cuts D in a,, these considerations show 
that f is now known for all z in &,, and in particular on the arc 
C, = 44a. Continuing in this way we may finally reach z, when 
the value of f will be known. 


2. This process of finding the value of an analytic function f(z) 
at a point z, when its value is known at the points of some curve 
C, is called analytic continuation. It has little or no practical 
value as a means of actually computing f at the various points of 
%; but it has an inestimable value in many theoretic investi- 
gations. 

3. In the foregoing we have supposed f(z) to be one-valued in 
Y. This is not necessary; we made this assumption merely for 
clearness. The same considerations apply if we suppose that f(z) 
is many-valued in %, but such that each branch is analytic, and one- 
valued about each point of 2. 


4. The foregoing reasoning shows that: 


Tf the analytic function f (2) = «, a constant on the curve C, then 
FS (@) = « everywhere in the region . 
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For the difference quotient 2) has the value 0 and hence 
f'(z) =0 on 0. 
Similarly f'@ . fI"@ 5 -=0 on 0. 
Thus 1) shows that f(z)=« (4 


in the circle &, and the remainder of the reasoning in 1 shows 
that 4) holds for any z in Y. 


114. Application of Analytic Continuation. 1. For the reader to 
realize the immense power of this process let us show how most 
of the analytic relations of plane trigonometry and the calculus 
are valid when the variable is complex. For example, suppose we 
wish to show that nto mlecst aes ad 
holds for any complex z. This we have already proved in 58,5 by 
the lengthy method of series. To this end we consider 


Ff (2) = sin?z + cos. 


As sin 2, cos 2 are one-valued analytic functions in the whole plane, 

so are their squares and therefore f(z) is analytic. For the real 

axis f(z)=1. Hence f(z)=1 for all values of 2 by 118, 4. This 

reasoning is so simple that with a little experience the reader may 

do it in an instant. The same is true in the following examples. 
2. Let us show by this method that 


d.tanz 
dz 


holds for all values of z for which tan z, sec z are defined, that is, 
for the region % formed of the whole z-plane after deleting the 
points 


= sec? z (2 


2=+ (2n+ DS 
Since F(@)=tanz 
is analytic in Y, its first derivative, call it g(z), is analytic by 
107,1. Thus 
h(z) = g(2) — sec®z 


is an analytic function in %. For real z in A, h=0. Thus 
h(z) = 0 everywhere in %. Thus 2) holds in Y. 
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3. In the calculus it is shown that 


[six xrdz = — 4 cos x(sin? x + 2). (3 


From this we can show at once that 


[six edz = — 4 cosz(sin?z + 2) (4 


for every z. For let us set 
Ff (@)= sin® z, 
F (@)=— } cos 2(sin? z+ 2). 


Then the relation 4) means that 
F'(z)=f (2). (5 
Let us Rep G(z)= fF’ (z2)— f(z). 


As F(z) is analytic, its derivative #” is also. Hence G is ana- 
lytic. As G=0 for real values of z by 3), it is 0 for allz. Thus 
5) holds for all z, and hence 4). 

Of course the relation 5) is easy in this case to verify by direct 
differentiation. But for a more ‘complicated formula this labor 
of differentiation might be considerable. The method of analytic 
continuation enables us to avoid this operation. 


4, In 61: we saw how relations in circular trigonometry go over 
into relations in hyperbolic trigonometry by using 


siniz=izsinhz , cosiz=coshz , ete. (6 
Let us show that relations between circular functions in the 


calculus give us corresponding relations between hyperbolic 


functions. 


For example, from 
7p hot = tan BineO a (T 
x 


we infer by the method of analytic continuation that 


d 
= $66 2 = tal 2 See 2. 
dz 
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Setting now z = zz, this gives 


i begs Prien : ; 
= — sec 7@ = tan 2 sec 22, 
1 dz 
or, using the relations 6), 
1d A 
—— sech x =7 tanh z sech 2, 
tdz 
r d 
. ce sech x = — tanh zw sech a, (8 
xv 


which is the formula in hyperbolic trigonometry corresponding 
to 7). 


5. To illustrate integration let us start with 3). We have seen 
that the method of analytic continuation shows that we may 
replace z in 8) by zz. It becomes then 


? 
if sin? ivda = — 4 cos ix (sin* ta + 2). 


Using the relations 6) this gives 
fiom adz = 4 cosh x (sinh? x— 2), @ 
which is the formula corresponding to 3). 


6. Let us show by the method of analytic continuation tha‘ the 
addition theorem 
sin (w+ v) =sin wu Cos v + Cos u& Sin Y (10 
holds for any complex u, v. This we established in 58, 1 by 
infinite series. We may now doit without putting pen to paper 
by the following simple reasoning. 
Let us give to v a real value as v= a; we consider 
F(u) = sin (u + a) — sin u cos @ — cos uw sin a. dl 
This is an analytic function of w which=0 for real u. Hence 
J=0 for alla: 
Let us now give tow an arbitrary but fixed, real, or complex 
value, and consider 
g(v) = sin (w+ v)— sin u cos v — cos wsin v. (12 
As g = 0 for any real v, it = 0 for all v and hence 10) holds for 
any uw and v. 
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115. Undetermined Coefficients. 1. A very useful method to 
develop a function in a power series is that of undetermined 
coefficients. Before explaining it let us develop a theorem on 
which it rests. 

ht PH=a,+ a2 + a+ +. qd 
vanishes for a set of points 

te set of p Gea” (2 


which are all different and #0 and which = 0, then all the coefficients 
m1) are 0; that is, P=0 for every z, or as we say, it vanishes 
identically. 

For P being a continuous function, 


lim (oe) 0), 4 since 0, == Ot 


n=n 


But each PCO) = 05 
hence POy= 0. ‘) 
Setting z= 0 in 1), we see that 3) requires 
Av= 0: 
Thus P = 2(a, + a2 + a,27+ ---)=2P,. 
on pik a (4 


for the same set of points 2) and as #0 for these points the rela- 
tion 4) requires that P,=0 for the points 2). Thus we can 
reason on P, just as we did on P. This shows that 


a,=0. 
Continuing in this manner we show that each 


petal 5 n=, A 2, sos 


2. A special case of 1 is this: 

If the serves PHataztaget- 
vanish for the points of any curve ending at the origin, it vanishes 
identically. 


8. If P= ay) + aye t+ a2? 4+ +, and Q= by + by2 + b,27 + +++ are 
equal for a set of different points cy, Cy, C3 ++ which =, then the 
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coefficients of like powers in P and Q are equal ; that is, P and Q 
are the same series. 


Hor i= E — Q = (a) — 49) + (a, — 04 )2 + Cag — bg)? +++ 
vanishes at the points ¢,. Hence by 1 all the coefficients are 0. 
Thus a he 5. Oe 

4. From 3 we have the important theorem : 

DTZ) admits a development 

SZ) = % + (2 — 4) + ,(2 — a)? + 


the series on the right must be Taylor’s series, that is 


a, = + fo). 
n! 
In other words, Taylor’s development is unique. 


5. The labor of calculating the coefficients of a development 
may be materially lessened when the following theorem applies: 


Let F (2) = ay + 2 + az? + + (5 


be the development of f about the origin. If f is an odd function, the 
coefficients of all the even powers are 0; of f 18 an even function, all 
the odd power coefficients are 0. 
For suppose that f(z) is odd. Then 
S(-2) =-f) by definition. 
FC 2) = ay — a2 + age — az? + + 
O=f(@) + fC— 2) = 2(ay + age? + ayzt + ++). 


As this series=0 for all values of 2 near the origin, all its co- 
efficients are 0, or 


But 


Hence 


0=a=a,=a4,= tee 


6. The method of undetermined coefficients will be best under- 
stood if we illustrate it by two or three examples. This we now do. 


116. Hxample 1. Let us develop tan z in a power series about 
the origin. Such a development we saw is possible and the de- 


ANALYTIC FUNCTIONS 231 


velopment is valid for |z| < 2. Moreover, tan z being an odd 


function, its development will contain only odd powers. We set 


therefore 
tan 2 = a,2 + age + a,25+ «.- qd 


where the coefficients a,, a, --- are to be determined. To do this 
we use the fact that 


zg 2b 
f ear Bl eee 
sin z ! ! 
ne Se eae 2 
cos2 4 _ 2 Zz 


PAU MAW dit 
Let us equate 1), 2) and clear of fractions. We get 


2a ace 2 
(-5+5- ss) (aye + age? + ge) mea a oat eee (@) 

If we multiply out the two series on the left by 33, 2 we get 
the series 


yz +(% — 1-8 +(4% aes ae 


Gerda a 
+ (a —Sh4 Bet + aoe 


Comparing the coefficients of this series with the series on the 
right side of 3) gives 


a,=1 
a 1 age! 
a h=— 3 <j 
a, a 1 ee 
So Ol dt V5! piel 
a a a _-i1 eile, 
aq — or tai el 7! 7 815 
Thus ee an ie Le ane (4 


3 15 315 
valid for |z| < — 
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Example 2. Let us develop 


cosec 2 = 


Sin 2 


about the origin. At first sight it would seem that our method 
would not apply. For the very first thing to do is to assure our- 
selves that the development is possible. The conditions of Tay- 
lor’s theorem, 109, are not fulfilled here, since cosee z is not even 
defined at z= 0, and for the theorem to hold it should be analytic 
in some circle about this point. However, a slight considera- 
tion enables us to proceed. We have 


sa riseelen Chie acon ane eee Q 
ane 78, ) 
Now since P converges for all values of 2, so does 


es 5 
Settee etre ( 
As P=sing=0, forz=+7, 
2Q=0 , fore=t7. 

Hence Q@=0 for z=+4a. On the other hand, Q@#0, within the 
circle © about the origin of radius 7. For Q+#0 for z= 0 as 5) 
shows. If now Q=0 for some z+#0 within ©, P=zQ would =0 
also. But P=sinz does not vanish at this point. Thus by 


104, 4, is gn analytic function within ©. It may therefore be 


developed in a power series by Taylor’s theorem, about z= 0. 
Moreover @ being an even function, this development will contain 
only even powers of z. We may therefore set 


= Uy + ag2” + ayzt + 


or clearing of fractions, 


wih A 
A = — 31t aes ~\(ay + Aye" + aget + +), 


ANALYTIC FUNCTIONS 2338 


The multiplication of the two series on the right by 33, 2 gives 


1=a)+ (4 ie sole +(44 — B+ st 


Seer 
Lea era 
tlm Ht pat 


Here the left side is to be regarded as a series ¢y + ¢,2 + e922 + + 
all of whose coefficients =0 except the first. Thus equating 
coefficients of like powers on both sides of 6) gives 


= 
a 1 
ai oe aes 
49 4% Boe 
ee ses ie <1 t 860 
a a. a 31 
: Py ea cilee gta Seeeaay 
Thus 
1 See ie Spite a 31 Bt wee (7 


Sem 6 260 a Bar 
valid for 0 < |z| <7. 


Example 8. Division by Power Series. In the two foregoing 
examples we have divided by a power series. As this operation is 
not infrequent, let us state the following theorem: 


Let PHA taetaezte- , a #0 


converge within a circle R about the origin and be #0 within 8. 
Then the reciprocal of P can be developed in a power series 


5 Cy + C42 + Cy27 + + 


valid within & and the first coefficient 


i : 
Oe a (38 
0 
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For P being #0 within & is analytic within & and can be 
developed in a power series valid within &. The coefficients ag, 
a,--- are found by the method of undetermined coefficients, and 
this shows that ¢, has the value given in 7). 

Suppose the first coefficient a,=0. In general let us suppose 


P= One™ F Ome An #9. (9 


We write P= 2"(Ap + Omnije + oe) = 2Q. 


Suppose now that P does not = 0 within & except at the origin. 
Then Q+#0 within &. Therefore by what we have just seen 
i al 3 thin & 
Cee eid ee pic ae Oc 2 within §t. 
Hence 1 1 . s 
= — $+ —L 4+ re + SDH oy + Omyy2 +++ C10 
Re Gea eT 2 
for any 2# 0 within &. 
This gives the theorem: 


Let the series P in 8) converge within the circle 8 about the origin. 
If P does not vanish within ® except at z= 0, the reciprocal of P 
can be developed in a series of the form given in 10). 


117. Laurent’s Development. 1. When f(z) is one-valued and 
analytic within some circle c about z= a, Taylor’s theorem asserts 
that f can be developed in a power series about this point. 


_ S@)H=%+ 44 — a) + a,(2— a)? + + a 


We call the point aa regular or ordinary point and we say f(z) is 
regular ata. If f(z) cannot be developed in a series of the form 
1) about the point z =a, we call it a singular point. 

Let us consider for example 


wee + log z. (2 
Here z=0, z=1, z=—1 are singular points. For suppose 2) 


could be developed in a power series P(z) about one of these 
points. Now P being a power series is defined at every point 
within its circle of convergence §, is one-valued, and has a contin- 
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uous derivative. But the function 2) is two-valued about the 
point 2 =— 1, and is not defined at the points z= 0 and z=1. 
Thus 2) certainly cannot be developed in a power series about 
these points; they are therefore singular points. 

When Taylor’s development is not applicable at a point z =a, we 
may often use another development due to Laurent, as we now show. 


2. Let f(z) be one-valued and analytic in the ring R determined 
by the circles EH, F, whose centersarez=a. Then f can be developed 
im an ascending and descending integral power series 


f@=44+ a,(@ — a) + a,(z2 — a)? + «- 


be 
be 1 
eas ay ( 


valid within R. 

For let z be any point within # as in the 
figure. Then by Cauchy’s integral theo- 
rem, 106 

; ; il (u)du 
I@=s5 [Lee. 


2QriJo Uu—zZ 


But by 105, 4, aha . 
JL C F 


Hence Be ie 1 fee 1 [E28 (2 


2rtide u—@ nt Uu—zZ 


in a power series as in 109, 3). We have 


We now develop 


u—2 

for uon F eh i 
Z— 0 

uon # Bees 
u—a 


Thus by 39, 10) we have for any u on # 
see 
dk See 51 Hema ao 


Use U—a U— a U—aA 


while for any u on # 
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If we multiply these relations by f(w), the series so obtained are 
steadily convergent with reference to their respective circles H, Ff. 
Thus we may integrate termwise and get 


*F(u)du _ = fi Wi) fmdu 


JEuU—z2 p(uU—a) 


aa a)? fmjdu en 


p (u— ay? 
_ (f@au_ 4 if | af, By ee 
J, U-z@ %2e-a OO ea AS See a 
Putting these values in 2), we get 1) where 
pe 1 a f(ujdu 3 
2 at Jp (u—a)rth 
b —a)r} 4 
nile eal a)" f(u)du. ( 


3. By 105, 4 we note that the circles #, F in 3), 4) may be re- 
placed by any circle & in the ring R. 

For the integrand of 3) is analytic in the ring H— §, and that 
of 4) is analytic in & — F. 

4. Let us now prove the important theorem : 


If f (2) ean be developed in a two-way power series 


f@=Da(e—a)%, (5 


—eo 


this series must be the series of Laurent. 


For the function defined by the series 5) satisfies the conditions 
of Laurent’s theorem in 2. Thus f admits the development 


f@= Ya — a)" (6 


where the coefficients J, are the coefficients of Laurent given in 
3), 4). Subtracting 5) and 6) we get 


0=>3.@—a) , b,=4,—1, sn as 
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Let us multiply 7) by (2 — a)-°*» and integrate around a circle 
© lying within the ring of convergence of 7). Then by 101, 11) 
0 = 2 wid,,. Se Uy eh Seas ns So tee 
Thus 
(PO 
and the coefficients in 5) are the coefficients of Laurent. 


118. Zeros and Poles. 1. Let f(z) be a one-valued and analytic 
function within a circle R about z= a. ‘Then Taylor’s develop- 
ment is valid within & and we have 


f@Q=% + 4, (2 — a) + a,(2 — a)? + ¢@! 
For z =a, this gives f(@)=a). If a= 0, f vanishes at z= a. 
We say z= a is a root or a zero of f(z). Suppose 

Uy =O = = On = 9 » An XY. 
Then 1) becomes 
PO) = = 4) "(On + ing (@ — 4) $ Angg (2 — a)? $ +) 
=(2—a)"g(z). 

Here g(z) is analytic within & and does not vanish atzg=a. We 
say 2 = a@ is a root or zero of order m. 


Since g does not vanish at a it cannot = 0 in some circle about 
this point. We have thus the theorem : 


Let f(z) be one valued and analytic about the point z= a, and 
vanish at this point, but not identically. Then there exists a positive 


integer m such that 

i f@)=(@ — a)"9(@) (2 
where g(2) ts analytic about z= a and does not vanish in some do- 
main about a. 


2. Suppose now that f(z) is one-valued and analytic within a 
circle R about z =a except at the center itself. Such functions 
are | 

gels? 


In the first a = + 1, in the second a =(2n + b=. If we describe 


tan 2. 


a little circle € of radius r about a, we get a ring ® — € and for 
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all points within this ring Laurent’s development will hold. Thus 


f(@)= a +42 — a) + a,(2— a)? ++ 


b b 
ern ee C 
= P+ Q. 
We call o= by b 


Be atlas (4 


ge (ay 
the characteristic of f(z) at z= a and write 


Oise Char f(z). 


The coefficient 6, is of great importance in some investigations. 
It is called the res:due of f(z) at z=a and we write 


6, = Resf(z). 


Since r may be taken just as small as we choose, the develop- 
ment 3) holds for all points within ® except its center. 

Looking at the characteristic 4) all its coefficients may be zero 
after the mth. In this case, which is very important, we have 


(ay ee are Din 


ea Gay 
On On 2 = Oe ove + b,(2— a)" (5 
Ga) 
Sey ACa 
(2—a)”™ 


where p is a polynomial of degree <<m—1. Thus Q isa rational 
Junction of 2. 


From 3), we have 


f Ca) in Pir ste Ge) hg (2 ec 
_ _9(@) Sea 
Cae ID#9, (6 


a)™ 
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where g(z) is an analytic function in @ which does not vanish at 


2=d.- Since _ 
lim (@—a)"=0 , limg@)=5,,+0, 


the expression 6) shows that 
lim |f@)|=+, Gr 


that is, as z approaches a, f recedes indefinitely from the origin. 
This we will indicate by the symbolic equation 


lim f@) =, (8 


so that 8) is only another way of writing 7). 
On the other hand, the reciprocal of f is 


1g Css a)" (9 
f®™  g® 
As g does not vanish at a, its reciprocal is an analytic function, 
call it A(z), about this point, and / does not vanish at a, as shown 
lw Itx..3, 116) a we may write 9) 


=(z—a)"h(z) , h(a)#0. (10 


i. ® 
This shows that the reciprocal of f has a zero of order m at 
z2=a. The function f(z) and its reciprocal behave thus in oppo- 
site manners like the poles of a magnet. As z=a, f=o while 
its reciprocal = 0. For this reason we say, that when the charac- 
teristic of a function has the form 5), that z=a is a pole of f(z), 
and in fact a pole of order m. We thus have this result : 


If f(2) has a pole of order m atz =a, it has the form 
f@= eg: Coe ae 
@)= Gay 
where g is analytic about z=a and does not vanish at this point. 
The reciprocal of f(2) has a zero of order m. Conversely, of f 
has the form 11), z= a 18 a pole of order m. 


3. Let f(z) be one-valued about z=a and analytic except at 
z=a. If the reciprocal of f has a zero of order m at a, this point 
is a pole of order m for f (2). 
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For by hypothesis, 4 
f@ 


and g(z) does not vanish about z=a. Hence, 


=(z2—a)"9(2), 


=b, + b,(2— 4) + b,(2 — a)? + 


a) 
and thus 
fo) Oy +02 = @) +: 
{[@= (2-4) 
Stat Pa tatiana) 4 


Thus the characteristic of f has the form 5). 

+. If z=a is a pole of order m of f(z), tt 18 a pole of order 
m+1 of f'(z). 

For about z = a we mh 


f= eee Beis +L +92); 


here g is analytic about z =a, and b,,+ 0. 


Hence mb, b 
fOn- Gags Goa 


As b,, # 0, 2=a is a pole of order m + 1 for f!(z). 


+ g' (2). 


le 1. an 
Example f@ ae 


About any point 2=a for which the denominator does not = 0, 
f(@) is analytic. 
For zg =1 we have 
ie ree | GZ) 
2 il ee eee 


Now g is analytic about z=1. Hence z=1 isa pole of the first 

order. 
Similarly (oe 1 
ey a ie + I 


and this shows that z= — 1 is a pole of order 1 also. 
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Example 2. Gy neS sin Z 
COs 2 
This is analytic except at the points 
(n+): 


Let us call one of these a. We have forz=a+u 
cos 2 = cos a@cosu — sinasinu 


=(—1)"*1sin u 


=(-Dt{u- 2 + | 


3! 
= 7% nt+1 = (2—a)? 
wt ies a) {1-Geer yt. 
Thus bey Bid (aly 
cos z2—a (2—ay? 
Pew oS 
g(@) 
Za 
where g is analytic about z=a and #0. 
a tan ¢ = Sin 2-9(2) _ AE). 
Z—a z—a 


But sin z does not vanish at a. Hence A(z) is analytic about 
z=a and does not vanish at this point. 


Hence pe 
2=(2n+4+1) 5) 


is a pole of order 1, for tan z. 


5. Let us note that no point zg=a which is a pole can belong 
to the domain of definition of an analytic function. For by defi- 
nition f(a) must exist, and this requires that f(z) is continuous 
at a, by 84,3. Thus by 83, 6 


| f (2) |< some G (12 


in D;(a), 6 sufficiently small. On the other hand, if a is a pole of 
F@), lim | f(@)|=+ ©, 


as we saw in2. This contradicts 12). 
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6. If z=aisa zero or pole of order m of f(2), it is of order 


mn for the function Fait |) waninteger = 0) 


For about z= a we have 
f@O=E-4)"o@), 


where m>0 for a zero and <0 fora pole, and where $(a) + 0. 
Thus $*(z) = W(z) is an analytic function which does not vanish 


tz=a. Hence 
: g = (2 —a)p(2), 
which proves the theorem. 


7. If f(z) is aone-valued analytic function in the connected region 
Y, the poles of its derivative are also poles of f(z) and the residues 
of f'(z) are all 0 in UL. 


For at a pole 


fi@= eae geet oe: C8 
where g is regular at a. If now we integrate, we get 
1 m 
OF ae . Goayeit "+H log @—a) + he), (14 
where Fe fo (2) de 


is regular at a. As f (2) is one-valued in %& the logarithmic term 
cannot appear so that a, = Res f'(z) =0. 
2=a 


8. As dn example let us find the singular points and the resi- 
dues of the function 


h(e 2 ‘i Gy 
@=9 Ot, (15 

which we shall employ later. Here g (z) is regular in the connex 
€ and has no zero in common with f(z), which latter has certain 
poles z= a, 6, --- in © but is otherwise regular. 

Let z2 =e be a regular point of f and not one cf its zeros. Ob- 
viously ¢ is a regular point of h. 

Let 2 =c be a zero or a pole of order m of f(z). Then 


f= (2 = c)™p(z), 
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where m is a positive integer if ¢ is a zero, and negative if ¢ is a 
pole. (2) is regular at cand #¢. Then 


fi =m@—e)™ ih + (@— 0)"¢!. 


Hence f'@) Z m 1 o 
f@ e-e $@ 
=F E®: 


where yf is regular at ce. 
On the other hand, by Taylor’s theorem 


SN Gre Cae ere 10)" ee 
See he) = "02 + (a), (16 
where £ is regular at z= ce. | 
From 16) we see that zg =¢ is a pole of order 1 and that 


Res h(z) = mg(c). (17 
At a zero m is a positive integer, at a pole it is negative. 


9. Before leaving this topic let us show that the relation 89, 1 


or dw_dw_ dz 


dt dz dt 
holds even when a = 0, provided z is an analytic function of t. 


As we observed in 89, 5 we have only to show that Az # 0 as 
h=At=0. But z=¢() being an analytic function of ¢, 


Az = b(t + h)— $(0) 
considered as a function of A is regular at the point h=0. It 
therefore does not vanish for 


0<|h| <some 6 
by 1. 
10. Let w= a) + a2 + agg 2+, ay# 0. Then w=logu con- 
sidered as a function of z is regular at 2 =0 and 
dw_ 1 du_a+2ae+ ---, (18 
dz u de ad+az+-- 
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For we may take & so small that w remains in D,(a)) if 2 re- 
mains in D;(0). If now 7 < | a |, the origin w = 0 will not lie in 


D,. Thus w considered as a function of z is one-valued in Ds; and 
thus by 9, dw _ dw du 
dz du dz 


which gives 18). 
Since w is regular at z= 0, we have, by Taylor’s theorem, 


w= w(0)+ 2w'(0) +-- 


Here w(0)=loga, , w'(0)= Oya: 
XQ 
Hence w =log a,+ z+... (19 
ay 
eles Let U = Ay) + a2 + ag27 + -- a) # 0. 
Then eae 
is regular at z= 0, and ‘i 
ww a od ae cO gina, (20 
dy fe 
For * 1ogu 
UW nee. 


As log wis regular atz=0 by 10, so is w. Hence by Taylor’s 
theorem Peas Se ee 


3 IH 


= 1_ 
(0) de" WS ; w! (0) = hay" "a 


n 1 


etc., which gives 20). 


119. Essentially Singular Points. 1. Let z=a be a singular 
point of f(z). If f is one-valued about this point which is not 
a pole, we say 2 =a is an essentially singular point. . 

It is easy to construct functions having such singular points. 
For example, let the infinite series, 


Ay + 42 + age* + «+ a 
converge for all values of 2. Such series we considered in 89, 4. 
From 1), we can form the series 


f@ySaee ee (2 
2 @ 
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which converges obviously for allz#0. Thus, the function f(z) 
defined by 2) is an analytic function of z for all z+ 0, by 104, 5. 

If we develop f about the point z=0 in Laurent’s series, we 
get the series 2) again by 117,4. Thus, by 118, 2, 


Char f(e)=%1 4% 4». 
thar f(2)= 14 4 (3 


As the a, are not all 0 after some m, the point z= 0 is not a pole. 
It is, therefore, an essentially singular point. 

From this function f (2) we can form an infinity of other func- 
tions having z = 0 as an essentially singular point. For let g(z) 
be regular aboutz=0. Then 


o@)=f{@Q+I@® 
has zg = 0 as an essentially singular point. 
2. That z=a is an essentially singular point may often be 


seen by the aid of the following theorems. We exclude, of 
course, the trivial case that the functions considered are constants. 


If f(2) is regular atz=a, f(z) cannot have the same value c at 
a set of distinct points a, A, d,-++ which = a. 
For then 
ee I@)=fe—e 
is regular at g=aand vanishes at each a,. 
As g is continuous at a, 


lim g(a,)= g(a). 


As each g(a,) = 0, we see g(z) = 0 at a. 
But then, by 118, 1, HO CO 


where hf does not vanish in some domain about z=a. As 
g(a,) =, it follows that h(a,)=0. Thus, A(z) vanishes in any 
circle about z= a, however small. 

8. If f(z) is regular at each point of a circle 8 about z= a, the 


center a excepted, and if f has the value c at a set of distinct points, 
Ay My) +++ which +a, then z= a ts an essentially singular pownt. 


For we saw in 2 that ais not a regular point. If it is not an 
essentially singular point, it must be a pole. Then its reciprocal 
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g(2) is regular at =a, and takes on the value : at the points 


a, This contradicts 2. Thus, z=a is not a pole of f(z). 


n* 


Example. 


ore 
w= sin —- 
Z 


This function is regular at each point exceptz=0. Noww=0 
for 
g2=— , n=1,2,3--. 
ni" 
and these values =9. Thus by 3, the origin is an essentially 
singular poirit. 


4. Lei f(z) be regular about z=a except at a and ata set of 
points ay, a,+-- which =a. If each a, is a pole, the point z=a its an 
essentially singular point. 


The point z=a cannot be regular, for f(z) is infinite in any 
domain D(@). It cannot be a pole, for the reciprocal of f (2) 
would be regular at g=a and vanish at the points a,, which is 
impossible by 2. 


Example. 1 
f@=—G 
sin = 
2 
Let us set g(z) =sin eL ; 
Then if we set peal 
six 
bose 
dg a dg du _ Z 
dz du dz ie 


: if ; 
about the point a ea Thus g'(z} is continuous about z=a 


and hence g(z) is regular at a. Hence by Taylor’s theorem 


I@I=9(4) + (@—a)g'(a)+ Gay g(a) Bie, 
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Here g(a) =0 , g/(@)= 6 ran 1) "+1272, 
Thus g(2)=(2 = @) {(— 1)" lin2ar? + 600 t: 
Hence 
—1)"+1 i 
iO gn tae GO 


where we do not care to know the values of the coefficients e. 
This shows that the points vars poles of order 1. Hence 
mar 
z= 0 is an essentially singular point. 
120. Point at Infinity. 1. In seeking to characterize an analytic 
function of z, it has been found extremely important to study its 


behavior for large values of z. 
Let us change the variable by setting 


g=--. qa 


U 


Then a function as 


Oe (2 


ge 
goes over into a function of u, 
g(u=ut vv (@) 


To learn how f behaves for large values of z, we need only to see 
how g behaves about the point w=0. We see it has a zero of 
order 1. 
Let us look at the geometrical side of the transformation -1). 
If we set 2=re*?, we have 
1 | -i 
UuU=-e ”-. 
r 
This shows that as 2 describes a unit circie U in the positive sense, 
u describes the unit circle U in the u-plane in the negative sense. 


To a point a= pe® within U corresponds the point «= 1 ,- with- 


out WU. As zg=0 along a radius as Oa, w= oo along the corre- 
sponding radius Oa. ‘To each point in the z-plane except z=0 
corresponds a single point in the u-plane, and conversely to each 
point except w=0 in the w-plane corresponds one point in the 
z-plane. 
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To complete the correspondence, mathematicians adjoin to the 
plane an édeal point called the point at infinity and denoted by 


the symbol o. They aw plane 
say that to g=0 shall N 


\ 2 plane 
correspond w=o0, and \ el NY 
to u=0 shall corre- IN SS 
spond z2=o. N ce ; 

Instead then of ask- \N yy 
ing how a function f(z) \S \ 
behaves for large values \\ ~ 
of z, they ask how it behaves about the ideal point z=. By 
such a question one means nothing more than this: 

Change the variable from z to was in 1). Then if f consid- 
ered as a function of uw is regular at w=0, we say f is regular at 
z=. If f considered as a function of u has a pole of order m or 
an essentially singular point or a branch point at u=0, we say f 
has this same property at z=. 


2. We must caution the reader to note that we do not introduce 
the symbol © as a number; we do not define any arithmetical 
operations on this symbol. 

Also when we say f(z) has a certain property for every z we al- 
ways mean for finite z unless the contrary is stated. 


3. Let us note that the theorems in 119 may at once be ex- 
tended to the point z= 0. 


For all we have to do is to replace z by i and reason on the be- 
U 


havior of f considered as a function of u, about w=0. We may 
thus state : 


If f (2) ts one-valued about 2 = 0 and analytic for large values of 
z except at a set of points a,, a, --- which =~ ; or if f is analytic 
also at the points a, and has the same value at these points, then 
z= © 28 an essentially singular point of f(z). 


4. It is sometimes convenient to speak of the domain of the 
point z=. By this we mean all the points in the z-plane with- 
out some circle € about the pointz=0. We may denote it by 


D2). 
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If we apply the substitution 1), this domain goes over into the 
points within some circle about the point w= 0 in the u-plane. 


121. Integral Rational Functions. 1. Let us show how the ra- 
tional and integral rational functions can be characterized from 
the standpoint of the function theory. We begin by proving a 
theorem of great value. 


Let f (2) be regular for every finite z. If 
| f (2) |< some G, qa 
however large z is taken, f is a constant. 


For let us develop f(z) about the origin, we have 


2 
F@Q=fO +S OFS f'O) + (2 
Now by Cauchy’s inequalities, 107, 2, 
ae) Oe Lae 
ne eke 


This relation holds however large # is taken. As the right side 
=0as R= we see that each coefficient in 2) is 0. Thus 


f@=f (QO) , a constant. 


2. If f (2) is regular for every z including 2 = 0, it 18 a constant. 
For let us describe a circle € about z=0. Then, f being continu- 
ous in ©, we have 


| f (2) |< some G, in ©. 


Let us now set u = 1, this converts € into some circle ® about 


Z 
u=0. But by hypothesis f considered as a function of w is reg- 
ular at w=0. Thus f is a continuous function of w in §&, and 


ee |f | < some G, in ®. 


Thus if Gis > both G,, G, 
If@l<¢@ 


for every finite z. Hence f(z) is a constant by 1. 
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3. Let f(z) be regular for every z. If it has a pole of order m 


at 2= ©, f (2) =H A + ye + age*@ + + + Oy2™ 5 Om #9, G 


and conversely. 


1 
To see how f behaves for 2 = 20 we set 2= * and get 


Am + Ame + os + agu™ 
f= = 
Thus f has a pole of order m. 

To prove the other part of the theorem: Since f has a pole of 
order m, f considered as a function of uw has a pole of order m at 


u=0. Hence by 118, 
Ma ef at Pa Pl 


where g is regular at u= 0. 

We show g is a constant. For f has no singular points except 
at uw=0. Hence g has no singular point w#0. But by hypo- 
thesis w= 0 is not a singular point. Hence g(w), having no sin- 
gular point, is a constant ¢ by 2. Thus 4) becomes 

Ee neg gee: 
fy te 
or going back to z, f has the form 3). 


4. We now establish the fundamental theorem of algebra: 


Every polynomial of degree m has m roots 01, Oy +++ Om, some of 
which may *be equal. 


In other words: 


If fH Ay H+ aye + aye? + ovr Haz 5 An #9, (5 ; 
there exists m numbers 0, +++ dm such that 
f = %n(@ — 01) +2+-(2 — Om). (6 
For since lim f(z) = 00 


there exists a circle C about z= 0 such that 


lf@|>@ 


for every 2 outside C. 
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Hence f#0 outside C. Thus if f has any roots at all, they lie 
in C, that is on or within it. Suppose f were #0 inC@. Then 
lf (2)| >some » >0 in C, 


since f is continuous in C, by 83, 7. 


Let g(2) = 2 

Then lg <4 for 2 outside G, 
<: for z in 0. 

Thus ig|<some & 


for every z. Hence g is a constant by 1, which is absurd. Thus 
f= 9 for some z in C, say forz=f,. Then by 118, 1, 


f@O=@-BY)"F,@- 
By 3, f; must be a polynomial. The method of undetermined 


coefficients, 115, shows that it is of degree m — m. 
We may now reason on f,(z) as we did on f(z). We thus get 


f= %n(@— BY)™( — By)™ +: (@— B,)™ (7 
where M = M+ Me + ++ My 


The factor a, on the right of 7) is due to the fact that the 
-coefficients of like powers on both sides of 7) must be equal. 


122. Rational Functions. 1. These have the form 


— Me + ee + Oe" i 0 1 
Fe) by + be re - + 6,2" 5 Ans ne (( 
a a 2 Oy J (2 Op) (2 


* b,(2 az §,)™ oe (Z ce Bs) 
We will suppose that numerator and denominator do not have a 


zero in common. 
Each zero of the denominator is a pole of f. For example, 


ic 1 | (2 = Oy) + 
(2—8,)™ 6,(2@— By)” 


T Cra cs 
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where g is regular at 8, and does not vanish. Thus z=, is a 
pole of f(z) of order nj. 
Similarly at a zero of the numerator as a, we have 
f=@—4)™h(z), 
where h#0 ata, Thus z2=a, is a zero of order mj. 
At any point z=e not a zero of the denominator, f is regular. 


2. Let us now see how f behavesatz=oo. Settingz= = we have 
U 


i= au” + --- +a, 
bu" + + +6, 


MY) i) aad XQ (4 


As 6,#0, his regular at u=0 by 1. From 4) we have: 

The rational function 1) is regular atz=nifn>m. It hasa 
zero of ordern—mifn>m. Ithasa pole of order m—nifm>n. 

If we count the zeros or poles at g=oo with their proper order, 
we have : 

The rational function 1) has p zeros and p poles, where p is the 
degree of 1), that is, p is the greater of the two integers m, n. 

3. Let us now establish the converse theorem : 

Tf a one-valued analytic function has only a finite number of poles, 


taking into account z=, it is a rational function of z. 


For let z=a, 6, --- be these poles. About z=a we have 
ret es Alaa ep See OR ae = 
f@ Ga" a pega CN ky(2)+ fi), 
where f, is regular at z=a. 


As f has a pole at z=6 and as k,(z) is regular at this point, f; 
must have a pole at 6. Thus 


A.@= aaaet ad +L + f@) =k) + f@)- 


Here f, is ae at 2=a, and at z=6. Thus we may continue 
for all the poles of f in the finite part of the plane, getting, say, 


f@)=hy(2) + ky(2) + +h@O+f2)s (5 
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where the last term has no pole at z=a, 6, --- that is, has no pole 
in the finite part of the plane. 

We now consider the point z=oo. Let us first suppose this is 
not a pole of the original function f(z). Then 5) shows it is not 
a pole of f,(z). Thus f,, having no pole even at infinity, is a con- 
stant by 121, 2. 

Suppose now-z =o is a pole of f(z), then 5) shows it is a pole of 
f.. Thus f, is an analytic function whose only pole is z = 00; hence 
by 121, 3 it is a polynomial: 


fs=Pot Pie + > + pie’. (6 


4. The foregoing section shows that we can write the fraction 

1) or 2) as follows : 
oe Ja Pot Piet pe 
at ie + ... Bim 


Cs B, bi (2—8,)™ 


eee Che 4 Seng 


(7 


2— Boy @— 8), 

b b 
5 ee ye eed, 
z2—B£, (2 —8,)" 


wherel=m—n. When f is written as in 8), we say it is decom- 
posed into partial fractions. Knowing that f can be written as in 
8), the coefficients which enter in this expression can be deter- 
mined by the method of undetermined coefficients. 


123. Transcendental Functions. 1. The foregoing articles show 
us how the rational and integral rational functions are completely 
characterized by the nature of their singular points. 

All one-valued analytic functions which are not rational func- 
tions are called transcendental. Every transcendental function 
must have one essentially singular point by definition. The sim- 
plest transcendental functions are those which have only one singu- 
lar point, and that an essentially singular point at oo. Such one- 
valued functions are called integral transcendental functions. 


2. It is easy to show that 
ee .escing , 0S? ). “siib2 , coshz 
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are integral transcendental functions. For being defined by power 
series which converge for every 2, they have no singular points in 
the finite part of the plane. 

On the other hand, if sinz=c for z=a, it =e for 


at+2nr , at4a7 , a+67 


But these values =o. Thus z= o is an essentially singular point 
by 120, 3. 


3. The same reasoning shows that any one-valued periodic 
analytic function which has no poles in the finite part of the plane 
must be an integral transcendental function. 

For if such a function has the period o, it takes on the same 
TUNG GE + “o-oo , 42a 1. =. which = oo. 

4. A one-valued transcendental function which has only poles 
in the finite part of the plane is called a rational transcendental 
function. 


Such functions are 1 
amen 


sin z 


5. As an example of rational transcendental functions let us 
consider the following, which occur in the elliptic functions. 

Let @,, @, be any two numbers which are not collinear with the 
origin z=. With these we form the series 


il 
; Dre — M,@, — M0)” G 


where m,, m, = 0, +1, + 2--. and p isa fixed integer > 2. We 
show now that the function defined by 1) is a one-valued analytic 
function for every z except at the points 


O = Om m, = MO, + My, @ 
which are poles of order p. 
To show that # is regular at a point z = a not included in 2) we 


describe a circle & about the origin exterior to a. We now break 
the series 1) into two parts 


F=f, + F, (3 
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where F, contains all the terms of 1) corresponding to values of 
@mm, Which le exterior to &, and /; contains the other terms. 

In 99,5 we saw that F, converges steadily in ®. Hence by 
108, 1, F, is an analytic function of z in &. On the other hand, 
Ff, consists of a finite number of terms of the type 


L 
@= 0 _ 


But each such term is regular except atz=o. Hence F, is regular 
except at points included in 2). Thus 3) shows that Fis regular 
atz=a. 

To show that F has a pole of order p at the point z=6 
= ro, + sw,, we take & so large that the point 6 lies within it. 
Then as before F, is regular at z = 6, while 


1 
Now @ is the sum of a finite number of terms of the type 4), each 
of which is regular at 6. Thus F; has a pole of order p at z = 8, 
and hence # has also by 3). Thus the points 2) are poles; as 
these points = oo the point g= oo is an essentially singular point 
by 120, 3. 


6. Let us show that , is a period of the function defined by 1). 
The same reasoning will then show that @, is also a period and 
hence the numbers 2) are also periods. We have from 1) 


1 
F(@+o,)= LG te o, — Mo, — Moo)” 


5 
‘ C 


- LG —(m, — 1), — MoWy)” 


As m,m, run over all integral values 0, + 1, + 2,--- we see that 
m, — 1, mg run over the same values. Thus the terms in 5) are 
identical with those in 1). As the series 1) is convergent, its 
sum is independent of the order of its terms and hence 5) has the 
same sum as 1). The points 2) are the vertices of a set of 
parallelograms as in the figure. Any one of them as P is called a 
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parallelogram of periods. In P, the 
function F(z) takes on every value 
it can take on anywhere. 

For any point 2 lies in one of these 
parallelograms as Q. Let z, be the 
point in P which is situated in P as 
zisin Y. Obviously, 


2, = 2+ MO, + Ms. (6 
But then 


L@,) =—f£@). 


Two points zg, 2, which are related as in 6) are said to be con- 


gruent; we write 
2,=2 mod @,, @» C7 


which we read 2, is congruent to z with respect to the periods 
@,,@,- When no ambiguity can result, we do not need to mention 
the periods and we write simply 


4, = 2%. 


7. The series 1) define therefore an infinity of periodic functions 
corresponding to p = 38, 4, --- 

The reader will note that they differ from the periodic functions 
heretofore considered as e’, sin z in this important particular. 
Their periods do not all lie on one line, but are spread out over 
the whole plane, as in the figure. 


124. Residues. 1. We saw in 117 that if f is one-valued and 
regular about z=a, but not regular at a, it can be developed in 
Laurent’s series : 

FE) = &% + (2 — a) + a,(2 — a)? + + 


a 


bi Cal Be Ry au 
pierre" C= c 


The coefficient «, we said, in 118, 2, is the residue of f at the 
point a. These residues are of great importance in certain inves- 
tigations, for example in the elliptic functions. A fundamental 
theorem is the following : 
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Let f(z) be regular in the simple connex © except at the points 
Z = My, Ag+++ a, Which we suppose do not lie on the edge E of ©. Then 


& Res f(z) = rn, JOe (2 


a 
| On ee. 
For simplicity suppose there are only 


two singular points aand 6 in ©. Then by 


105, 7) 
[fe = [ fae + f fae. fe @) y 


Let 1) be the development of f about z =a. Then 
J fa =2ria, by 101, 11) 
A 
= 2 77 Res f(z). 


Similarl 5 
ors ul fdz = Res f(z). 
2 wi JB z=b 


These values in 38) give 2). 


2. From 1 we may deduce the following general theorem from 
which we shall draw important conclusions, especially in the elliptic 
functions. 

Let f(2) be regular in the simple connex € except for certain poles. 
On the edge & of € let f be regular and# 0. Let g(z2) be regular in 
€ and have no zero in common with f. Then 


ke [9 @ arog § = Emyg (a) —Bmg (a) eC 
2 1 re 


where a, «, are the zeros and poles of f(z) of orders m,, n, respec- 
tively. 
The integrand in 4) is 


(@,. 
h(z)= 9() 1@ 


Its singular points, as we saw in 118, 8, are ‘the zeros and poles of 
f(z). The formula 118, 17) shows that at a zero 


2= 4d, Resh = ™,g (a,), (5 
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and atapole , _ ot, Resh = — ng (,)- c 


If we now put 5), 6) in 2), we get 4). 


3. If we agree to count a zero or pole of order m, as m simple 
zeros or poles, we can write 4) thus: 


Bs mf 9 est= EY (An) = 2 (Hn) qi 
Tle 
4, From 4) or 7) we have as corollary : 


Let f(z) be regular in the simple connex © except for certain poles. 
On the edge € of € let f be regular and #9. Then 


hey ox: | 
—— or <=} _— 8 
Fail Ast @ M_N, ( 


where M, N are the number of zeros and poles of f in © each counted 
as often as its order. 


This follows from 7) on setting g(z)= 1. 


5. As a corollary of 8) we may prove the fundamental theorem 
of algebra, viz. : 
fe) = ae" + aya” +--+ an 5 GHD 
has just m roots, a multiple root of order s being counted as s 
simple roots. 


For as lim f(z)= 90 


we can take a circle C about the the origin of radius R so large 
that no rootrof f lies on Cor without it. As f has no poles in 0, 


Nin 8)is0. Thus 1 
_[ dog f= mt 
PORE 


od 


But dlog f _ maz”! + Cm — L)aye"? + ++ 
dz aye” + aa +... 


Lipa ep ae vee 
_m zZ zZ 

Serres 
@ z 


=F i1+d@}, 
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where |¢| < eon Cif only Ris taken > some p. Thus 


M=- 1 mde m BUS 2 (9 


2 at zZ a aa: are 


Now by 94, 4) J=™m, while 
m € 
se S Ss p 2rk , by 92,2 
< me. 
But this says that lim A= 0: 
R=o0 


Hence passing to the limit R = oo in 9), we get 


; ; ; M=m, 
that is, f vanishes m times. 


125. Inversion of a Power Series. 1. If 
w= wz) el 


is regular at z =a, it can be developed in a power series: 
W=da,+a,(2—4a)+a,(2—a)? ++ (© 


It is sometimes convenient to develop the inverse function z in a 
series whose terms depend on w. This is called inversion of the 
series 2). 

If we replace z—a by z and w—a, by w, the series 2) may 
be written 
W = Aye + Agz* + age? + + (8 
and without loss of generality we may suppose this is the develop- 
ment of 1) instead of 2). 

In inverting the series 3) there are two cases which must be 
distinguished. 

Case 1. a, #0. This condition expresses the fact that w'(z)+#0 
forz=0. Letz range over some circle € about z=0; then w 
as given by 8) ranges over some connex § whose edge does not 
pass through w=0 if © is sufficiently small by 118, 1. Also, 
if € is sufficiently small, w will not take on the same value twice 
in € by 119, 2. 
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Thus it follows by 88, 2 that the inverse function z is regular 
at w= 0 and hence can be developed in the power series 


2=bw+ bw? + baw? + ++ (4 
valid in some © about w= 0. 
As de 1 
dw dw 
dz 
we have for pa 
noe (6 
ay 


2. Case 2. a,=0. In the series 3) suppose that a,, is the first 
coefficient #0. Then 


WC" (Ay PAS ye 5 Oa Ue (6 
Let us set 
ie (7 


Then i 
U = 2(Am + Omsy% + -++)™ 


1 

= 2( Cy + C12 + Cgz27 +--+) 5 Cy Ay™ 
by 118, 11. We are thus led back to case 1. 
Inverting, we get 

1 
ary. -u + dau? + see 
Ope 

Putting in the value of u in 7), we get finally 


1 
(p= Qe 


1 i 
+ dwn +» 


a 


(8 


3. Let us show how to get the coefficients of the inverse series 
using the method of undetermined coefficients. Let us suppose 
that the original series is 

v = by + b(t — 6) + b,(t — 6)? + +. 6, #9. (9 


L 
et us set w=v—b, 2=b,(t— 5). 


Then 9) takes the form 


edie, oth ee 
W = 2 — Agz* — ae — . (10 
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where we have introduced the minus signs for convenience later. 
Then the inverse series has the form 


2= wt cw? + c,w3 + + dil 
Raising 11) to successive powers gives 

= w+ 2 cw + (+ 2c.) wt + (2 ce, + 2 egcg)w® + ++ 

2=we+ 3 eqwt+(3 4 3c)we+ (12 

a=wt+4ew ++. 


All these series may be denoted by 


2” = CmyW + CrpgW® 4 v0 (13 


Putting these series for z, 2%, 23... in 10) gives rise to a double 


series 
D= W+ cywt+  eswe + +. 


os = ye Naat lors 
Axl W — Anla,W* — AnCoa’ (14 


as = oe oe Pee 
A3C31W — Aglz9W" — Aga, 


If we sum this series by rows, we fall back on 10). The sum of 
D by rows is thus w. If the series 14) be summed by columns, we 
get a power series in w, and this is what we want. Now by 42, 2 
if 14) is convergent, its sum is the same whether summed by rows 
or by columns. To show that 14) is convergent we shall show 
that its adjoint is convergent. Let us denote this adjoint series by 


W+ %W2+ yWe+- 
+ My Yo1 W + Go %o9 W? + coo eens (45 
+ sie oes Ae 


Now 11) is valid in some circle f, it thus converges absolutely 
for all W< some W,. Then 


Za=W+ y,W?+7,We+ - 


converges for W< W). 
The series 10) converges absolutely for all Z7< some Z. Thus 


the adjoint of 10) Ui ta OLE (16 
converges for all Z < %. 
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Returning to the adjoint series 15), we see that if we sum this 
by rows we get 16). As this converges, D is convergent for all 
|w| <W, by 42,3. We may thus sum D by columns, getting a 
power series. As the sum of D by rows is w as we saw, the sum 
of this power series is also w by 42, 2. 

Thus we get, replacing the c,,, by their values in 12), the identity 


W = W + (Cy — Ay) W® + (¢3 — 2 Agcy — ag) Ww? + + 


Hence all the coefficients on the right are 0, except the first. The 
resulting equations give 
Creailns 


ear G) 
C3 = 4 Anly + as, 


Cy = (2 + 263) +3 age, + ay, (17 
C5 = 2 Ag (Cy + Cyeg) + 8 Ag( 3 + Cg) + 4 Agcy + Ge, 
CUCF 


4. Example. We saw that 


PORTE Ee 2 
ilo U2 ori ae ae ge te ea aul (18 
16 
- %=t > =}. y=] 
These values in 17) give 
=F > S=%§ 1 “Hay 
Hence, inverting the series 18), we get 
= ee 
Now from 18) we have 
mae 
i (GY ee eee 
+z=e ap Mls oat eae 


which agrees with 19). 


126. Fourier’s Development. 1. When the real function f(x) 
has the period 27, Fourier showed that in many cases it can be 
developed in a trigonometric series 

f(@)=% +a, cosx+a,cos2r+4 +. 


+6, sin 2 + b, sin 2 te noe ad 
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This development is of extraordinary importance in mathemati- 
cal physics and in some branches of pure mathematics. Let us 
show how this development appears in the function theory. 

We begin by proving the theorem : 


Let f(z) be a one-valued function having the period wo. Tf it is 
analytic in a band B whose sides are parallel to Ow, we have 


2 riz 


A) anes ee (2 
where 1 (eto. any, 
am =— fs F@jes"=5, dv (3 
@ 
and b is any point in B. : 
‘For let us set ao fa (4 


then wu has @ as period. 

To find the image of the band B in Fig. 1, let us begin by find- 
ing the image of a line J, parallel to Ow and cutting the real axis 
at z= «a. When z lies on such a line, we have 


z2=ea+70, 


where 7 ranges over all real values. 


Let us set 


: 

a : 
S=a +0". 
) 


Then 4) gives 


2 nt 


Vie 


(a+rw) atte e2 Mal +a''t) 92 rir = ert pr ni(r+a’) | 


w plane 


Z plane 


Fie. 1. Fig. 2. 


Thus when z ranges over /,, w moves over the circle C, in Fig. 2 
of radius e?™*. When r increases from r=0 to r=1, u has 
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moved once around this circle. Hence when zg moves on J, over 
a segment of length=|q@|, w has moved once around @,. Sim- 
ilarly when zg ranges over 7, in Fig. 1, « moves over the circle O, 
in Fig. 2. Thus the image of a line LZ going from 6 to 6+@ is a 
circle lying between C, and C,. 

The image of the parallelogram = (ABA’'B’) is the ring R. 
To a point within $ corresponds a single point within &, and 
conversely. As f(z) has the period w, f takes on every value in 
% that it can take on anywhere in B. Since f(z) is a one- 
valued analytic function in $8, it is considered as a function of u, 
a one-valued analytic function of win &. Hence, by Laurent’s 
theorem, 117 


fas > ee" (5 
where sty 
= 1 i tdu (6 
2rtJ cum 


and C’is any circle in R whose center is u=0. 
Now from 4) 


@ 
Hence ‘ ; Det 
du Qmride Zarit —m-t% 
= = @ © apr. 
yr @o uU™ @ 


Thus 5) goes over into 2), and 6) into 8). To avoid confusion 
we have changed the variable of integration from z to v. 


2. The development 2), which is known as Fourier’s develop- 
ment, may also be written as follows: 


F@= * sh F(vydo + => f. Fr) cose (2—v)dv. —(T 


@ 


For we may write 2) 


2riz 2riz 2miz 2riz 


f@)=4, HC a panes ) + (age Salase. “J+. (8 


ANALYTIC FUNCTIONS 265 
Now from 3) 


iene ye aan 
aye © =7 [Foe Se GN Meal 1 
@./ L 


Qari oe 
=i fron" om 
@./1 


Similarly 


2% 


a (EA 2 _ ont 
ine: as == f Fo ae tn dy, 
oJ), 


2ni(z_» =m 2 z—v 
ff {ens PeLAG wo | '} ae 
®S 1, 


Their sum is 


or using Euler’s formula, 55, 11) © 


== [f@ cos m + 27 (2 v) dv. 
@ @ 
This in 8) gives 7). 7 


CHAPTER VIII 
INFINITE PRODUCTS 


127. Introduction. In the theory of the gamma function and espe- 
cially in the theory of the elliptic functions, both of which will be 
treated later, infinite products play an important part. They are 
also useful in other parts of analysis. We therefore propose to 
give a brief account of them here. 

It is easy to see how mathematicians were led to consider them. 
Every polynomial, 


Ay taet + +a,2"= Saye”, a 
can be written in the form 
An(@ — 0) (2 — ty) +++ (2 — Oy) = AT (2 — Om), (2 


where @,, Ge +++ @, are the zeros of 1). 
Since a power series, 


fC) =A + yz + a2? + Ado = 34,2", (3 


is the limit of a polynomial of the type 1), it is natural to expect 
that the function f(z) defined by the series 3) can be expressed as 
the limit of the product of type 2), that is, as an infinite product 


C2 = a) (2 — 9) ++ = CTE — tn), 


where the a, a --- are the zeros of f(z). 
As an illustration let us take 
Sieaess 

f@® =snz= Pa ah 


ae eee 


eS 
Et 
whose zeros are 0, +7, +27,-+--. We shall show directly that 


, au es g2 ga « g2 
sin g=a(t aye = ral = all (1 = +5) (4 
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We notice that each factor 
if 


@ 


vanishes at two of the zeros of sing, viz. at tnm. If we set 


z= 7 in 4) we get 


Rd pe cgetg ah (5 
2 oe Ort DF ON 16 
one of the earliest infinite products considered, due to Wallis. 
As examples of other infinite products we notice 
Q=I11(1+ ¢”), (aa es eo (6 
e7 
1G) -—— (1 
raul ( a \e 
n 
1 
6(2) = 2 9!Q sin wzII(1 — 2 ¢’* cos 2 r2+ 9g”). (8 


Here Q is an elliptic modular function, T is the celebrated gamma 
function, and @ one of the theta functions which are so fundamental 
in the elliptic functions. All these we shall consider in the course 
of this book. 


128. Definitions. 1. Let us now define infinite products more 
precisely. Let a@,, a, a3 --- be a sequence of complex numbers. 
The symbol rs 

PEN ati ete es 4 lin qd 


n=l 


is called an infinite product. As in infinite series we set 


A, = G+ Ay +++ Uy » A, =n nye °° (2 


If lim A, (3 


is finite or definitely infinite, we call it the value of the product 1). 
As no ambiguity need be feared, we denote an infinite product 
and its value, when it has one, by the same letter. When 3) is 
finite and «0, or when one of its factors a, = 0, we say A is con- 
vergent, otherwise divergent. 
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Let us consider 1 i Petal ae ae 4 (4 
areca. 
Here A mae 
and hence lim A. =0. 


Thus according to our definition the value of 4) is 0, although 
no factor of this product is 0. For this reason we do not care in 
this book to consider infinite products which =0 although no 
factor is 0. We have therefore put them in the class of divergent 
products. 

The infinite product A, in 2) is called the co-product. Obviously 
if A, is convergent, so is A, and conversely, when zero factors 
are not present. 

In a similar manner we define infinite products whose factors are 
functions of z. Thus if f,(z), f,(2) --- are functions of z defined 
over some point set Y, 


F=f,@)f(2) -~- =I f.(2) 6 


is such a product. Giving za value in U& as g=a reduces 5) toa 
product of the type 1), the factors being now constants. If 5) 
converges for this value of z, we say it converges for z =a, etc. 


2. Just as we have double series 


Pa bar: Gh 
so we can have double products 
7 igs. (2 


With 2) we associate a simple product 


Ila,, (38 

where each factor a,,, of 2) is some factor a, of 3), and conversely. 
Analogous to double series we will say 2) is convergent when 
3) converges absolutely, otherwise 2) is divergent. When 2) is 
convergent, its value shall be that of 3). From these definitions 
we may build up a theory of double products in much the same 


way as we have developed the theory of double series in 
Chapter ITI. 
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129. Fundamental Theorem. In the infinite product 


A= Magda. is Aaa O Gal 


let us set dn = pail fe 


where we will agree to choose 6,, so that 
ST G2 <7. (8 


We now introduce the real series 
@ = 0, +0, + 0, + + (4 
and the real product Beip rete G 


and prove a theorem on which our treatment of infinite products 
will rest: 


For A to converge it is necessary and sufficient that © and R are 
convergent. When A is convergent, — 


Av jie. (6 


F 
pe A,, = AM --* Ay 
=P "Pp pO +» +n) 
no 
Sa A, = &,¢'®. (7 


If now # and @ are convergent, 
lim A, = lim R,,- lim e® 
or Arachne: 
Hence A is convergent and its value is given by 6). 
Conversely, if A converges, 
R,, and en 
must obviously converge to finite values #9. Thus in the first 


place & is a convergent product. 
As e converges to some number + 0, we can denote it by e*; 


we have therefore Tin pee aere (8 


Now from this we cannot say at once that 
lim 6, = 7 


since eutan) = el, 
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The relation 8) however shows that 
let? — ef@2| <te for all nm > some m, 


or that eff |1 — e(@n- | <e. 


This requires that aside from multiples of 27, ©, shall = 7, 
ers lim (0, —2k,7)=T  &k, an integer. 


n=O 


Thus 0, = T+2k,7 + 11 @ 


and however small 7 > 0 is taken, 


lnn| <7 for alln >some m. (10 


From 9) we have 6,= 9%, — On4 
saat, 1 (kn — kn-1) + Cin — Mn) (il 
Now ke = hey — Ken 


is some integer or 0, while 
7! =n — Mn-1 
is as small as we choose. ‘Thus 11) shows that 


0,=k2r+7). 


Hence the value of |@,| is not far from |k|-27. But from 3) 
|6,| <7. 


To reconcile these two facts we must take k= 0, since |&| is 0 or 
a positive integer. From this it follows that all the £, in 9) after 
some k, are equal. Hence denoting the constant k, by « we have 


@,=7T7+2«r4+n, n> 8. 
As 7, = 0 by 10) we have, passing to the limit m =o in 9), 
lim @, = 7+ 2 «7. 


This shows that @ is convergent. We have thus shown that when 
A is convergent, so are & and @. 
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130. The Associate Logarithmic Series. To study the conver- 
gence of the infinite product 


A =O, Gy + dg =: ; a,+ 0 ad 
we introduce the series 
L = log a, + log a+ + (2 
where using the notation of 129 we take 
log a, = log pz + 76, (3 
that is, the principal branch of log a,. We call Z the associate 
logarithmic series. Let us prove the theorem: 


For A to converge it is necessary and sufficient that L converges. 


When A is convergent, ey, (4 
In fact L,, = log p, + --- + log p, +4(0,+ ++ + 9,) 

= log R, + 1@, (5 

= log A, + 2 8,77 (6 


where s, is some undetermined integer. 
From 6) we haye L 
Ap aaest 


Thus, when Z is convergent, A is convergent and its value is 
given by 4). 

Conversely, suppose that A converges. Then by 129 we know 
that R and @ converge. Hence passing to the limit in 5) we 
ae L=log R +10 (7 
and J is convergent. 


131. Absoiute and Steady Convergence. 1. In analogy to series 
one would be tempted to say that A is absolutely convergent, if 


the product iy Pe 


formed of the absolute values of the factors of 
A= Uilnds--+ =» % +9 ad 


is convergent. This is not.admissible, as the following example 


shows. Let e 
A=II(—1)*. (2 
1 
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The product formed of the absolute values of the factors is 
y een tee Mey ecccck 


As R,, =1, we see that R converges and has the value 1. On the 
other hand, the product of the first » factors of 2) is 


A, =(- Iys 


which has no limit asn=oo. Thus 2) is divergent. We could 
thus have divergent products which converge absolutely. Such a 
definition is therefore useless. 

We shall therefore say : 

The product 1) converges absolutely when the associate loga- 


rithmic series L= log a, (3 


is absolutely convergent. Hence if Z converges absolutely, L is 
a fortiort convergent and thus A converges by 1380. 

From this it follows that when an infinite product converges 
absolutely, its convergence may be determined by considering the 
convergence of a positive term series, viz. the adjoint series 
of 3). 

For LZ to converge, it is necessary that 


log ae 0. 
As — 
. . te Za Bae 
this requires that Pr=l. (4 


We have already seen in 129 that 
6, = 0. (5 
2. If the factors of an infinite product 
F=f,@-fi@ (6 


are functions of 2 defined over a point set 2, we shall say that 7 
converges steadily in U when the associate logarithmic series 


converges steadily in YY. pena esc e 

Thus when LZ converges steadily, the factors f,,(z) all differ from 
1 by an amount <e form >some m. Thus if each f,(z) is one- 
valued and analytic in some circle & about the point z, L,,(z) will 
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be one-valued and analytic when Z converges steadily in &. 
Hence : 


Fe) =e = f@)f,(2) (8 


ts a one-valued analytic function in ®, whose logarithmic derivative is 


F'(z) 


Fe 7 L'(). (9 


132. 1. Hxample 1. Let us consider the analytic character of 


F fi(4 2 1 
= 2 —_— . 
1 #2) ( 
We shall prove in 136 that #’= sin z. 
Let ® be a circle of radius & described about z=0. We take 


the integer m so large that 
mir > fk. 


Then for any z in & 
ee 


2 ; 
xe Ih ifnm>m. (2 


nea? 


We consider now the co-product 


pe ai (1-5) GB 


n=m-+1 neq 


where m is now fixed. Obviously if F,, converges absolutely in &, 


so does F. 
The associate logarithmic series of 3) is 


Z 
i= >, log(1- = |= 2h, < 
m+ 
As 2 2 1 2° \2 
-malt- Bf OS 

log ( pent) net 2\ntert 12 

we have En} <Qt G++ Bhai 
2a 


=e. 
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274 
Now gn < Gm Since n> m. Hence 
| Ll < Eee 


or as m is fixed 1 
Oe 
1 — Gm 
is 2 constant, and thus 
ck? 1 1 
Pte C3 


Wai<on se . 5= 
Thus each term of the adjoint of 4) is < the corresponding 


term of the convergent series 
il 
oy. 
Thus Z,, is absolutely and steadily convergent in ®. Hence by 
131, 2 the product 1) defines a one-valued analytic function of z for 


any 2. 
This function vanishes for 
2=0, +7, t27,-- (é 


and for no other z. For being convergent, the product i} cannot 
vanish unless one of its factors vanishes 
Kach of the zeros 5) are simple. For we have 


a ma) Gr, 


(2+ mm)I'(1 -=), 


where ide 


where the dash indicates that the index m does not take on the 
Now G, being a convergent product, does not vanisl 


value n =m. 
for z= mr, since none of its factors vanishes at this point 


2. Let us note that the foregoing reasoning establishes th 


theorem : 
The series es 
I Fe > los i - =) 
n=) 
It converges steadili 


converges absolutely for all values of 2#n7 
in any connex not containing any of the points nr 
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133. Example 2. The I function is defined, as we shall see, by 


a Cz 
Riegjv=a ae Nizsoh ee ese @ 
all (142) e-s 
n/ 
where C=3{1—t0g(1 te ©) = 577215 ee 
:  % 2 


is the Eulerian constant considered in 20, Ex. 4. 
We show that the infinite product in the denominator 


11) 


is an analytic function of z which has 
g=—1, —2, —3, --. (4 
as zeros cf order 1. 
To this end we describe a circle & of radius R about z=0. We 
take the integer m so great that m > R. Then 


fal: 


| al n>m 
n 


Wn 


for any zin.&. We now consider 


= = ) 
ise (1 2\_8 =p (5 
> ie vn ns . 
which is the associated iogarithmic series of the co-product #,, of 
3). 
Now 7 12 12 
Ce us 
Hence iz, |< @2+ ge + 
qn qn 
= l— Qn . 1 — dm 
Hence 
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This shows, as in Ex. 1, that the series 5) converges steadily in &. 
Hence, as before, F is an analytic function which has 4) as simple 
zeros. Thus the function I’ defined by 1) is a one-valued analytic 
function having z= 0, — 1, — 2,.-- as simple poles. By 120, 3 
z= oo is an essentially singular point. 

134. Normal Form. 1. We have seen that if the infinite product 

A= 4, + dy + Ages 

is convergent, then Pages 


It is natural, therefore, that many infinite products present them- 
selves in the form 
A=(1+6)0A+4+6,)- = + 4,). qd 
We call this the normal form of an infinite product. Since we can 
always set Re Ea nly eta. 
we can always reduce an infinite product to the normal form. 
We prove now : 


For the product 1) to converge absolutely, it is necessary and suffi- 
cient that the series BS pea e 


is absolutely convergent. 


Suppose that A is absolutely convergent. Then the associate 
logarithmic series of 1) is absolutely convergent, that is, 


C= =| log(1+4,)| =r, 


is convergent. Thus A, = 0 and hence 6, =0. Thus 


WOntecat for n > some m. 
Thus B2 B3 
log (1 + 6,) = 6, — $ re vee n>m. 
Hence 
loo Gl 7b.) Cl 6 
SN a ee ee 
= a etREN 
Thus 
Ne log (1 + 6,) 
lim —2 = ] = ones 
ae n ae b,, “ ie 
H by 20, 2 
ence by Berean (4 


is convergent, that is, 2) is absolutely convergent. 
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Conversely, suppose B converges absolutely ; then 4) is con- 
vergent. Then 3) holds once more and hence by 20, 2, 2 is con- 
vergent. But then by definition the product 1) is absolutely 
convergent. 


Definition. The series 2) is called the normal series of the 
product 1). 


2. From 1 we conclude that if 1) is absolutely convergent, the 


series 
DIOS ie Ba 5 on 1) On G 
zs also absolutely convergent, and conversely. 


For when the product A converges absolutely, the series 28, 
converges. But this series and 5) converge simultaneously as 


lim LoS + Ba) _ ip 


3. In 131, 2 we have seen how the analytic nature of 
L@). =Alj,,) 
may be determined from that of the associate logarithmic series. 


Let us now show how it may be inferred from the analyticity of 
the normal series. We prove in fact : 


The Bua? PHUldeetG)) (6 


ts a one-valued analytic function of z within a circle about z= a, 
if the corresponding normal series 


F = 3f,(2) (7 


is steadily convergent in Rand each f ,,(z) 18 one-valued and analytic 
mn &. 

For 7) being steadily convergent in ®, each term f, is numeri- 
cally < some e, for any z in &, and the series 2c, is convergent. 
Thus ¢, = 0, or ¢e,<e¢for n>some m. Hence 

\Fn@l<e¢ nm>m 
for any zin &. 

We show now that the logarithmic series 


L=S log (1+ f,(2)) = 3d, (8 
m+] 
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converges steadily in ®. Yor 


ae) PAS 2 eh aalet 
eile Soule 
kane \tn|<\ Fa] + [Fal2+ [fa lb + 


pg Py De a oat oa mn 


Cn 


as peek 
Thus each term of 8) is numerically < the corresponding term of 
the convergent series ee 
Example 1. The product 
ee ee ee @ 


is convergent. For consider the product 


The normal series belonging to P is 


1 
a she} 


As this converges, P is convergent. 


Now - Vg 
2m+1 : 
Agmtt = Gam+1 : P= aa : Pa Ps 
Thus ielbeyee 
and A is convergent. 
Example 2. Q(z) = (1 +2) (10 


converges steadily in any circle ® about z= 0 of radius R< 1. 
For the normal series corresponding to 10) is 


2", (il 
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But each term of 11) is < the corresponding term of 
> R, 

which converges since R<1. Thus Q converges steadily in &. 
The proof also shows that 10) converges absolutely for any 
7 tee 

The product 10) is the product 6) in 127, q being replaced by 
z. The function @(¢) is thus an elliptic modular function. It is 
a most extraordinary function, since every point on a unit circle € 
about z = 0 is an essentially singular point. It admits therefore 
no analytic continuation outside © Here then is an analytic 
function whose domain of definition, instead of being the whole 
z-plane, certain isolated points excepted, as is the case with all the 
elementary functions, is the interior of ©. 


135. Arithmetic Operations. 1. Let us now see whether the 
usual transformations of finite products hold for infinite products. 
We have in the first place: 


Let We=atle | Bee 


be convergent. Then the products 


C=Tla,b, , D=15" (no 6, =0 in D) 
are convergent and Bee, IGE: i= Zag 
So Sgn 2) 


Moreover if A, B converge absolutely, so do Cand D. 
a Cp VALBY 
Hence letting n =x we have 
lim C, = lim A, - lim B, = AB, ete. 
To show that C is absolutely convergent when A and B are, we 


a ee Meee 


=} 
G,, 


Gaia nie ele. 


Since A and B converge absolutely, 


Zlog(1+ea,) , Zlogd+8,) 
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converge absolutely by 134, 2. Hence 
Yflog (1+.«,) +log (1+ 8,)} =z log 1 + @,)(1 + Bn) 
is convergent. Hence Cis absolutely convergent. 


In the same way we may reason on D. 


2. An absolutely convergent product is commutative. 
For let Tea 1: 


be absolutely convergent. Then 
v= S094, 
is absolutely convergent. As by 180, 
A =e, 
and as we may permute the terms of Z without changing its value, 


we may do the same with the factors of A. 


3. A convergent infinite product is associative, that is, we may 
insert parentheses at pleasure. 


For let Y haan 
SPC Bee 


be convergent. Let us consider 


B= (a, seg Bini) (Orne ates Gy) 5G 


= b, 5 by Any. 
Now Be, Ue Ay + Ag+ Um = Am « 
As . N=O , A,, = A, 
hence int be 
n=0 


Example. The following infinite products occur in the elliptic ° 
functions 
Q,=00d + 4") 
Oo AG ote) pad youre 
Q3 = GL a ay 
They are obviously absolutely convergent for |g|<1. As an 
exercise, let us prove an important relation which we shall need 


later, viz.: P = Q,9,0, =1. (1 
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Pier ECL ge) act ge) Lg) 
SL) gee tl by 78s 


Now all integers of the type 2m are of the form 4n — 2 or 4n. 
Hence 


TIA — 9) = HCL — gd — g*) = 11 = gC = g'), 


| 2) _ (1 = ¢) 
or Th GaSe gt 2) Se 

eye) Td — ¢) 
Thus 


Circular Functions 


136. The Sine and Cosine Products. 1. Let us show how sinz 
may be developed in an infinite product. This product is useful 
in various transformations and gives rise to many useful relations. 
We wish to show that 


sing = ll(1-—2,) ive 18, cee qd 


We begin by showing that 1) holds for real x lying in the interval 


W= (a,b) ,; 0<a<b<F; 


it will then be easy to show that it holds for complex z. 
In 6 we saw that sin nx is a polynomial of degree m in sinz 
when n is odd, or 
sin nx = a, sin” x + a, sin” 1a +4 +» + 4,_, sin 2. 
If we set t = sin 2, (2 
Po SUB IVOS i ee FQ) =a? 4 af + +e + a, at 3 


There is no constant term here, since when t= 0, F = 0 also. 
Now F, considered as a function of t, has ” roots. On the other 
hand, considered as a function of 2, it vanishes when 


sin nz = 0, 
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that is, when 


a= 0 5 fe 5 Oe é Ding Wier TS 
n n 2 n 
Putting these values in 2), we see that # = 0 when 
t=0. , a stones eeeainii ae. Fee eines ae 
n n n 
Thus FG) = ayt(t — sin =) (¢ + sin m.. 
n n 
= agt( @ = ce = ee (? 2yeine u =) (4 
n n 
Dividing through by 
sin? gin? 2 eee gine = li 
n nN n n 
and denoting the new constant by C, we get 
: : sin? x sin? x 
sin nz= Csinz | 1 — hes ate E-5 6 
sin? 7 sin? tid 
n 2 n 


To find C we have from 5) 


Let now x = 0, the last relation gives n = C which in 5) gives, on 


: x 
replacing z by_, 


sing = nsin™ 
sinz =n sin’ PCa, n) (6 
where Sei 
sin? — 
PCr ea Vee ee med De ete 


v} 
: TT ¢) 
sin? — = 
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Asn =oco we have 


Also 


It seems likely, therefore, that on letting n = o in 6) and 7) we 
shall get 1) for values of x lying in %. ‘To prove this let us set 


pe 
P | sin?” 
La, 2) = log P@, n) =Zlog|1 = e ) er (9 
a sin? -™ a 
n 
Ley lea) = 0 g(1 z +5) (10 
il d hamat Se 


We then | 
have lim n P(e, n) = lim h@” = 4) = P, 


n= 


provided lim D(a, n) = L(2). qd 


Thus we need only to prove 11), which we easily do as follows. 
Let us denote the sum of the first m terms of 9) by L£,,(2, n) and 
the rest of the sum by L,,(z, n). Then from 


La, n)= L,,(@, n)+ Lig (H, 1) 
L(a2)= L,(@)+ Li, (2): 


we have 
| L(@, n)—L(a)| < | Ln (a, 2) — Ly (2)| +| Lm(2 2)| +| LmCa)|- (12 


Now for Wee us 
we have lone i : 
3 <sinw< Zz 
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Thus for all r > some m, and for any z in Y, 


sin? 2 ° 

n 4 7? 

<—=3<1 
17 


0< 
sin? — 


Also for Oe eee 


we have, by the law of the mean, 


0< —log(1— «)< —log(1—8)<8+ G8, G some constant. 


Thus 13), 14) give for any value of n 
0<|L,,(2, n)| <> Se ae, 


3) 
m+1? 
if m is taken sufficiently large. 


Also by 182 on taking m still larger if necessary, 
|Zn(e)| <5: 
Finally if m is > some v 
| Ln Ce, 2) — Em(2)| < ne 
Thus 12) gives 
| L(x, n)— L(2)| = fe pis 
which establishes 11). 


oi ») n>, 


(13 


(14 


Thus 1) holds for z in Y. To extend it to all values of z we 
need only to observe that the right side of 1) is an analytic func- 
tion of z,as we saw in 132. Thus by the principle of analytic 


continuation 1) holds for any complex z. 


2. Let us show that sin z has the period 27 by using the prod- 


uct 1). From 1) we have 
sing = lim Q,(2) 
where 


Q,(2) =2 I a » m=0 excluded. 
m=—n TT 


Ans On(2+m) _ 2+(@+)7r. 


9, (2) 2— nT 


—1l , asn=o 


(15 
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Hence 
Thus 15) gives 


lim Q@,(@+ 77) =-— lim Q,(2). 
sin (2+ 7)=—sing. 


Thus 27 is a period of sin z. 


3. From the product expression 1) we may derive 


PAO fi(1 me ona) (6 
2 1 : (2 = ey oar2 
For from sin2z= 2sinzcosz 
we have 
0 (1 = =) 
22 near 


4 22 4 22 
2 ee ieee Ee 
a @ (2 ell (2m—1 | 


Tee ) 
nae) (ae _) 


which gives 16) at once. 


137. Infinite Series for tan z, cosec z, etc. 1. From 1386, 1), 16) 
we have ~ 


~ 2 
ee Silom le =a) 1 
log sinz=logz+ og ( aa ( 
2 4 22 & 
log cose Sloe (1 — aye) e 
Differentiating these, we 5 
pam) S 3 
cot z= ; Da yore: = mer ( 


tan z= 2) ee ae Cd 


to 
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valid for all z for which tan 2, cot z are defined, that is for all z 
which do not cause a denominator to vanish. 

The relations 3), 4) exhibit cot z, tan 2 as a series of rational 
functions whose poles are precisely the poles of the given func- 
tions. They are analogous to the representation of a rational 
function as the sum of partial fractions as shown in 122, 4 


2. As an exercise let us show the periodicity of cot z from 8). 


We have n i 


tz=lm F, = a 
cot z= lim (2) = lim ee, see 
Now 1 al 
F, F, a 
ee 7a see eit aa 2— nT 


> SEMT. 


Letting n =o we get 
lim F,(2+7)= lim £,(2), 
2 cot (z+ 7) = cot 2, 


and thus cot z admits the period 7. 


138. Infinite Series for sec z, cosec z. 1. From the relation 


cosec z= tan 42+ cotz 


we have, using 8), 4) of 137 


Cone 3222 ys Se eee 
T (25 =) m4 — ee 2 ina e 
2 4 


p z 
=7+ Dencpmce 2 ase 


_1, BaC-1)*122 
3) nigt— 2? Eee “ 


2. To get sec 2 we use the relation 


Ue 
cosec (F-2)= = sec 2. 
From 1) we have 
cosec a= 5+8(-1{ ais ce! |. 
SP 1 


nT —2 nr+2 
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Hence 

Tr 1 © i it 

=e — as n+1 y 
cosee( 7 2) Deeg 1) —— ma = 


2 


“= 
3 
| 
a 
n 
3 
3 
at 
| 
| 
xn 


Let us regroup the terms of S, forming the series 


eal 1 1 1 
= |= ay 15 oe ee 
ons, 


PoC. 
2 


As il 
Oe een 
92 


= (0 asn=oa, 


Tt+2Z 


~ 


we see that 7’ is convergent and = S. Thus 


= - (2n—1)3 
Bea A arr ag a - 
Gray hee 


valid for all z for which sec z is defined. 


139. Development of log sinz, tanz, etc., in Power Series. 
1. From 137, 1) we have 


lo sin 2 _ hy (1-=,). 1 
sees 2 log ae ( 


sin 2 


its limiting value 1 as z=0, the rela- 


If we agree to give 


tion 1) holds for |z| <7. For such z 


2 2 1 2 
ae (1 = )= 5 2 nar ss 


nem?) N27? 


Hence : , 
sing 2 Wee IL Be 
— log : =—+ AE ree oe 


Tw? 2c 3° 


ers lena Sa 
+ git oot t BBG (2 
oe 41 oe Sey 
B22 | 2B4qr4 © 3 30 778 


4 


+ «+ 
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provided we sum this double series by rows. As this series has 
all its terms positive for a real positive value of 2 < 7, say forz=7, 
and as this series summed by rows is convergent, since the relation 
2) holds for this 7, we may sum 2) by columns for all |z|< 7, by 
42, 2, 8. 

Doing this, we get 


sin z Zl oe AN 
— log 2 Ss Sede ha re fe |2z| <7, (3 
where as usual 1 1 1 
Hy eet appt ag tse (4 
2. In a similar manner we find 
GRATIN Ib Dees IN pe, DAS one 
— log cosz= G, ss +5 hater aa leh <3 (5 
where 1 if 1 
(pk game, Geet aif, et 
oar ae Bn + Bn + 
We observe that. 
VP = I 
Om = ap oe 


“ 


This in 5) gives 


# 


— log cosz = (2?— 1H, +5 .A-DH, z+ 52 1)H,—=+-+-(6 
* Tv 


valid for |2| < = 
If we differentiate 3) and 6), we get 
tan 2 = 2(2— 1)H, + + 2(2— DH + 2(28 — DES, ree We 
valid for | z| <a 
cota= 22H, = 2H _2H,™_... (8 


valid for 0 <|z2| <7. 
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3. Comparing 7) with the development of tan z given in 116, 
4), we get 


Ss Leet Tp white 2 1 
Fa Saga is erp ary 
tat ioc pa eee 28 ar 
}2 foe Gee er ee ae 
Seirus Ce oes e 
riven | wo 1 BaS 25 a6 
ipa 1 wr iieg 1 ye 
6 2 T bet gat Wigs De Umm 
etc. Here 
T, =4 ’ T; = #5 ’ T; = res ’ T, =e 35 ’ L, aa GE 


Then 7) gives 
22(22-—1 24(24 — ] 26(26 — 1 
valid for |z| a 


From 8) and 10) we get 


92n 
cotta i — aah ee (12 


The numbers 7;,, 7, --- are called the Bernoullian numbers. 


140. Weierstrass’ Factor Theorem. 1. We have seen in 136 
how the integral transcendental functions sinz, cosz may be 
developed as infinite products whose factors vanish at the zeros of 
these functions. Weierstrass by generalizing these developments 
arrived at the following theorem of great theoretical value : 


Let the one-valued integral transcendental function F(z) have a,, 
Ay, +++ as zeros which we suppose arranged so that |a,4,| = |a,| = % 
as n=, an m-tuple zero being repeated m times, and the a's 
beng #0. Then 

o tS ELEN a ice 1 EEN 
EF 3)= emoit( — 2) Hao) : +a ’ @! 
1 


an 


where Tis an undetermined integral function. 
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Before proving this theorem we wish to make a few explana- 
tory remarks. We note that corresponding to each zero a, there 


is a factor 1—— in 1) which vanishes at this point. Since the 
n 


exponential function never vanishes, the right side of 1) will not 
vanish except one of the factors vanishes, provided the product 
on the right of 1) is convergent. 

The infinite product 


n(1—=) (2 
An, 
will not converge in general. For example, the zeros of a y? as 
g 
we saw in 133, are 0, —1, — 2,---. The product corresponding 


to 2) is here 
el (a = 2). 
n 


This does not converge, since 


2 log (1 + 4 
n 
is divergent. 


To make the product 2) converge, Weierstrass has added the 
factor ; 
jae ee) 


This introduces no zero into the product, but does make it con- 
verge, as we shall see. 

Finally the factor ete) 
has to be added, since, however the integral function 7’ is chosen, 
the resulting function 1) has the assigned zeros a,. 


2. To prove 1) we begin by showing that 


G(2)=11 (1 ze 2 Ven, Eee e 
n=) Oke 
is an integral transcendental function which vanishes only at the a,. 

For take 2 large at pleasure and fix it. About the origin we 
describe a circle & of radius R including z. We next take m so 


large that 
2 = |_| > FR. 
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Let H(z) denote the product 3) after deleting the first m factors, 
that is, the product 3) when n takes on the values 


n=m+i, m+2,-- 


We now show that the corresponding logarithmic series 


L@)= ¥ {log(1—=)+2 4 ar +2(2) }=3y, (4 


Te n An 


converges steadily in ®. For 


2 3 
melo 2)=- [ETH 
An, DAP aN, 3\a, 


If we set jel=e ; | Z,, | = rn ‘ 2 =p<l, 
we have nti / ¢\nt+2 
iss aa (=) ila (Sy + 
n+1\a.,, M+ 2\e, 
n+1 / 2 
(EP (re Ba(Sh 
any Il hn On 
<p" 1l+p+p?+ --) 
or ee 
Xn 
Sibert 


Thus each term of the adjoint of 4) is < the corresponding 
term of the geometric series 
i (2) 
cae p” 
Pe om 
for any zin ®. Thus H converges steadily in & and is, by 131, 2, 
an analytic function of z which vanishes only when one of its 
factors vanishes. 

Returning now to 8), we see this differs from H only by m 
factors which are analytic and vanish only at a,, a, ++ a, respec- 
tively. 

3. The function G(z) defined by 3) is an integral function 
which has the same zeros as F(2). Let us find the most general 
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integral function ¢(2) which has these zeros; we shall see that it 
will have the form given in 1). For the quotient 


f(2) _ 
Cer g 


has no singular points in the finite part of the plane and does not 
vanish for any z. Thus by 118, 10, log @ is one-valued and has no 
singular points in the finite part of the plane. Hence 


T (2) = log Q 


is an integral function of z. This with 5) gives 
b(z) =e? GZ), 


which is therefore the most general expression of a one-valued in- 
tegral function having the assigned zeros a,. 


4. The exponent in the nth factor in 1) is a polynomial of degree 
n, and this m increases indefinitely. Weierstrass has shown that : 


When the zeros a, are such that 


1 


Dp 
On 


) a, = |a,,| (6 


converges, we may replace the exponential factor in 1) by 


Ee oe Whee bey (eee 
‘ Ee i oe 
where the polynomial is of fixed degree p—1. 


To establish this we need only to show that the corresponding 
logarithmic series 


Lye oa toe oe eee z\r" ie: 
— ae e (i yet earl 2 ln 7 


converges steadily in &. 
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This is indeed so, for here 


eee 1 ee. 
P\Gn pt lia, 


P 2 


on m  \Orn 
Hence : 1 Re OC 
Ne Rive: 
km 


Each term of the adjoint of 7) is thus < the corresponding term 
of the convergent series 1 
Cha 


for any zin &. Thus 7) converges steadily in &. 


5. Let us apply Weierstrass’ theorem to the sine function. Here 


ace a=7 , W&=—T , @,=207 , &=—2T 
The series 6) becomes here $ 1 
Pm ne 

which converges forp >1. Thus 

Site = ee T1(1 — = Yer n=+1, +2,... (8 

A nT 
TAT 1 e 
= 26 ni( a +5) (9 


Thus Weierstrass’ theorem enables us to write down the product 
expression at once aside from the unknown exponential 7. The 
determination of 7’ is attended with graye difficulties. To avoid 
this, we have developed sin z in 186 by another method. 


6. From Weierstrass’ theorem 1 we may write down the most 
general rational transcendental function with assigned zeros 


POE LER Be (10 
d assigned pol 
and assigned poles (BMC y Se qd 


where a zero (pole) of order m is repeated m times. 
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Let us suppose that the points 10), 11) are arranged as the a, 
inl. Then 


F@)= n(1 2 a eee (12 


n 


and 


@@=(1 a Fe 


will vanish at the points 10), 11), respectively, and nowhere else. 
Their quotient eae F@) 
G(2) 


will thus have the assigned zeros and poles. Let K(2) be the 
most general one-valued analytic function having these zeros and 


_ Ke) 
WHE) 


poles. Then 


Q 


behaves as the quotient in 5). We have therefore as before 
O=arers 
Hence the most general function of the kind sought is 
an H'(2) 
M2) ATL 14 
eee C 


where Z’is an integral function. 


7. Let us note that the zeros 10) and the poles 11) of a rational 
transcendental function considered in 6 must both +o, on being 
properly arranged. 

For if in 10), for example, we could pick out a sequence 


@ 5 % 4, @ +» which = some point a, 


this point would be an essentially singular point of our function K. 
Thus & having an essentially singular point in the finite part of 
the plane is not a rational transcendental function by the defini- 
tion in 128, 4. 


CHAPTER IX 
THE B AND T FUNCTIONS. ASYMPTOTIC EXPANSIONS 


141. Introduction. 1. In advanced integral calculus one treats 
of two functions called the Beta and Gamma functions which are 
defined by the definite integrals 


1 2) rly 
B(az, =f aid—wAd= | es se et i OGL 
Ne ea ee 


Verse ae 0). (2 
0 


These functions enter many parts of mathematics and on account 
of their great importance we shall devote a short chapter to their 
more important properties. The B and I functions are not 
independent functions; in fact, as is shown in the calculus, and 
as we shall see in the next §, 


_Tmrm 

Ee ere if, en: (38 
Thus of the two functions we shall devote most of our attention 
to the I function, which is a function of a single variable, whereas 

B is a function of two variables. 
Instead of employing the definition of the B and I function as 
a definite integral, we can define the I function as an infinite 
product 
Te ila VO ah re 


where 0 = .5772157 .-- is Euler’s constant. We shall see directly 

that the integral 2) and the product 4) have the same values for 

z>0. For the function theory, however, the product definition 
295 


296 FUNCTIONS OF A COMPLEX VARIABLE 


4) is vastly to be preferred. In fact, if we allow the variable z to 
take on complex values, the right side of 4) defines, as we saw in 
133, an analytic function of z for the whole z-plane except at the 
points z=0, —1, —2-.- where it has poles of the first order. 
We may thus regard this function as giving the analytic continu- 
ation of an analytic function which for real 2 > 0 has values given 
by the integral 2). 

Instead of the integral definition 1) of the B function we may 
now take 8) as a definition wnere I is now defined by 4), the 
variables x, y being now of course complex. 

From these product definitions of the B and I functions many 
of their properties follow very simply, as we shall show. If we 
prefer, however, to start with the definitions 1), 2) it is merely to 
preserve the continuity of the reader’s knowledge. The justifica- 
tion of the steps we shall take in dealing with the integrals 1), 2) 
in the next two articles we must leave to the reader for lack of 
space. 


2. The integrals 1), 2) may be given other forms on changing 
the variable. Thus in 1) let us set 


u=— 
1—y» 
We get 
8 Ba, y) =[wd — v)¥ dv. (5 
0 
If we set here pe een 
; 1 
ec BG, = if we — w) dw. (6 
0 
In 5) let us set ata 
we get m 
B(a, y) = 2 iG sin?! @ cos*#-1 6dé. (7 
e/ 0 
Finally, if we set if 
u = log Z 


in 2), we get 1 
: P(2) =| loga( =). (8 
0 


7) 
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142. B(x, y) expressed in I Functions. We wish to establish the 
relation 3) of the last §, the variables being real. If in 141, 2 we 
replace u by au, we get 


ie 1 ri Buy, z—1 
Se, eur du , x2>0. (a1 


From this follows that 


1 1 © (14) ugg 
A+ Tatty © einen 


Hence by 141, 1 


© yzt™ay i| i Bs 
BQ, = z = d i aty—-lye—ly—(1+0)u 
wy I, +0 cer sd eine aa 


e 


or inverting the order of integration, 


sop oe ee uztyle—udy yt le—urdy, 2 
T@t+y “ff 0 ( 


In the v integral let us set w= w ; it becomes 
u* ik we ~dw=u“T(2). 
0 


Thus 2) becomes 


== T(z) i“ —] ot 
Bi, 7) = Toh au, wtedu 
T(2)C(y) 
=~ , uty>9 3 
rea Oe ‘ 


which establishes 141, 3. 


143. I(x) expressed as a Product. From the calculus we know 


that 2 
e~“= lim (1 — * : 


n=00 nN 


Putting this in 141, 2) gives 
T@)= lim fw — wy du 
N=) 0) n 
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Setting w= nv, this gives 
I 
T@y= tim [ (1 — v)"v7 Id. ad 
mo J 0) 


Integrating by parts, we get 


ip (1 —v)"I1dy = —* ane —v)" v7 ldv 
0 t+ nJn 


a 1 

e105 5 ee Maal (1 — v)*2y2Idy 
rtn x«t+n—1Jq 

a4 1 

ee LA ye @ i) [mw 
z+tn x+n—-1 24155 

— Ue eee 1 men 
mtu, gata wy 


We may thus write 1) 


Te) lime eo es ; 
n=n@ (€+1)(7+2)+-(@+n—1) 
Now 


eee Me a Wee. 1 1\ 
a4 5 . eve 7 cL: = 1 = eee 
: ; 2°3 —.) ( +3) ceo) G+. 


Also 
CDG Dee (1 +2149). (1+ Z ). 


2 = Al 


jee (2 


Putting these in 2) gives 


1 ~) 
[iG nee é 
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Thus 


Cr 
ie) = Le : : (4 
i | (1 +2)es 
n 
where C= > {7 = log (1+2)| ( 
ate 2 n . 


is Euler’s constant. 


144. Properties of T(z). In the foregoing articles we have 
seen that the B and [I functicns may be expressed as infinite 
products, the variables being real and positive. We propose now 
to start afresh and define these functions for complex values by 
these same products. Thus we say 


e 


l= De hy Doane ad 
alI(1+=)e am 
n 


where (C is Euler’s constant 


EG ce! 1 
C— ——log( 1+ —)} = .5772157 ... 2 
Baa e+ 5) 
gat B(u, v)= POT), (3 
T(u+v) 


Then the foregoing shows that these functions reduce to the B 
and I’ functions of the calculus when the variables are real 
and > 0. 

From the definition 1} we may obtain two other expressions on 
using the transformations employed in 1438, viz. : 


ont. ae is the ZB cock 7 Sank al 
ee CG t Gin) 


n/ ke 


due to Gauss, and (1 r: ht 
TI n= ii 2, vee (0 


1 
T@)=— 
Z 142 

n 
: 5 lag 
where in 4), 5) we take that determination of n? and € +2) 
which is real and positive for z=1. 
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The expression 1) shows, as already’seen in 133, that: 


1° T(z) is a one-valued analytic function of 2 whose domain of 
definition is the whole z-plane except the points e=0, —1, —2,+:- 
which are poles of the first order. The point z= x0 is an essentially 
singular point. 


Since the factors in 4) are positive for z real and positive, we 
have: 


2° T(z) ts real and positive for 2 real and positive. 


A very characteristic property of I is: 
3° T(24+1)= I (2). (6 


For using the product G,(2) in 4) we have 


Gg 1 _ n2G,(2) 
Cae qi 
As F NZ 
im =2, 
n=0N + 2% 


we get 6) on letting n = o. 
By repeated applications of 6) we get 


T@t+ny=2(24+1)-- @+n—-DT(). (8 


From 5) we have T(i)=1. (9 


Let us set 2=1 in 8), we get 
Tin+1)=1-2-8.-n=n! (10 


This relation gave rise to the [' function. In fact Euler proposed 
to himself the problem : 

Determine a continuous function which when @ is an integer 
z=n shall have the value 1-2-3...n=mn! The relation 141, 2) 
shows that such a function is 


e@)= [ e “urdu = (e+ 1). ql 
e/ 0 


The relation between TP and IT may be extended to complex values 
by defining II(z) by (2) =e +1). (12 
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The functions II and I are of course essentially the same function. 
The II notation was used by Gauss, the I’ notation by Legendre. 
Both notations are currently used to-day. The fact that 
II(n) =n! instead of (1+ 7) will often make it convenient to 
use IT instead of I. 

Another important relation is : 


ahs 


Mord] 2—=—= =) (13 
= S1Nn 72 
For 
il 1 n 
1 ay ee ee ops eS Bed ek 
G,(2) G,C1 — 2) (1-2) 1-2)... 0-2) n—2 
12 22 (n—1)? 
a lim = 1, 
n=0o 1 — 


we have, letting n=, 


1 7 
lA) = ee 
Oe m1 2\ sin 72 
een 
by 136, 1). 
In the calculus the relation 13) is established by using the 
formula 
ie urdu _ TSF: (4 
o l1+u s1n 7x 
whose proof is not simple. 
If we set z=} in 13), we get 
rqg)=7 
or TQ) = + v7. (15 


The + sign of the radical must be taken by 2°. 
From 8) and 15) we get 
° ee One - : 
Pint pi 8-9 Gna Dvir. (16 


Since the exponential function vanishes for no value of 2, the 
expression 1) enables us to state: 


6° The I function vanishes for no value of 2. 
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145. Expression for log I'\(z) and its Derivatives. From 144, 1) 
we have 


7 (2 , oN) 
HG) = log TC) =— (Uz —loge+ yi {Z—log(1+£)}. ct 


Differentiating, we get 


TE) pls ele 2 
EA) T(z) Baie 2+n ¢ 
ee Ry velit 1 3 
me Boae eS Te ( 


In general we find 
LE @ y= C— 1)" Gn 1) Se 

1 

Thus 


aa Sasol (4 


VIGGO (9 
LG) =(-Dm=D) YS =(- Dn)! HG 


146. Development of log I'(z) in a Power Series. We saw in 
144, 6° that F(z) has no zeros, thus log T(z) is a one-valued 
analytic function about z=1, whose nearest singular point is z=0. 
Thus Taylor’s development is valid, and we have 


log T'(2) = Lee) = LA) +2" ray + SV") + = 


Replacing z—1 by z and using 145, this gives 


log T. +2)=— C24 >" YH 5 Weled a 


me 


Legendre has shown how we can make the series 1) converge ° 
more rapidly. We have 


co 


log +z2)=z2—- >) (- ye oe Le eee 
2 


This when added to and subtracted from 1) gives 


log TA + 2)= — log (1+2) +1 — C)e+ 5 (- 1H, — DE. 
2 
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Changing here z into — z gives 
log 1G —2)=—log(d—z)— 1— Ce + SHE. 
n 
2 
Subtracting this from the foregoing gives 


log P(A + 2) — log T(1 — 2) = ~ loge +2 4 2¢1 0) 2 


From 144, 13) we have 
log TA +z) + log PA —z)= log— 


This in the preceding relation gives - 


isi 1, Te 
ie re. eee 


log P+ 2) =(1 — C)2 —S log 


2n+1 c 


— > (Aon ss a 1) 
valid for |z| <1. ; 
This series converges rapidly for 0<a2 <4 and thus enables us 


to compute log '(z) in the interval i < a < 2. 


147.. Graph of (I")x for Reai x. By virtue of 144, 8) the value of 
T(z) for any positive z is known when its value is known for 
values of z in the interval (0,1). By virtue of 144, 13) the value 
of TI is known for z < 0 when it is known for «>0. This rela- 
tion also shows that the value of I is known in (0, 1) if it is 
known either in (0, 4) or indeed in any interval of length 4. 
Gauss has given a table of log II(x) for 0<a#<1 calculated to 
20 decimals. This gives us the value of log I(x) for 1<x<2. 
A four-place table is given in the Tables of B. O. Peirce * for 
ee 

Since [(1) = (2), the curve has a minimum between x= 1 and 
x=2. This point is found to be 


xz =1.46163 .-.. 


* See reference, p. 91. 
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From 145, 4) we see that 
I} (a). > 0 —,, fora 10. 


Hence the graph of I'(2) is concave for z > 0. 


The adjoining figure will give the reader an idea of the graph 
for realz. The vertical lines =n, n=0, —1, —2--- are asymp- 
totes to the curve, and the maxima and minima of the curve lie 
on opposite sides of the z-axis. The distance of the elbows from 


the z-axis increases as we go to the left. 


148. The I Integral for Complex z. 1. For real x>0, we have 


LG) = | e “udu 
0 
as stated in 141,2). Let us consider the integral 


G(x) = ip eutldu, 
0 


where Sa 2 -Piypon a Oy 
We have 


uz = uz—lyy = yz—lev logu 


7] 


icos (y log u) + zsin (y log u)}. 


ei 


(2 
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Thus S o 
G -f{ e“u*— cos (y log u)du +i eu? sin (y log u)du 
0 0 
=H+1K. 


Now Hand K are convergent since x >0, hence the integral 2) is 
convergent for all z for which «> 0. 


2. Let us show that G(z) is an analytic function of z. To this 
end we use 86,1). Now 


oH _ out log u cos (y log u)du = = 

Ox J0 dy 

oH ae 0k 
— = — Am ] owl eo sp 
by ; e-“u*1 sin (y log u) - log udu ae 


As these derivatives are also continuous functions of 2, y for 
xz >0, we see that G is an analytic function of z for all z lying to 
the right of the imaginary axis. 

Since G(z) as defined by the integral 2) and ['(z) as defined 
by an infinite product 144, 1), are analytic functions which have 
the same values along the positive half of the real axis, they also 
have the same values for any z= 2+ ty for which z > 0. 


149. I\(z) expressed as a Loop Integral. 1. In the foregoing 
article we have expressed the I" function as an integral which 
converges for all z=2+zy for which x >0. Let us now show 
that it may be defined as a loop integral which is valid for all 
values of z for which T(z) is defined, that is, for all #0, — 1, 


ee 
To this end let us consider the integral 
G(2) = feed, el 
L 
the path of integration being the z, L 
Were ot 

loop Z extending to o as in Fig. 1. ——— 
Bee u= re’? 5 0 << p Zz 2 TT. Hic. 1: 


As value of u*—1, we take 
hme = ef?) logu — ef log r+i9}. 
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The integral 1) is thus defined for all values of 2 and is a one- 
valued analytic function of z by 104, since its derivative 


ead p e“u? log udu 


is a continuous function of z. 


2. We now show that 
G (2) = (e?* — 1) (2). (2 


To this end we need only oa 


prove 2) for z=xz>0, by vir- 8 oo 
tue of the principle of analytic 
continuation, 118. Let us re- 
place the loop Z by the loop fas in Fig. 2. The radius 7 of the 
circle aBy converges to 0. Thus 


Go) fi] aah ea ie e 


Now on the segment (0, a), ¢= 0, hence 


f “eu? du = — r@) as r= (0. 


fo) 


Fia. 2. 


On the segment (y, 0), 6=27. For when wu passes over the 
circle aBy, ¢ increases from 0 to 27. Thus u*! has on the seg- 
ment (+, 00) the value 


et —-L)flog r+27e __ yt) . e2rt(z—-1) , 


Thus ® ~ 
if e “uk du = ¢2 if eu? -ldu = e**T'(a) 
Y Y 


as r= 0. 


Finally 
= tre!e_Dlogr fc e veltodg, 
ef aBy apy 


Hence on 
f i e “edd | 
apy 0 


<= 2m eme| 


=r 


=0,asr=0. 
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Thus passing to the limit y= 0 in 3) we get 2) for real x>0. 
But as the two sides of 2) are analytic functions of z and as the 
relation 2) holds for real x > 0, it holds for every z. 


8. Let us show that 


2. arte" 
G — Pate z1q SS 
a) fe wu = Ba (4 


For 2) may be written 


Gg ES en (FE? / 2 Ange : 
as Te) 
= 2 te” sin wz - T(z), by 58, 8). (5 
But by 144, 13) . 
sin 772 - FO =A 


This in 5) gives 4). 

Since e”” is an integral transcendental function having no zeros, 
and since (1 —z) has poles of the first order at z= 1, 2, 3, --- 
and no other singular points, we see that the function G(z) defined 
by 2) is an integral transcendental function whose zeros are z= 1, 
2,3, --- each of order 1. From the standpoint of the function 
theory, the @ function is simpler than the I function. 


150. The B Function as a Double Loop Integral. 1. In a similar 
manner we can show that 


fora — 2)? 1dz=—(1 — e"™)(1 — ec”) Bu, v), ad 
L 


where T(u)0(v) 
2 MEDD 2 
ED. T(u + v) ( 


u,v being any complex numbers for which the quotient on the 
right of 2) is defined. The path of integration Z is so chosen 
that the many-valued integrand in 1) 
returns at the end of the circuit to its 
original value. Such a path is 


Tali dela 
where J), 1, are loops about z= 0,z=1 


in the positive direction as in Fig. 1. 
It is easy to see that Z may be replaced 


Fig. 1. 
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by the loop @ in Fig. 2 without 


’ bear 
changing the value of the inte- 
gral 1). The loop % is a double AN 


Finally we must specify which 
of the many values of Fia. 2. 


gu— = elt) loge : (1 ee 2a == EP IEGY Ses 


we start with at the pointz=c. We take 
loge=logr+ia@ , log(1—e)=logs + 78, 
as indicated in Fig. 1. The values of 
logz=logp +70 , log(1—2)= loge 4 td, 


at any point of Z depend only on @ and 4, since log p, logo are 
the arithmetical logarithms of the positive real numbers p, o 

To prove 1) we shall first show that 1) is true when u = gz, 
v=y are real and positive. Then reasoning as in 114, 6 we see 
that 1) holds for complex values of wu and v. 


2. Let now z run over the loop 7. When 2 first reaches a, 
@= «a; on reaching a after the circuit about z = 0, the value of @ 
is «+2. Thus when gz returns to z= ec, the value of @ is 
a+ 27. On the other hand, the value of ¢ is unchanged. 

Similarly when 2 passes over the loop J,, the value of @ is un- 
changed, while ¢ goes over into 8B + 2 7, etc. 

We may thus write 


{= =[@@+] e+ 2m, B+ f (e+2m B+2n) 


x Kc B +29) e 


where the numbers in the parentheses indicate the values of 0, 
at the beginning of the corresponding circuit. 
As 


we see that 


e(z—l)flog ptiat+2ni} — g(x—l)flog ptia} e2niz, 


Kee Pa 2 a | (a B). 
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Similarly 
fo +27, pate T)= e2tixe2riy (a, B), 
iy 


e/ It 


CA oie eS an kag BOD iB): 


e (Fat e (ph 


if ie By= fo [rer =n if 


since the integral over the little circle about z = 0 is 0. 


Sunilarly, 
[@@=a-e% (7 
q ‘ e/7(Q 


y a, = —2rix __ 1 “ 
Ef B) Ce rf, 


Now 


@1 
(m B= ery [. 
7-1 c 
Putting these values in 3) we get 1) for real positive 4, v. 


Asymptotic Hxpansions 


151. Introduction. In various parts of mathematics it is impor- 
tant to have the approximate value of a function for large values 
of the argument. For example, when @ is a large positive integer 
n, we shall see in 157, 9 that '(1+ 2) or n! is nearly equal to 


V2 nen", Cl 


a result of great value in the theory of probabilities and the 
kinetic theory of gases. 

Another approximate expression of this type is the following. 
Letting J,(x) denote the Bessel function of order n, its value 
for large positive values of 2 is approximately, as we shall see in 


Zoo, 2 . 
2 Lcos(2—-Gn+ Dr), (2 
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This asymptotic expression shows at once that J,(a) has an infinity 
of real roots, a result of utmost importance in the mathematical 
theory of heat, etc. 

Connected with these approximate values of a function for 
large values of the argument is a class of divergent series 


U =u, + Uy + Ug te @ 


which have this remarkable property: — 

The sum of the first n terms U, gives the value of f(x) with 
great accuracy for values of n not too large, although the series U 
itself is divergent. 

For example, we shall see in 156, 6) that Euler’s constant 


Calim{1+5 +5 +++ +2—logn| = .57721566 --- 


is given rapidly and with great accuracy by using the divergent 


series 
1 1 il 1 
Zn On ded Sone Ss: 
where 
T=) T= Thode 


are the Bernoullian numbers introduced in 189, 3. 

Divergent expansions of this type have long been used with 
utmost advantage in astronomy. On account of their growing 
importance even in pure mathematics we shall give a brief sketch 
of them as far as they relate to the [ and Bessel functions. 

We begin by developing a few properties of the Bernoullian 
numbers and a class of polynomials also named after Bernoulli. 


152. Bernoullian Numbers. 1. In 139, 12) we saw that 
i ee ee 
cot 2= > — > Qn)! Lael 
where 
T,=4 9 T; = 35 9 T= gy 


are the Bernoullian numbers. Now 
GOS Zz URE + ¢-* 
MN Cb OK 


and ; F 
q coth z = 7 cot zz. 
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Thus 


fares nom 
UN aie 21ST ree se a 
ek is ot lie 2 
ae aaa ee C 
If we set 22 =u, this gives for |u| <2 
= =1+ But 34+ BO +. a (2 
h 
acre B,=-}3 4 B,=B,= By=+-=0 (3 
d 
py Bea ( iy he, nS 0. (4 
Thus 
2(2 n)! 
B i (oan See L 
2n ¢ ) © ym an G 
where as usual 1 1 1 
Hy = 1+ ot gmt ge to (6 


Instead of 7, we may with Lucas regard the B, as Bernoullian 
numbers. They may be defined therefore as the successive deriv- 


atives of 
u 


ev — 1 


atu=0. 


2. Let us intreduce with de la Vallée-Poussin the symbol 
fe}®4 by the relation 


Tena i+ By ee Gi 


*—-14+B8 
Lay as grt e—1 


1yy 1! 
We observe that the series in the middle 1s obtained from 
Bu — ad ue 3 Uv Ane 
‘a eceibe Tie gi 


by replacing in it, B” by B,. 
This new symbol has an addition theorem analogous to the 
exponential function. It is expressed by the relation 


eM fet Be ae fet (Btou 


1 wnat 8 
=1+(B+H) (+ b+oO + ¢ 
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From 7) we have 
U = (e% — P)fey7= eX Sep By — Saree 


or using 8) uw =fepBru — fe} bu, (9 
Expanding and equating coefficients of the different powers of u 
on both sides, we get the symbolic relations : 
(B+1)-B=1 
(B+ 1)?- B=0 (10 
(B+ 1)? — B= 0, etc., 
where (B+1)” stands for the expression obtained by replacing 


B” by B,, in the development of (B+1)" by the Binomial for- 


mula. Thus: 
1=1 


2B, +1=0 nl 
3B, +3 B,+1=0, ete. 
From these recursion relations we find readily the values of the 
Tn given in 189. 


The relations 11) show that: The Bernoullian numbers are all 
rational. 


153. Polynomials of Bernoulli. 1. Instead of the function on 
the left of 152, 2) let us develop 


ue] 


e — 


Pie 


== ("= 1)fe}™ a 


in a power series about w= 0. Since 


oe Uz (uz)? 
geese Ti 
we have 
1 ' 25%, 268 
oe 


=2+ Be TF ;t 82) & ae (2 
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On the other hand 1) gives 


fej (Brau _ fet Pe 


F= 


U 


=(B+2)- B+ Et FB, + Stk, WB vee 


Comparing this with 2) gives the symbolic equation 


(B ai §% n+l — pri 
OS er (3 


These 8, which enter as coefficients in power series 2) are the 
polynomials of Bernoulli. 
~ From 8) we find 
B,(2)=32(8—1), 


BZ) =32@— HG 1, 

BZ) =42?@— 1’, 

B(D=52% —2)G@-1I)@—-2-§), 
B;(2) = $2 (2 — 1)?’ — 2-39), 


etc. 


2. Let us set 2=™m a positive integer in 1). We get on per- 
forming the division indicated in the middle member 


Foitettem+ «. + elmdu 


=1+(1+u4+8 +0 te -) 


+(14+2u4 Gur, + Ger -) 


+(1 git Ce a Cue .) 


+. 


Be BO ea \es8 
+(1+(m—1u+ @ 7 pe a + ) 


Comparing the coefficients of u” in this expansion and 2) gives 


ht We + 387 4+ «ee + (m = 1)*= BrCm), G 
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which connects 8, with the sum of the nth powers of the integers 
12, Oy vrs. 

3. The polynomials B,(2) have z= 0 and z= 1 as roots. 


That 8,(0)=0 follows at once from 3). To show that 6,(1) =0 
we set 2=1 in 3) and get 


(n SB 1) 2,0) = (B + bye on Ban 
—0 by 152, 10). 


4. If we differentiate 3), we get the derivative of Bn: 


Br (2) = (B + 2)" = 06,1) + Bp (5 
We recall that B,,,,=0 when n > 0. 
5. We now show that: 
8.(5)=- = (1-55)8 (6 
“ANY n+1 Dred ey 
For ea z 
fey 7s Ee essa C ie ane tae 
1 z 
= = 24}? 
es 


Now the coefficient of.z"*! in the development of the first member 
is in symbolic notation 


(B+ $77 4+ Bt =(14+1)8,G)4+2 Ban, (7 
using 3), while that in the development of the last member is 
Bul Be 
(5) is an (8 


Equating 7), 8) gives 6). 
Since B,,,,,; = 0 for m >0, we have from 6) that 
Bon(z) = 9. (9 


6. The polynomial B.,,,, does not take on the same value at more 
than two different points in A = (0, 1). 


For then its derivative would vanish at least at two different 
points within Y. But by 5) 


Posui(e) = (28+ 1)8,,(2). 
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Thus §8,,(a) vanishes at least at two points within 2%; hence by 8, 
82, vanishes at least at three points within Y. But by 5) 


B2( 2) = 2 88.,4(2)+ B,,. (10 
Hence £,,_, takes on the same value at least three times in Y; 
aoe? Bo, Be SaLE eS, O0e) 
each take on some Ree at least three times in Y. But 


B,(2)=4@2— 2) 


is of the second degree, and can take on the same value but twice. 


7. No Bernoullian number with even index B,, can equal 0. 

For by 6) ®,,1.(2) would vanish at x= 3. This is impossible 
by 6. 

8. The polynomial B,,,,(x) does not change its sign in A = (0, 1). 


For then it would =0, at three different points in %, which 
contradicts 6. 


9. The polynomial B(x) vanishes at x=0, 3, 1 and at no 
other point in A = (0, 1). 

For suppose 8, = 0 at two points within Y%. Then £},(7)=0 
at least at three points within YY. Then 10) shows that 8,,_, takes 
on the same value at least three times in Y and this is impossible 
by 6. 

154. Development of B,(x) in Fourier Series. 1. Let us develop 
the polynomials 8,(xz) in a Fourier series, valid in the interval 
Y= (0,1). We begin by showing that 


LO ate! 
B@= AG —1)=- sce — cos 2 nix) 
1 


1 — cos 2 nara 
eeaaesir | 
h Tipe ey 8 ne 
where 2= + 53 as 


as usual. 
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Let us denote the right side of 1) by F(a). Since 8,(0) = F(9), 
we need only show that 6, and # have the same derivative in 2. 
The left side of 1) gives at once 


Bie) =e — 3. 
On the other hand, from 110, 8) we have 


o— pat yn ent, (2 
1 


But differentiating the series /, that is the last member of 1), we 
get precisely the series on the right of 2). This establishes 1). 


2. From 1) we can express all the other @’s as Fourier series 
by using the relations 153, 5). Thus for n= 2, we have 


B(x) = 2 B(x) + By. 


Integrating, we get, using 1), 


sin 2 
B(2) = — arts => seers 2 
i 


The constant of integration is 0 as B,(0)=0. Using 152, 5), the 
last relation becomes 


1 Ssin 2n7z 
B(@) = 2 am 7 : (3 


38. Let us now set 


oO 
cos n 2 wx : 
G = > 8 an even integer, 
n=l ns 
sin n 2 LER 
3 aoe s an odd integer. (4 


Also as before let 
Hy=1+ 545+ 
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Then, by using 153, 5) and reasoning from 7 to n+ 1, we have for 
any integer s > 0 


Box) =(— 1)s* & des Gre41(), 


1 © 
Bu (2) =(—1ySS— >" a.) — Ba} 
valid for 0< a<l. 
We notice that for m an integer or 0, 
aco 1772s 
G,(m) = A, = (— A) 2 8)! 1 SES s= A* oe ejeie (6 
£G,@)=(- I 27 A a@) (7 


di * raz ; 
i G,(2)dz = ( Go41(%) + const. 
0 Tw 


4. From 5) we see that in the interval &=(0, 1) the signs of 
B, , Bs 5 Bs 


are + 
respectively. 

5. Also we see from 5) that at any point 2 in Y&, the sign of A), 
is the opposite of that of B2,,». 


6. In passing let us prove a formula we shall need later. Let 
m<n be positive integers. Then by partial integration we have, 


using 7), 
[ ee - 5 Lee Real f, ten G,(a) dz | 
m lL+2 2rLil+z2j, 2rJ_, A+2)? 
ae Gy(m) = G,(n) = H, == 
by 6) and 189, 9). Thus 
SG dt | me Ah 
piiebe 8 
m l+2 = 12 m C 
As this = 0 as m = we see that 
Ve G (a) dx C9 
6 1+2 


is convergent. 
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155. Euler’s Summation Formula. I. To derive this important 
formula we employ an elegant method due to Wirtinger.* Let 
FS (@) be a real or a complex function of the real variable 2, having 
a continuous derivative in the interval 2 =(a, a+ nb), where b> 0 
and m is a positive integer. Let m be a positive integer <n. 
Then as in 98, 1 we have 


f(a+nb)—f@) =6 f"s'(a + bx)dx 
f(a +nb)— f(atb) =b ["f'(a+ bade 


f(atnb)—f(a+2b)= I ugei 


f(a+nb)—f(at Die fi (at bx)dz 


where the last equation is added for symmetry. Adding thesen+1 
equations gives 


(n+1)f(at nb) — 3 patsy =0> "f'(atbr)dx. A 


S=(2e/ S$ 


Now n st+1 s+2 n 
Hi = f + fp foe i ; 
s s s+1 n-1 


If this is put in 1), we see that every integral of the type 


iis 
s 


occurs just s+1 times. Thus the sum on the right of 1) may be 


written 
Se (s+ 1) f'(a + bx) dz (2. 


s=0 
Now within the interval (s, s + 1) 
s+1= H(x)+1 


* Acta Matematica, vol. 26, p. 255. 
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where H(x) is the greatest integer contained in z Thus the sum 
2) equals 


n—-1 @st+l en 
E ee bx)dz = E Lf bz)dx. (3 
Df BOF st bedde= [BC +1 faded. ( 


s=0 


ee E(@)=Q(2)+2—5, 
where “sin 2nrx2z 1 
G = SS SS Se ae = G 
@ 2 nr 7 1), 


n=1 
G, being given in 154, 4). Thus the right side of 3) equals 
[1e@te +h} f(a + bx) de 
0 


iy ! a I i! ey ! 
=f G(a2)f (atbz)de+ af'(a+bx)dx+ 5) f'(a+br)dz. (4 


But by partial integration 


b[xf'(a+ be)de = np (at nd)— [f(a + be)dr, 


bb 7"(a+ bx)dx =3{ f(a+t bn) — f(a)}. 
0 


Thus 1) and 4) give 
Gw+-1) f(a-+nb)— z f(a Soi af Gia) fi (a+ ba) dx 
_ 0 


+ nf (a-+nb)— [fat beydet S1fGa+on)—f(@}. 
70 
Hence 


Ef(atab)=Jiflatinyt fOi+ [f(a + ba)de—Rk O 
s=0 0 


where 


es is ” (x) f(a + bx) de. (6 
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2. The remainder # may be transformed by partial integration. 
Thus 


[Gf at bw)den > [E@F'Ca + bxr)dx 
0 7 Jo 


te za G,(2) fl (at bo) | + aie G(x) f"'(at+ba)de. 


20 
Now 
G,(0) = G,(n) = y= = H, =7B,. 
m= 

Thus b ; ; 

=—5Bif (a+bn)—f'(@)i+ RB, (7 

h : 
cae ee a ff G,(z),f'"(a + ba) de. (8 
T J0 


3. Thus by repeated partial integration we get Huler’s formula 
of Summation: 


F(a)t flat b+ flat 2d) + f(a + nb) 
= ["F(at bade +] Fain) + Fa + ORF! (abn) —f"(@)} 
+ BFE f"atbn) — fl" (aj + 


at b2s+ es he ue + bn) — featy (a)} + Gea (9 
where 


b%s+2 n Fs 
TE pC ees ff Gar (x) f (a+ bade. (10 
0 


If we integrate partially in 10) we get, since 
@G.,,;(@) = 0, forz = 0,2 =n, 
sa! ey (2s+3) 
Rey = Geese || Gois(a) fo (a + br) da. qd 


4. In 10) and 11) we have expressed the remainder R, in 
terms of the functions G,,,, and G,,,;; let us now express it in 
terms of the 8 polynomials. 
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From 11) we have, setting for simplicity 6=1, 


iL 1 2 n 
R= 5 | ii ) foe + F (12 


—1 
ape mel, ° Gan ie) FOP (ata) + SOM (ate + 1) + }de, 


Now 


1 
we seesub. G1(4) fo (a+ 2+ m)dx 
= yet 
5 me [Gravy FOP (a+ v+ mr]j 
ae 1) stl 
a ee 2 se G2) f (a+ 2+ m)dx= A, — B,,. (13 


But by 154, 5) 


Co Ey, ee Or Get Oe 
92s—l qe 2s 2() a Q eee 1)! a P2s—1 772s Ai,,. 


Thus — 1) 
Ag = FA Hy SO? (am + 1) — FO (a+ my} 


By = smu Bea yeh OP a ak! ass m) da 


(— 1 s+1 1 
* O2s—lyp 2 H,,| f°%(a+x2+4+m)dz. 
aT 0 


Here the last angie is A,, Thus 12), 18) give 
Raix= @s-b! f= aml Bos 1(x) {fF (at+2) 


eee | + f)(atz+n—l1)jidx. 4 


5. Let us return to Euler’s formula 9). We may write it 
setting 6= 1, 


F=f(a)t+ fatl+f@t2+t+-- +fa@+n) 
=Hflat m+ fot [Parade + D+ Be (15 
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where D, is the sum of the first s terms of the series 

D= Psat n)—f'(@it ZB isfa + m)— f"(@}+ 
=d,+d,+d,+-- 


"(16 


As the Bernoullian numbers B,, increase very rapidly as n = 0, 
the series 16) is in general divergent. Suppose, however, that 
f* 2), f(a) have the same sign in (a4, a+). As 
Bosi1(2), Bos3(@) have opposite signs in (0, 1), the relation 14) 
shows that &, and R,,, have opposite signs. Thus 


| R,| < |R, — Haat aor: 


We have therefore zn this case the remarkable result : 


Although the series 16) ts divergent, the sum of its first s terms, D,, 
enables us to calculate the sum F in 15) with an error numerically 
less than the (s + 1)st term in 16). 

156. Asymptotic Expansion of 1 + = I += Lai ~+ . In 155, 15) 


let us set 2.3 


f@)=5 5 aly nama. 
Then L+5tite tins 424 logm+ D,— Ry d 
Be bake > 4 5u(1— 2), (2 
= R= (26+2) f Baar { Ga eee 
1 


\ dx. (8 
+ — 1 )2st8 
Now the Eulerian constant oes tie Dilae: 2 


: dl 1 
C= lim {1 = eee Sal } 
Fone nee og m 


mMm=eao 


Let us therefore keep s fixed and let m = o in 1); we get 


1 Ba eB B 
O== {32 Se! eee 28 
ee oe eae a T G 
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where 


BG t2) fd Geeta? (6 
Returning to 1) we have, using 4), 
Le Rieke miter aor re 
+32. 140, (6 
ere U, = (28+ 2) ifs >» a Gi 


Since the derivatives f@*? (2), f@*?(a) have the same sign, we 
are in the case considered in 155, 5. The formula 6) is thus an 


asymptotic development of 1 +5 fee ‘s 
m 
From 7) we see that U, has the form 


€,(m 
De @ 


where e,=0asm=+oo. For in the interval (0, 1) 


‘ B + (2) G 
(28+ 2) G4 py peer G some constant. 


Hence a 1 


by 22, 1) 


Thus 8) holds since 


€,(m) < Prep) (9 
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157. Stirling’s Formula for n!. In 155, 5), 6) let us set 


a=b=1 , f(atz)=logdt+z) , n=m-l1. 
Then 


m— m—L m—1 
> log (1+s) = log m ff log+2)dx— fk G(x) ae CL 
s=0 0 0 +z 
By partial integration 

ac: (1 +2)dx=mlogm—m+1. 

0 

Thus 1) gives 
log (1-2-3--m)=312m +1Dlog m— m1— [ Ce) =. 2 
We now transform 2) by using Wallis’ formula, 127, 5) 


ete Og te ee eae cee é 
From 2) we have 
2log (2-4-+.. 2m) = log( 2? . 42. 62... (2 m)?) 


= m+ 1) logm +2mlog2—2m+2—2f'"" G(x) hs 
0 Vea 
Also if we replace m by 2m + 1 in 2) we get 
log 1-2-3+-2m+1)= (2m+1+4) log Q@m +1) 
—2m (5 


From 4), 5) we get, on subtracting, 


2-4-4...2m-2m 
<n Sees 2m+1 


=—(2m+ 1) log “*@+*_ Flog (2m+ 1) 


+2mlog2+2—2f "4 [™ 
0 0 


=— (2m+1) log( 1+) —Flog(2m+1) +2—log 2 f+ 
0 m—-1 
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Thus 


1 Dio 0 Ab SAY p05 Wh Dai 1 
Le ee ti 
nee ear aa as Se Beas ages, 


—log 24+2— fs : +f". 
e7/ m—] 


Now : 1 
lm (2m +1) log a 4k sa)= i 
M=0_ m 


2 


2 m—1 m 
lim Seolim ff = 0, 
M=co M=%e} m—] 


Thus letting m = o in 6) and using 3) we get 


— SG(C2)Ez 
log Vw =1— f eats (7 
This in 2) gives 
f 2 
log m != 4(22m+1) log m—m+ log V2a + Som 
m-1 +2 


If we use this relation in 154, 8) we get Stirling’s Formula: 


log m! =4 (2m +1) log m— m + logV2m+7,—" (8 
where eS es 
This may also be written 


m 
ee — V¥mm{“*) Cag: 9 
158. Asymptotic Development of I(x). 1. In Euler’s summa- 
tion formula, 155, 5), 6) let us set 
b=1. ,.¢=2 , f(et+2)=lg@+7), 


then we get, as in 156, 1), taking the principal branch of the 
logarithm, 


E log (a +8)=(x +m + blog (2+ m)—(a — 4) log x 
s=0 


ae a [Oe G(u)du 
za+u 


valid for any complex #0, —1, —2--- 
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From 157, 2), we have 


log 1-2-3.-. ‘m+ 1=(m+5)log (m+ 1)— Pie ™G(u)du 


- (2 
1+u C 


Subtracting 1) from 2) and then adding 


(a —1)log (m+ 1) 
to both sides, we get 
1-2-3---m+1 
g-e2t+1--estm 


log (m+ lyt=—(m+245)log@** 


m+ 2 


1 ™ Gdu ™ Gdu 
aN ae tes ate 73 
+(2 5) Pa 0 Tagan atu C 


Now lim (m+2+5)log@ te 1-2, 
+ 2 


m=o 


Thus letting m= oo in 8) and using 144, 4) and 157, 7), we get 


log T(z) = —2 +(2—d) logz + log V2 7 + y(2), (4 
where 
_ ( G@mdu. 
y(x) ei ee ee (5 


In this relation let us set 


a=y+tn U=U—N. 
Then since G(w) admits the period 1, 
ay ny= fi Cl OLDE as (6 
n Yt 


We may thus write 


°G(u)du 
x te) fee tae ee : 
ipial Neale ie erly bac C 
In these integrals let us change the variable setting 
uw=v+(s—1) , s=1,2,.. 


Then the limits of integration become 0,1. But in this interval 


G(v)=4-24. 
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Thus 
*G(ujdu _ 1 -G(v)dv = "1 G—v)dv 
Js-1 CTtU Jy v+zt+s—1 o v+z+s—1 
i} | 
= = ool et eh, 
(z+ 7 on( eat) : ¢ 


This in 7) gives a development of y(2) due to Gudermann. 


2. In 5) let us integrate by parts. We get, using the functions 
G, G, --- of 154, 4) and the relations 6), 7) of that article, 


ye es|) pSaendalers ul fae _ 1 £°G (udu, 
T)9 L+U 27, o+u joao 27 (a+ u)? 
ne G,(0) = H, = 7B 


we have Bil 1 (PG. @du 
= —2. —— ne 9 
"De 2 Bai, +a : 


Integrating again by parts, we have 
G,(u)du _ - 1 | G,(w) T st 1 (°° G,(u)du 
0 @+uy — 2rL@+u)? Jno (7+ u)? 
= oa Be ora 
TJ) (e+)? 
Integrating again by parts, 
* Ga(ujdu _ =-;- =| al 38° G,(u)du_. (10 
T u=0 


Jy @+uy G@+ujhan 2rJ (@+ut 
i G,(0) = H,=- = B, 
9) and 10) become 
E20 le a 3 (°° G,(u)du 
2 Ee 4, 4 : 11 
OT eg 8 Agha PG 4 uy! ( 


8. If we continue integrating by parts we get Stirling’s 
Series : — ats 
his log [(2) =logV2m — 2+ (2—Plogz 


eB Di Be st R 12 
ee eee tt tim ( 


ae 
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where oe (ce 1)*(2 Wee 1) 1 Gon (U) au (13 
an D2n—-Agp2n 5 (a dh u)™* 


Since here f(a + u), f*® (w+ u) have the same sign, we are 
under the case considered in 155, 5, and the series 12) is in fact 
an asymptotic development of I'(@). 

From 18) we see R,, has the form 


(Proc a), (14 


where ¢, =O asz=oo. For if we integrate by parts we have 


- Gy,Cu)du == if beeen is n * Goons (udu 
0 


0 (atu) Qo (a+) TJy +uys 
Ey § 
Fa 
ae Nee al 11s 1 
Of igen aca G@ +u) 2n+1 yp n gin oor pee 
< ae where G is a constant. 
x a 
SIE €,(2) < UE , Ma constant. (15 
x 


159. Asymptotic Series. 1. In the foregoing articles we have 
been led to divergent series 


Dizy= 25s ey LT if 

‘ Oe "ae z a oo C 

such that the sum of the first » terms D,(2) gives a very good 
approximation of some function f(z) for large values of 2, pro- 


vided m is not taken too large. More specifically we may say that 
the series 1) is so related to the function f (z) that 


$@=Di@+ 2 ie e210) (2 


as 2+ oo along the positive real axis. 
Such a series is called an asymptotic series, and we write 


[Or qr est (3 
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Hereby we will not restrict z to move along the z real axis, but 
permit it to = o along any radius vector so that 


2=re® , r=o , @=constant. (4 


This we call the asymptotic vector. 

Asymptotic series figure quite prominently in astronomy and 
also in some parts of the theory of linear differential equations. 
We shall meet them in this latter connection when we come to 
study the Bessel functions. 

We wish now to see how the ordinary operations on conver- 
gent series may be extended to these divergent series. We shall 
suppose that z= o along the same asymptotic vector unless the 
contrary is stated. 

Let us first show that: 


f (@) does not admit two different asymptotic developments along 
the same vector. 


For from i ee eet ee 0 
Zz lat ee 
EY ASE: pop, n= 9, 
z ze gm 
we have a, —b On — On En — Mn 
DA Nae = aan err oes era 


Letting z=00 we getay=6,. Thus 


ee Ea a OR Si, 
: z gn-l 


From this we get as before a, = 4,, etc. 
2. Addition and Subtraction. Suppose 
f@~qtI+ -. 
(5 


g@)~ly tA 


Then feg~ (at h)+ De + A (6 
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For 5) stand for 


fgg aust a ee 
Ci 
g= b+ t+ see In+ 2, 
er rset evel aS 2= 00 
‘ai ftgH=Hy+b Ps ie ee es 
se 9,=€, + In = 9 as = 00 


Hence 6) holds. 


3. Multiplication. The functions f(z), g(%) admitting the 
asymptotic developments 7), let us show that 


f-I~% +4 143 24. (8 
where 
Cy=Aydyp 5 Cy =AQdy + Ab) 5 Cy =A dg +44), + AQb)- 
as in the multiplication of series. 


For 7) gives zd 
$9 = fr9n + (Gn + afin) + 


But c 
Sven ea pees a oe, 


where &, is a polynomial of order <nm—1. Thus 8) is valid. 


4. Division. Since 
7 eee 

g g 

the problem of dividing one asymptotic development by another 


may be reduced to finding the reciprocal of an asymptotic devel- 
opment. 


Let us suppose in 5) that a, #0. We will write 
1 1 
f=f.+ w= a(1+% St + Bly 
X 
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Thus 
amet acne eg menses 
fy Se, 
i heels | 1 i Rin 
haar’ wee ie Oe hz — ny 5 Bo 
ne Oe a a were, & 
Hence Dan) uy sered eae ae ) ie (10 
f Z 22 gn Ae A 
where 3,+0 aS = 0, 


5. Integration. We show that: 


An asymptotic development of f(z) may be integrated termwise 
along the asymptotic vector when the function f(z) ts integrable along 


this vector as indicated in 12). 


For from 7) we have 
o etl 
dil 


[ t@ua lO funder [Sw 


Now along the asymptotic vector 


| Seas < 


Thus 11) may be written 


[ (@ — a 1) de 
6,(2) 


o,= 0 as 2= 00 


9 


2i[ Sa+{ ¢ “pda+ -. fo eo 
where G,= 0 as = oO 
Thus fro a a 
- f@~q+I+3+- 


we can infer that 


[ (t@-a-2)ae~ f det | “3 dz + « 


(12 
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6. Differentiation. Suppose that we know that f (2) has an asymp- 
totic development 


f@)~F+ Ss oo (13 
also that f'(z) has an asymptotic development of the form 

Peg elle 
Pants t ae (14) 


Then the asymptotic development of f'(2) may be obtained from that 
of f (2) by termwise differentiation. 


For from 14) we have, using 5, 


He f@ds~ [aes f 8 dg} (15 


snes f(o)=lim se) =9; by 18), 


we have, from 15), 


Oe ME ALTO 
BO ree ferent ae (16 


Since by 1, a function admits but one asymptotic development 
along the same vector, the comparison of 13), 16) gives 


b,=— a, 5 b,=—2a, + 


These in 14) establish the theorem. 


CHAPTER X 
THE FUNCTIONS OF WEIERSTRASS 


160. Limiting Points. 1. At this point it is convenient to in- 
troduce a notion which is fundamental in many parts of mathe- 
matics, that of a limiting point. 

Let & be a point set. If in any domain D(6) of the point 8, 
there lie an infinite number of points of Y, we say 6 is a limiting 
point of A. The point 6 may or may not lie in Y. 


Example 1. Let &=1, 4,4, +... Then the origin 0 is a limit- 
ing point of %&f. It does not lie in Y. 

Example 2. Let % denote all the points within a circle R. Then 
any point of Y& is a limiting point of %. Also any point & of the 
circumference § is a limiting point of %, although & does not lie 
in Y. 

2. A set of points 2% which le in some square © is called limited, 
otherwise unlimited. 

A set of points which embraces an infinity of points is called an 
infinite point set, otherwise a finite set. 

Thus the point set formed of the points corresponding to the 
positive integers ed Ola, 


is an infinite unlimited set. For obviously no square contains 
them all. 

The set of points on an ellipse form a limited point set. 

We now prove the fundamental theorem : 


Every infinite limited point set U has at least one limiting point. 


For % being limited lies in some square ©. Let us divide © 
into 4 equal squares. Since % contains an infinite number of 
points, at least one of these squares contains an infinite number 
of points belonging to Y. Call this square ©,. This we divide 

833 
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into 4 equal squares. Atleast one of these must contain an infinite 
number of points of Y%. Call this ©,. Continuing in this way we 
get a sequence of squares 

ST mes Wt ST ase ad 
each contained in the foregoing. As the sides of these squares 
= 0, the squares 1) shut down to a point « which lies in all of 
them. Since each square contains an infinite number of points 
of 2, any circle about a, however small, will contain an infinity 
of points of 2. Thus @ is a limiting point of 2. 

3. Suppose the point set 2% is not limited. Then there are an 
infinite number of points of % without any circle R about z= 0; 
that is, there are an infinity of points of 2 in any domain of the 
point =o. It is convenient to say that 2=oo is a limiting 
point of . 

We may thus say that: 


Every unlimited point set admits 2 = x as a limiting point. 
Putting this in connection with the theorem in 2 gives: 


Every infinite point set has at least one limiting point. This may 
be the ideal point 2 = o. 


4. Let the one-valued analytic function f(2) take on the value c for 
the points of some set I. Any limiting point of A is any essentially 
singular point of f(z), provided f is not a constant. 


161. Periodicity. 1. Let the one-valued analytic function f(z) 
satisfy the relation 
f@+o)=f() , ow constant<0, Gh 


for every 2 for which f is defined. We call a period of f and 
say f admits w as a period. We shall of course exclude the case 
that f(z) is a constant. Thus 
es Sling, antanes (2 
admit respectively Den Oe a GB 
as periods. 
Obviously if is a period of f(z) so are 


+, —30, —20, —@, @, 20, 80, - (4 
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Thus if f admits one period, it admits an infinite number of 
periods. Sometimes these lie on a right line as in the case of the 
functions 2); sometimes they are spread over the plane as we saw 
in the case of the functions 


a 
= 4 eee 
> (3+ mo, + Ma, )? Drepitts & 


considered in 123, 6. 
It will be convenient to say that two points a, 6 are congruent 
when their difference a — 6 is any period of f(z). This we write 


a=b 
and read a is congruent b. If we write more specifically, 
a=b , moda, 
read a is congruent b with respect to the modulus @, we mean that 


a—b=mo , m some integer or 0. 
If we write = 
a=b , mod.o,, o,, 
we mean 
a—b=m,o,+ mo, , my, m, integers or 0. 

If w,, #, are any two periods of f(z), so are obviously @, + @,, 
and ,—, periods and still more generally m,o,+m,@, are 
periods, m,, m, being integers or 0. 

If a, 6 are not congruent we say a 7s incongruent 6 and write 

a#b. 


2. Let denote the totality of all the periods of f(z). The 
point set $ must have z= oo as a limiting point as it always con- 
tains a set of points as 4), and now=a« asn=oo. On the other 
hand, we now prove the important theorem : 


The point set B has no limiting point in the finite part of the plane. 


For suppose 7 were a limiting point. Then within D,(7) there 
are an infinity of points of $3, however small 6 is taken. If a, B 
are two of these, y = «—§ is a period and|y|<26. As 6is small 
at pleasure, this shows that f(z) has periods which are numerically 
< any givene>0. But f(z) is an analytic function and cannot 
have such periods. For if z=a is a regular point and f(a) =e, 
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we know that f(z) cannot =e in some-D,*(a). But f(%) having 
periods 7 numerically <o, we have 


Sfa@+n) =f(@) =e 
and a+ lies in D,*(a@), which is a contradiction. This shows that 
every point z is a singular point of f(%), and f(z) is not analytic. 
3. Let w be any period of f(z). On the line / passing through 
the origin and @ will lie an infinity of periods, for at least the 
periods 4) will lie on 7. Since the origin is not a limiting point, 
there are two periods + A on / nearer z = 0 than the others. 


All periods on | can be expressed as multiples of 2. 
For let » be any period of f(z) lying on 7. We can write 
oa=nri+n 


and take the integer n so large that |7|<|A|. If now 7 #9, it is 
a period on / which is nearer 0 than A, which is contrary to hy- 
pothesis. We call d a primitive period. 

Thus the periods 3) are primitive periods of their respective 
functions 2). 


162. Jacobi’s Theorem. 1. Jf the one-valued analytic function 
J (2) has more than one primitive period @,, there exists a primitive 
period w, such that every period of f has the form 


M,®, + MO, qd 


where m1, My are integers or 0. 

For let be any primitive period other than o,. In the 
parallelogram @ whose sides are Ow, and Ow there are but a 
finite number of periods. None of these can fall on the edge 
of Q. For if 7 were such a period 7, =7 would fall in (0, ,) and 
as m, is a period, w, cannot be a n 
primitive period. 

Let now o, be that period in Q 
for which the angle 00, is 
least. Then every period of f 
has the form 1). 

For let P be the parallelogram 
whose sides are Ow,, Ow,. If 6 
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there is a period of f not included in 1), let w! be that point of 
P which is =. Then a! is a period and 


Angle o! 0w,< Angle o, 0o,, 


which is contrary to hypothesis. 

2. An analytic function f(z) which has more than one primi- 
tive period is called a double periodic function. 

Two primitive periods @,, @, such that all other periods of the 
double periodic function f(z) can be expressed linearly in terms 
of them, as in 1), form a primitive pair of periods. 

The functions e*, sin 2, etc., are simply periodic. All their 
periods are multiples of a primitive period. 

As examples of double periodic functions we may take the 


- functions 1 
F(2)= ; 2 
se p> (2 + mo, + M0)? ( 
p an integer > 2 considered in 123, 6. 
These functions have 
MO, + Moo (3 


as poles of order p. All other points in the finite part of the 
plane are regular. The point z=oo is of course an essentially 
singular point. 

3. Let f(z) be a double periodic function having @,, @, as a 
pair of primitive periods. Leta be another point. The parallelo- 
gram P whose four vertices are 


a, @44+0, , @+0@, , @€+0,+2, 


is called a primitive parallelogram of periods. By drawing par- 
allels to the sides of P through the points 

A+ MN, + MW, 
we may divide the whole plane into a set of parallelograms 
similar to P. 

Any parallelogram @ built up on two periods 7,, 7, not neces- 
sarily a pair of primitive periods will be called a parallelogram of 
periods. We shall often have occasion to integrate over the 
edge of such parallelograms, and in such cases we shall suppose 
the point a chosen so that the edge of the parallelogram does not 
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pass through a singular point of the integrand. To indicate 
what periods 7, 7, are used we may denote Y by Q(7y 79)- 

The fact that f(z) admits @,, @, as a primitive pair of periods 
we may indicate by the notation 


SF @& @y 2). 
4. From one primitive pair of periods ,, , it is possible to 
form an infinity of other pairs. 


For let 
Ny = MO, + Mo, (4 


No = NO + NgWq, 
where the m,n are integers. Obviously 7,, yn, are also periods. 
For them to form a primitive pair it is necessary that the deter- 
minant D= myn — MoM 
is +1. In fact, solving, we get 


Non, — M. 
o,= 271 272. 


0, = CSU re Ue 
Hence when D= +1, a, @, are linear functions of 7,, 4, with 
integral coefficients. 

Let us call the set of points 


1,@, + 1,0, bis tg = Onna 1, A Bese (5 


a network. We may denote it by (a, @,). 
We now see that the (7, 7.) network is the same as (@,, @,) 
when and only when D= +1. 


5. Let P be a parallelogram formed by the points 


0 b) @, 9 D> 9 @, + ®o- 
If ; : 
@,=a,+ 1b, @, = d,+1tb,, 
we know from analytic geometry that 


ay by |. 


Area P(@,, ,) = (6 


A, by 
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Thus the area of P(m,, 7.) is 


MA, + Mot Mb; + Myby| _|mym,| |a,5,|. 
NyAy +N A, 4b, + Ngby Ny Nq| | Ayo 
Bae ace Area P(, n.) = A- Area P(a, ), (7 


where A= | D|. 


163. Various Periodic Functions. 1. From a periodic function 
J(@) admitting as period we can form an infinity of others ad- 
mitting this period. For example 


g(@) =f") m an integer, Gl 
_ admits the period w. For 
g@+o)= fm + o)= f(z) = 9). 

If w is a primitive period of f, it does not need to be a primitive 
period of 1). For example 277 is a primitive period of sin zg, but 
it is not a primitive period of sin?z, whose primitive period is 7. 

2. If f(z), g(2) admit the period o, their sum, difference, product 


and quotient will also admit this period. 
For example let 


h(z)=f@)g(@)- 
Then he + 0) =f@ + 0) 9(z + 0) =f (@)g(z) = h(a). 
We must, however, guard against the case that 4 reduces to a 


constant. Thus f= sin?2z, g=cos?z admit the period 7. Their 
Nae h= sin? z+ cos?z=1 
is not properly periodic at all. 

From the above it follows that any rational function hf of the 
periodic function f(z) is also periodic, guarding against the case 
of course that / is a constant. 

3. Let f(z), fo(2) -* fa(2) be one-valued analytic functions ad- 
mitting o as a period. Then the analytic function w satisfying the 
equation 
wr +fi(z)jwr t+ fa(2) wr? + - +fr(Z) = 9 @ 


will admit w as period. 
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For let w(z) be a value of w corresponding to a value of w at z. 
The value of w at the point z+ will be w+). As the co- 
efficients of 2) have the same value at 2+ @ as at 2, we see 

w(%+o)=w(2). 

4. If the one-valued analytic function f(z) admits wo as a period, 


so does its derivative f'(z). 
For f’(2) is the limit of 


g@=at@ ats 4) me) 


But g é +) aHetet afer e) == J CG): (3 


Passing to the limit 4 = 0 in 3) gives 
fice + @) =f (3): 
5. If f(%) admits the period », we cannot say that the primitive 
function #(z) admits this period, as the following example shows. 


Let F (2) = cos 2+ 2. 
age F@)= { (cosn-+ 2)dz=sin 2 + 224 C 


is not periodic although f(z) admits the period 2 7. 
There is, however,:an important case when the primitive func- 
tion F(z) does admit the period @, viz.: 


Let the derivative f(2) of the one-valued function F(z) admit the 
period wo. If Fis an even function, F admits the period ow. 


f@+to=f@) 


we have, on integrating, 


F2+o)=F(2)+ C. 


For from 


In this relation set z= — -, then 


a(s)=9(-$)+0 


As ¥($)= F(- 2), this gives (=0; thus 


F(2+)= FC), 
and F admits the period o. 
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6. From a one-valued periodic function f(z) having no essen- 
tially singular points in the finite part of the plane let us show 
how to construct a periodic function having z= a as an essentially 
singular point. 

To fix the ideas let us take 


£(%)= cot 2. 


This has the period wz and the poles 


Pm = MT m=0, +1, +2,--- 

Let us set 1 

Fal) == cot (2— a — ay), 
n! 


where a,, a,::-is a properly chosen sequence which =0. For 
example we may take here 


2 
a, — 
. n 
Consider now 1 ; 
g(2) = 2f,(2) = Dang cot (2 ae EX *) (4 
The poles of f,,(2) are 
Inm=A+~ + Pm m=0, +1, coe (5 


No two terms f,, f, have a pole in common. Let $ be the set of 
points formed of the sets 5) and their limiting points 

i =4+ Pn- 
If z=6 is not in Y, we can describe about it a circle & which 
contains no point of $. Then each and every f, in 4) is nu- 


merically < some fixed G for any zin R. Thus each term of 4) 
is numerically < the corresponding term in the convergent series 


| 
Cece 
Hence the series 4) converges steadily in & and as each term of 


4) is analytic in &, the function g(z) is regular at z=. 
On the other hand, each pole q of any term f, of 4) is a pole of g. 


For we have g@=f(8) + h), 
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where A is the series obtained from 4) by omitting the term f,. 
From the foregoing reasoning / is regular at g. Thus g has a 
pole at g and of the same order as f,. 
The point z=<a is an essentially singular point, since it is the 
limiting point of the set of poles 
a 
Fn, 0 =a+ a 


Finally g(z) admits the period 7 since each term of 4) does. 
This shows that not only a but also J, =a-+ m7 are essentially 
singular points. This is as it should be, since the J, are limiting 
points of the poles 5), and g(z) has the period 7. 

T. Instead of the function cot z we can take a double periodic 
function as 1 

Os 2, (2+ mo, + Ma, )> 
With this we can construct a series of the type 4) which will de- 
fine a double periodic function having a given point z=a@ as an 


essentially singular point. Of course all points =a will also be 
essentially singular points. 


164. Elliptic Functions. 1. Having now an idea of some of the 
singularities a double periodic function may possess, let us pick 
out a class of great importance called the elliptic functions. These 
are defined as one-valued analytic double periodic functions which 
have no essentially singular point in the finite part of the plane. 
The reader will recall that, as we saw in 123, every periodic 
function must have z= oo as an essentially singular point. Thus 
the elliptic functions are the simplest double periodic functions, 
in that they are one-valued and the number of their essentially 
singular points is the least possible. 

Such functions are 

Py(2)=— 2 > ! 


(2— 2 mw, — 2m,o,)° 


a 
1 

(O= C1 ny é 
Pa(2) 2 re > arr an ran 
where 2,, 2, are any two complex numbers not collinear with 
the origin and m,, m, range over all positive and negative integers 
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and 0. We notice that p, is the derivative of p,, p, the derivative 
of p,, etc. These functions are essentially the functions con- 
sidered in 123,6; we have replaced ,, w, by 2 @,, 2@, to avoid 
writing the fraction 4, as we shall see. 


2. From p,(z) we can get by integration another elliptic 
function of fundamental importance. In fact let us write 


P@)=-F+9@s, (3 


where the first term on the right corresponds to the values m,=0, 
m,=0 in 1). 

The function g(2) is regular in any part of the plane which 
does not contain one of the points ; 


2m,o,+2m@, , m,=m,=0 excluded. 


In particular it is regular about z=0. Thus 


[POP 205 || eer 
->'{ 1 ! }=1@, 


(2 —2m,, — 2 mo, )* a (2 mo, + 2 mw,)* 


where the dash indicates that in effecting the summation the 
combination -m, = m,=0 is excluded. This dash we shall often 
employ in this sense. Let us now set 


p@)= 4 +hG@). (5 


Then 9 
P@O=—-4t+ID=Pi).- (6 


Thus 5) is the primitive of 6). Let us now show that h(z) is 
even. For to the term indicated in 4) there corresponds another 
term in which m,, m, have the same values but with opposite signs. 
Thus h(— 2)= A(z) and fh is an even function. Hence by 168, 5 
the function 5) is double periodic admitting the same periods 2 @,, 


2@, aS p;(2)- 
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Thus the function 


! 1 af 
aes ei oe 


2 m,o, — 2 m,,)* ~ myo, + 2 m,o,)? 


is an elliptic function admitting 2,, 2, as periods. It is the 
fundamental elliptic function in Weierstrass’ theory. To denote 
it, he has invented a modified p, viz. the symbol 9g, and this 
has been generally adopted. We shall, however, retain the 
ordinary p. 

By virtue of 6) we see that the functions defined in 1), 2) are 
the derivatives of p(w). 


165. General Properties of Elliptic Functions. 


1. Every elliptic function has at least one pole in any parallelogram 
of periods P. 


For having no singular point in P, it has no singular point any- 
where in the infinite plane. It is thus a constant by 121, 2. 


2. Let f(2) be an elliptic function admitting w, and , as periods. 
Then 
ie ‘fdz = 0, a 
e/ P 


P being a parallelogram of periods not passing through a pole of f. 


For 2 
[kL Lel : 
JE 12 23 e/ 34 e/ 41 
Now : 
(fan = {fas 
e/ 43 12 


since f has the same value at 2’ = z+ o, as it has at 2, by virtue | 


of its periodicity. Hence a 


A+ We 


eset , 

e’ 34 12 

Similarly 2 
oa Boe 
41 e/ 23 


Thus the right side of 2) vanishes. 
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3. The sum of the residues of f(z) in any parallelogram of periods 
P, not passing through a pole of f, is 0. 


For this sum is by 124, 1 


1 
2 = {fe Oke 
which = 0 by 2. 


4. The sum of the orders of the poles of an elliptic function in any 
parallelogram of periods not passiny through a pole is at least 2. 


For if the sum is 1, f can have but a single pole z = ain P and 
its development must have the form 


ie are ari c 


Etore ¢ = hes 7,(2). 

As the sum of all the residues in P is 0 by 3 and as there is but a 
single pole, we must have c= 0. But then 3) shows that f has 
no pole at a, which is contrary to hypothesis. 


5. Definition. The sum of the orders of the poles in a primitive 
parallelogram of periods not passing through a pole is called the 
order of an elliptic function. 

From 4 we have: 


There is no elliptic function of order less than 2. 

By means of this theorem we can often show that a pair of 
periods of an elliptic function form a primitive pair, as the follow- 
ing theorem shows: 

6. Let ,, 0, be a pair of periods of the elliptic function f(z). 
This is a primitive pair if the sum of the orders of the poles of f in a 
parallelogram P (o,, ,) not passing through a pole is 2. 

For if not, let ,, 7, be a primitive pair. Then 


O, = MN, + MN, 5 = NN, + NgQN2 
ee A =|mnq — mn, |, 
is >1 by 162,4. Now by 162, 5 the area of P(@,, @,) is A times 
that of P(m,, n,). From this it follows geometrically that there 
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are » parallelograms which either contain no pole or a pole of 
order 1. As f(z) behaves in all parallelograms of periods just as 
it does in any one parallelogram, we see that f violates the 
theorem 4. Hence @,, #, must form a primitive pair of periods. 


7. From this we see that 2,, 2, form a primitive pair of 
periods of the function p(w) defined in 164, 7. 

For as we have seen, its poles are the points of the network 
(2 ,, 2 @,) and each is of order 2. 

From 118, 4 and 163, 4 we also see that 2@,, 2, form a primi- 
tive pair for the derivatives p'(u), p!'(u) + 


8. On account of periodicity an elliptic function takes on the 
same values at a and 6=a+o where @ is a period. Thus in 
counting up the points where an elliptic function takes on the 
same value in a primitive parallelogram of periods we agree to 
consider only one of the two opposite sides. Also if f(z) =e at 
zg=a the function g(z)=f(z)—e will have a zero at a. If this 
zero is of order s, we will say that f(2) takes on the value ¢ at a, 
s times. 

This being agreed upon we now prove: 

An elliptic function f(z) of order n takes on any given value c just 
n times in a primitive parallelogram P. 

For choosing P so that no zero or pole of f(z) lies on its edge, 
we have, by 124, 4, 

Le IEG) yan 

Did AG) 6 

where m) is the sum of the orders of the zeros and mq the sum of 
the orders of the poles of f(z) in P. 

Now FP being a parallelogram of periods of f(z), it is also for, 
LE), 

() 


Mo — Meo 5 (4 


the function 


Thus the integral in 4) vanishes by 2. Hence 
Mg = Mo. 
But mo = by definition. Thus f vanishes n times in P. 
Consider now (2) = f(z) —e. 


This vanishes whenf=c. On the other hand, P is a primitive 
parallelogram for g as it is for f. Finally, g having the same poles 
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as f, and to the same orders, the order of g is n. Hence g vanishes 
n times in P. 

9. A theorem of great use in the elliptic functions is the follow- 
ing : 

Two elliptie functions having the same periods, the same zeros, and 
poles to the same orders, can differ only by a constant factor. 


For let f(z), g(z) be two such functions. In the vicinity of a 
zero or a pole z= a we have 
FH=GE-—a)"O@) gg = (2—4)"H) 
where ¢, Ware regular at a and do not vanish. Hence in the 
vicinity of a zero or pole 


qo) _ $2) 
g@) ¥@) 
is an analytic function. If we give to q at a the value 
b(4) 
v@) 


q is regular at a. Thus q has no singular points in the finite part 
of the plane. It is therefore a constant. Thus 


FR) = Cy(z). 
10. A similar theorem but not so often used is the following : 
Tf the elliptic functions f(z) g(2) have the same periods and at 


each pole the same characteristic, they differ only by an additive con- 
stant. 


For at a pole z =a, let 
SRO=$@)+ FO), 
92) = $2) + E(), 
where ¢ is the common characteristic at a. The functions 7, G 
are regular at a by 118, 2. 
Thus f(z) — 9(2) =h is regular at aas it is the difference of two 
regular functions. Thus the function is regular everywhere, and 
is therefore a constant. Hence 


fl) = (2) + C. 
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11. Abel’s Relation. Let f(z) be an elliptic function of order n. 
Let P be a primitive parallelogram of periods not passing through a 


zero or pole of f. If ay, dg+++ a, are the zeros and py, py +++ Pn the 
poles which fall in P, then 
(ay + Ag+ e+ +On)—( py + Pot + Pn) = @ period. (5 

Before proving this theorem let us see its significance in the 
function theory. It is often convenient to construct functions 
having assigned properties, and it is therefore necessary for us to 
know which such functions are possible. 

For example we know it is possible to construct a one-valued 
analytic function which vanishes at aj, a +++ Gm, Which has poles at 
Pp Pot? Pn and which has no essential singularity even at oo. 
Such a function is 

(2— a) oe @-te Om) 
@— Py): @— Pra) 

Now if we were asked to construct an elliptic function having 
these zeros and poles in a primitive parallelogram of periods P we 
would say at once that this is impossible unless in the first place 
m=n by 8. This is the first restriction. Abel’s relation 5) is 
another restriction. It says that having chosen 2n —1 of the 
zeros and poles in P, the last one is no longer free to choose ; it is, 
in fact, completely determined by 5). Are there any other con- 
ditions to inpose? We shall see in 166, 4 that there are not. 

Let us note that we may write 5) 


2a I Pe ae OU LONG: (6 


We turn-now to the procf of this relation. 
From 124, 2 we have 


1 
Dari i log f(z) =e 2am ar 2D C7 
Now : 
Sof Lo hel : 
2m Oho 23 34 el 
Also 


if db C+W9 C+, 
34 C+w tw ie 


Let us change the variable setting 


Chu, 
a=U+ ®o- 
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Th sii 


= [ud log fu) + oy] log fey |". 


Now if the reader will remember that an integral is the limit of a 
sum, he will see that the letter chosen for the variable has no 
influence on its value. Thus 


f ud log f(u) = ft 2dlog #2) = fi 


Also if log f(w) has the value log f(¢) at u =e, its value ate + a, 
is one of the many values log f(¢+,) has at this point. But 
F(e+ o,) =f (ec); thus the value log f has at ¢ + @, is 


log f(e) — 2 mar, Ms, an integer. 


it rs f = 2 marie. 
12 34 
iE fe = 2 m,TI10}. 
23 «41 
Thus 7) gives 


2am — 2 Pm = sal = MW, + MW, 


= a period. 


Thus 9) gives 


Similarly 


12. From Abel’s relation we have : 

Let the elliptic function f(z) =e at the points 2,, 2 ++: 2, in P. 
BZ Tim = EPm (10 

ies 92) =f(2)—¢ 
has the same poles as f(z), and its zeros are 2,-+-2,. We thus 
need only to apply 6) to the function g. 


Remark. In Abel’s relation 5) the a’s and p’s lie in one and 
the same primitive parallelogram. We can give this relation a 
slightly more general form as follows. Let us say that any set of 
points form an incongruent set when no two of them are congruent. 


Let then ddl, a af d1 
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be any incongruent set of zeros, and 
Pi Pao Pn a2 
any incongruent set of poles of f(z). Then 5) may be written 
dy + tan = py to + Ph. (13 


For each aj. must be congruent to some a,, and no two of the 
points 11) are congruent to the same a,,, since then they would be 
congruent to each other, in which case 11) would not be an incon- 
gruent set. Thus 


a+ ++ +a,=a,+ + +a, +a period. 
Similarly spit ices ss pee pa emaloe pe pater 
Thus 13) is a consequence of 5). 
A similar remark holds for the relation 10). Here it is not nec- 
essary that the 2, --- 2, all lie in the same primitive parallelogram ; 
they can be any set of incongruent points for which f(z) =e. 


138. In case of an elliptic function f(z) of order 2 Abel’s relation 
enables us to solve the problem of finding all the values of z for 
which f(z) takes on a given value as follows: 

Let p,, p, be incongruent poles of an elliptic function f (2, @,, @,) 
of order 2. If f takes on the value ¢ at z= > then all the roots of 


f@=e (14 
%y FM 1@, + M40, (15 


Pit Po % + MO, + MyWo, 


are given by 


where 
Ny Mg = Ooo Ly ae Dire 


For if z, is the other value of z for which f = ¢ in the primitive 
parallelogram P(@,, @,) in which 2, lies, we have, by Abel’s relation, 


2 + % —C pi + pe) = a period. 
Thus 
a= Py t Pate no 
as stated in 15). 


Remark. In case f(z) has a double pole p we replace p, + p, 
in 15) by 2p. 
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14. Between the poles of an elliptic function of order 2 and the 
zeros of its derivative there exists a remarkable relation which is 
expressed in the following theorem : 

If the elliptic function f (2, ©, @,) of order 2 has p,, py as incon- 
gruent simple poles, its derivative f'(2) is of order 4 and admits the 
incongruent points 


een tid Ps ©, + @, 
EXAS ANAK) 


@ 
’ ay See ay 


| Zp = 2+ 2 2, = 2, + 
cy MORES amt Mat GT Led 


(16 
as zeros. 
That f’(z) is of order 4 follows from 118, 4. That the points 
16) are incongruent is easily seen. For suppose 
ee ee 


Then @, ® 
CO 
2 3 D) 


; 2 
is a period, which is not so, since @,, #, form a primitive pair. 
From 13 we have 
SF (Pi t+ Po — 2D =f(2)- 
Hence f'(22%,—-2)=—f'(@). Ci 
As 2, is incongruent to p, or p,, it is not a pole of f’(z). Let us 
therefore set z= 2, in 17). We get 


F'(@) =—-f' ps 
or, 2 f!(z,) = 0. 


This shows that 2, is a zero of f’(z). 
Again, set z= 2, in 17); we get 


J! (2% — %) = —if" (2q). (18 
Now 22, — m= a, — Saat =m 
Thus 18) shows that f'(2,) = —f’ (2) or 
21! (i) —=0, 


Hence 2, is a zero of f’(z). Similarly we show the other points 
of 16) are zeros. 
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15. Similar reasoning applied to 17) gives: 


If the elliptic function f (2, @,, @,) of order 2 has the double pole 
p, its derivative is of order 3, and it admits the incongruent points 


=pt+y , m=p+Z . z= p + As, (19 


as zeros. 


Remark. The reader mayask: Why does not the same reasoning 
prove that p is also a zero of f'(z) ? As we know that a pole of f 
is also a pole of f’(z), our reasoning would then be quite fallacious, 
since p cannot be at once a zero and a pole of an analytic function. 

The fault in such reasoning on p would lie in setting z= p in 
17). Since we know that z=>p is a pole of f’(z), this latter is 
not defined at this point. The relation 17) holds for values of 2 
near p but not at p. 


16. An elliptic function of the second order having simple poles 
satisfies a very simple differential equation, as the following theo- 
rem shows: 


If f (2) is as in 14, it satisfies 
ae = CC f — e,)(f— &) (Ff — es) Ff — 4), (20 


where f (2m) = em m=1, 2, 3, 4, and 2,, are the numbers 16). 
Let us first show that the e’s are all different. For if Cr = en: 
for example, then 
F(@) = (25), 

and either Ro = 215 
or, 2 +2 =p, + Po by 18. 
Neither is true. Let us now set 

Gm(2) =f (2) —e@n » M= iL; 2, 3, 4, 
and I®) = 1929394 


We show that g admits ,, #, as periods and has the same zeros 
and poles, and to the same order as (f’(z))*=h. Thus A and g 
differ only by a constant factor by 9. 
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For in the first place f and g obviously have the same periods. 
Next g being the product of four factors of order 2, is of order 8. 

AS 9m = 9 for 2=2n, we see that g vanishes at the four points Z,. 
Each of these points is a zero of order 2 for g(z)._ In fact 

J 2) =I) + 29294 + G2 ° 19394 + Is * 19294 + Is * 1929s" 
Let us set z=2, in this relation. The first term on the right 
vanishes, since the factor 
HEY=/'A)=9 by 4. 

The other three terms=0, since each contains the factor g,. 
Thus g'(2,)=0 and hence 2, is a zero of g(2) of order 2 at least. 
Hence g(z) and A(z) have the same zeros to the same order. 

The poles of g(z) are p,, p, each of order 4. The same is true 
of h(z). Hence by 9, h= C-g. 


17. When the elliptic function of order 2 has double poles, we 
have: 


Afef (2) is as in J5, it satisfies the differential equation 
df? 
(ZY = erp - ad F- 4) qt 


where f(2m) = em, m=1, 2, 3, and z,, are the points 19). 


The proof is entirely analogous to that in 16. 


18. Application to the p function. This function is defined by 


1 ( 1 1 
Oe area (22 
where & = 2 mw, + 2 myo. 
Here p=0 is a double pole, and the periods are 2,, 2a). 
Thus 19) becomes 


Z=@, » %=O, » %= +o, (23 
get P(@)=e; » Pl@,)=e, 5 plo, +o) = es. (24 
Hence 21) shows that p(z) satisfies the differential equation 


(i = O(p—ey)(p—e)(p — &)- (25 
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From this follows that 


2 dp 
a : (26 
STG =e) CP =) CP = ee) 


Remark. The reader can now see why we have denoted the 
periods of p(z) by 2@,, 2, instead of ,, @,. It is the half 
periods which enter in the definition of the e,, ¢,, e,, and these 
quantities are of fundamental importance. Also in many other 
relations the half period figures. If we call the periods 2@,, 2@,, 
we avoid the fraction 4 when using the half periods. 

The reader will also note that the period of sinz is denoted 
by 27. 


19. It will greatly simplify our equations, as the reader will 
see later, if we introduce a half period #, by means of the relation 


@, +, +0, = 0. (27 

Then p being an even function we see that 

P(@, + ) = p(@ 3) = es. 

Thus the three equations 24) can be written 
p(@,) = e, gs=1, 2, 8. (28 

Also the zeros of p'(z) are 

mates Ese Lame hd (29 
166. Elliptic Functions expressed by o(z). 1. Let the elliptic 


function f(z) of order n have P(2@,, 2.) as a primitive paral- 
lelogram of periods. Let its zeros be 


ed Oe Sie Ny Pade dR SU d 
arranged so that |a,,,|>|a,| #0; let its poles be 
Se patient Oy 2 @ 
arranged so that |6,,,|>|6,| #9. Then by 140, 4, and 6, 
n(1— 2) a1) 
T(z) an 
OT ey ee (38 
n(4 a 2) gn 2(in) 
b 


nr 
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i! Al 
2; ja, [2° > [bn |2 
converge. 


To determine 7’ let us observe that 


since 


g(a) = Fe L@) (4 


also admits 20, 2, as periods. Thus 


i a 1 1 
AGS ok te Oi Sa An)? Sa ea 


is double periodic. 
Now each = here admits 2 @,, 2, as periods. Hence 


T"(@)=g@)+2—% 


admits 2@,, 2, as periods. As 7’ is an integral function, so is 


‘eT Bab then: 
: T"'(%)=2c, a constant. 


Hence T=at bz ez. 


The infinite products entering 3) can be expressed as the 
product of m simpler products as follows: Let 


5 
Pi > Pe Pm C 
be the zeros and poles which fall in the parallelogram P. Let 
lig ter ine) Hien (6 
be all points 1) which are =c,. Let 
Lag RR NC: PRA ACS ein (7 


be all the points 2) which are =p,. If we treat the other points 
in 5) in a similar manner, all the zeros 1) will be thrown into m 
classes, the points in each class being = some zero in 5). A 
similar remark applies to the poles 2). 

Let us therefore set 


C= n(1— = ein* ic) (8 


Cin 
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Then the numerator and denominator in 3) are each the product 
of m factors of the type 8). We have, in fact, 


= atbet oa UGS ets, Cy) rape t(Z, Gaye 9 
ES : t(2, Ppt, Po) x t(2, Pm) ¢ 


2. The simplest ¢ function is obtained by taking ¢ at the 
origin. It is denoted by o(z) and is called Weierstrass’ sigma 
function. ‘Thus Ree 
ayaa @ —2),enG), (10 


where o = 2 mo, + 2 mw, m=m,=9 excluded. 


By 140, the zeros of o(@) are z= 0 and the points ». They are 
of order t. By using the o function the formula 9) can be much 
simplified. To show this we make use of the fact that 


@loga(z) _ 1 ab AB Nines 
Me a a > eae a ey 


From 10) we have 


log o(2) = log z+ 5 | log(1— 2) +2 +5(2) \. (12 


“a\@ 


The derivative of this function is so important that it has a 
special symbol ; we set with Weierstrass 


_ dlog a(z) __a/(z) 8 
(2) = dz ma): oe 
Thus 
1 if 1 oe 
gaa +E {42 45). CF 
Hence finally t!(2) = — p(z). 


Let us note that o(z) is an odd function. 
For replacing z by — z in the II in 10) it becomes 


Ne uA ean 
M(1+2)e stay, (15 
@ 
As » and —o give the same network of points, we can replace w 


by —o in 15); but then 15) goes back to II in 10). Thus this 
product II is an even function. As o=2lII we see a is odd. 
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As a'() is now seen to be even, the definition of £(z) given in 
13) shows that ¢ is also an odd function. 

We have introduced these relations at this point in order to see 
how o(2) behaves when 2 is replaced by 


Z4+2@, or 2+2 ap. 
We start with the relation 
p@+2o,) =p(z). 
684+ 20,)=f(2)+ 0. 
To determine the constant C, we set z= — ,; we get 
§(@,) = €(— a1) + C=— S(a@,) + G, 


since € is an odd function. Hence 


Integrating gives 


C= 2 &(@). 
Let us set for brevity 
Uh = C(@,) sy yas f(@,). (16 
These two constants are of constant occurrence. Then we have 
6(2+ 20,)=f@)+2, C17 


C2+20,) =f(2} +2 n9. 

Integrating the first equation of 17), we get 
log ¢(2 + 2@,) = logo(z)+ 2724+ C 
or o(2+2,) =ce™a(Z). 
To determine ¢ we set 2 = — o,, and remember that o(2) is an odd 
function ; we get 
a(o,) = ce o(— @1) = — ce" F(a). 

Hence pean 


Thus a(8+20,)=— Emer oyin( 2), 


a(Z of 9 Wp) pane erm(ztor)o (2). 


(18 


3. Using the relations 18), we can now simplify 9) as follows. 
We saw from Abel’s relation that 


Cy lg tev +m — (Py + Pa +o + Dm) =a period. (19 
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Let us therefore pick out a set of incongruent zeros ay, a +++ An 
and a set of incongruent poles 6,, --- 6,, so that 


Ay + Ag + cee + = by + bg + oe +m (20 


From 19) this can be done in an infinite variety of ways. Let us 
now form the function 


o(% — Ay) +++ F(Z — Ap) 
hea o(3— B) seeto(2 = O,,) | Cl 


We show that g admits 2 @,, 2, as periods. For from 18) 


en2@-antoy) To (Z — an) 


g@ +2 0) = enz@—Pntoy To (z— b,) nm=1, 2---m 
ern2on 
= natn g()- 
But by 20) Ssh 
Thus g@+2,) = 9(2). 
Similarly g@+ 2.) =9(2). 


On the other hand, the zeros and poles of 21) are the same as 
those of f(z), and to the same order. Thus by 165, 9 f and g dif- 
fer only by a constant factor. Hence the theorem: 


Let f(z) be an elliptic function of order m having 2 w,,2@, as a 
primitive pair of periods. Let ay, +++ dm; 0, +++ bm be a set of incon- 
gruent zeros and poles such that Xa,= 2b,. Then 


- $@ = 0 Re of 


4, From this we conclude that elliptic functions exist having 
assigned zeros and poles provided : 

1° the sum of the orders of the zeros in any parallelogram of 
periods equals the sum of the orders of its poles, and 

2° the zeros and poles satisfy Abel’s relation. 

In fact these functions are all given by 22). 


5. The relation 22) shows that every elliptic function can be 
expressed by means of the o function, which thus dominates the 
theory of elliptic functions. 
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It is interesting to note how naturally we have been led to con- 
sider thisfunction. By Weierstrass’ factor theorem, 140, 4, 6, every 
elliptic function must have the form 3). The products in 8) can 
be decomposed into simpler products, each vanishing for one of the 
m classes of zeros or poles of the given function. Of all these 
simple products 9) the simplest is the product 10). It is an in- 
tegral transcendental function like sin z, and as the circular func- 
tions can be built up on sinz as a fundamental function, so the 
elliptic functions can be expressed by means of this new transcend- 
ent. It is natural to denote it by o(z) where o reminds one of 
the first letter s of sine. 

The first logarithmic derivative of sin z gives cot 2 which has, as 
poles of order 1, the zeros of sinz. The first logarithmic deriva- 
tive of a(z) gives a function which Weierstrass has denoted by 
f(z). This also has, as poles of order 1, the zeros of o(z). It is 
not periodic since 


C@t2Qe)=C@)+2y, t=1,2. 
Its first derivative is periodic, and this leads to the p-function 


p@=-%. 


The minus sign is inserted so that the term i in the expression 
z 


164, 7) has a positive sign. The letter p reminds one that the 
most essential characteristic of this function is its double periodicity. 


6. If in 10), 11), 14), defining the functions o, & p, we replace 
es Gi aa 
by HS, HG, >) Heyy 
we see that © (jit, [04 [0,) = peo (2, @yy ©), 


1 
C(uz, HO), H@,) Coe js C(, @1, ®,), (23 


1 
pC M2, #01, LO,) = ae (2, @,, @,)- 


which shows that o, & p are homogeneous functions of 2, 1, @ of 
degrees 1, — 1, — 2 respectively. This property is useful at times. 
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The relations 16) show that 
t 
UE (Ho, ’ M@,) = be 1 (@4, @,) r=l, 2. (24 
Since e, = p(@,) we see that 


(wo, wo,) = 6,(@y, m) 8 =1, 2,8. (25 
be 


167. Elliptic Functions expressed by p(z), p'(z). 1. We sup- 
pose first that the elliptic function f(z) is an even function of 
order 2s. Then if z=a isa zero ora pole of f(z), soisz=—a. 
Let a set of incongruent zeros and poles be 


+ a, p) + a, ’ oe 5 E04 b) dee 9 
of orders ‘ 

a) URS iis Me ee rm 35 Ne 4 
o that 
Ga 2m, +2 my + 1 = 2m +2 t -- =Zs. 


We consider first the case that none of these zeros and poles is 
=(. Let p(z) have the same periods as f(z), we consider the 


function joe (pz — pay )™(p2 — pay)” te 
(pa — pby)C ps — pba)" ++ 

It has the same zeros and poles and to the same orders as f(z). 
As g admits the same periods as f, we see that it can differ from 
F(2) only by a constant factor. 

Next let us suppose that z= 0 is a zero of f(z). Since f is an 
even function by hypothesis, the order of this zero must be an 
even integer,.say 2m. Suppose now 


Oe Cenc. 
form a set of incongruent zeros of orders 
ZT mrt aes My 
respectively. Then as before 
2m+2m,+2m,+ + =2s. 


Let us now form the same function g as before, where no factor, 
however, corresponds toz=0. The numerator is of degree s—1 
in p and the denominator of degree s. As z=0 isa pole of order 
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2 for p(z), it follows that z= 0 is a zero of order 2m for g(z). 
Thus as before g has the same zeros and poles and to the same 
orders as f(z). It can differ from f only by a constant factor. 
We get the same result if z=0 is a pole of f(z). Thus in all 
cases when f(z) is an even function, 


Oa a 
Cos = pby)™C pa — pba )™ »: 
where we use a set of incongruent zeros and poles, always omit- 
ting that one which may be =0. 


Case 2. f(2%) ts not even. Let us form 


g@)=LO+FE9, 


SJB) 2) 
STEN Oe 
FR@=I@t h@)p'@)- 


As g and fA are even functions, they may be expressed as in 
Case 1. We have thus proved the theorem: 


which give 


Any elliptic function is a rational function of p(z), p'(2). 


168. Elliptic Functions expressed by ((z). 1. In 166, 167 we 
have learned two ways of expressing an elliptic function. Both 
require a knowledge of the zeros and poles of the function f(z). 
When these are not readily found, it is convenient to have another 
representation. Such is the following, which depends on the 
knowledge of the characteristic at each of the poles. 

We will suppose, therefore, that a, 6, --- are the poles of f(z) in 
a primitive parallelogram of periods, and that its characteristics 
at these points are 


Ay phates reese for2 =a 
(2—@)a Z—a 


B, eel fog ah 
Gap? agar ore = ad 


362 FUNCTIONS OF A COMPLEX VARIABLE 


We now construct a £ function on the periods 2 @,, 2 a, of f(2) 
and then the function 


g(@)= ASG — 4) — A," — a) + A8¢"@—a) + 
+ CDS A g9G— a) + BEE) — BED) 


Byer Gave D 
tig oF Cee Se sam ry Gb) eC 
S@=—p@) » '@=—p'@ 
all the terms in the 2d, 3d --- columns on the right of 2) are 
periodic. 
On the other hand, 


(2+ 20,)= (2) + 2, ete. 


As 


Thus 9+ 2 0,)=27,(A,+ By t+) +92). 


But A,, B, --- are the residues of f(z) in a parallelogram of 
periods. ‘Their sum is 0 by 165, 3. Thus 
g@t+ 20)=9(). 
A similar relation holds for 2w,. Hence g also admits 2 w,, 2, 
as periods. 
Let us now show that g has at each pole as z= a the same char- 
acteristic as f. For from 166, 14), we have obviously 


f(%-—a)= oe + h(z), 


where h is regular atz=a. Hence 
1 


o'(@-—ajy=— Gala + h'(z), 
COD (g—a)= Cs ae 1)! + hO-D(g), 


Thus the characteristic of g(z) at z=a is given by the first row in 
2). Thus f and g have the same characteristic at z=a. The 
same is true at the other poles. Thus by 165, 10 


F(®) =9(%) + constant. (3 
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2. From the foregoing we have : 


Any elliptie function can be expressed in terms of (2) and its 
derivatives. 


169. Development of o, , in Power Series. 1. We have now 
seen that the three functions 


“a(Z\= auc —2)es* 3G)", ‘a 
@ 
ud xd (cotlle, eleeers 
b= i+ DB {+244}, . (2 
1 1 1 
PG) ea a) é 
where o = 2 mo, +2 mo, m, =m, = 0 excluded (4 


may be taken as the basis of a theory of the elliptic functions. 
We propose in the articles which immediately follow to develop 
some of the properties of these three functions. 

We begin by developing them in a power series about 2= 0. 
Since 


1 
P@)-4= @ 
is regular at z= 0 it can be developed in Taylor’s series 
2 
$(2) = $(0) + 29/0) + FPO) + = 


which is valid within a circle ® which passes through the nearest 
point » in 4), 


Now g@@=(—D*m+D! as 


a Ss5 
Hence : 1 
+ oO) = (n+ jsut 


Let us therefore set —_ Payer _ (65 
@” 


We note that when v is odd, s,= 0. 
For to each 2 mw, + 2 m,@, in 8, there corresponds a 


— 2m, — 2 mw,. 
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When » is odd, the two corresponding terms in s, will have oppo- 


site signs and cancel each other. We thus have 


P@)=Ht 35245 8,24 + T 8,28 + ++ 


Integrating, we have 
gO ees 28 — g,2° — «. 
ae ca 4 
Integrating again gives 


= ive pies vl. come te 
log o(2) = log z — } 8,2¢ — § 8,2 


Hence 1 


ao DE ge eel cit 
o(2) = 2 — F 82” — % 842! — F 862 


(6 


(7 


(8 
(9 


2. Differential Hquation satisfied by p(z). Further coefficients 
in the developments 6), 7), 9) can be obtained by a recurrent re- 


lation which we deduce from a differential equation. 


In fact, we 


saw in 165, 25) that p satisfies a very simple differential equation 


which we now proceed to find. 


From 6) we obtain, on differentiation and slightly changing the 


notation, 


Pe) =- Zt Geet Weg + 


This squared gives 
4 1 
p@yr= eet 24 ae 80 es + ++ 
Also cubing the series 6) gives 


eee 
p= 4+9q5 + Senge 


Let us now set 


1 
f= 0% => , y= 1404 = 14054, 


(10 


These are called the invariants. From the foregoing equations 


we get on adding 


p' (2)? — 4 p(z)8 + Io P(2) + Gg = Bay + 4,2 + +++) 
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It thus admits 2@,, 2, and yet admits no pole ina parallelogram 
of periods. It is therefore a constant. Since it vanishes for 
2 = 0, we have the desired differential equation 


p'@)* = 4 p(@)? — 9P(@ — Ge: Ce 
From this we get on differentiating 
- pl =6p—-} (12 


3. We can now get the desired recursion formula. Let us write 
1 
p(s) = Zz + a2 + adyz* + agz® 4 «- 


and put this in 12). Equating the coefficients of 2"-? on each 


side of the resulting equation gives 
2n(2n — 1) a, = 6 (ay + Ay An_2 + ++ + yoy + An). 
Hence . 3 
SSE ates oa ie 1 et oe 


This shows that a,, a4, a; --- can be expressed as integral rational 
functions of a,, a3, that is of g,, gg, since 
eo Bal 
Q,= 259, > %®=28Is 
For n = 3 we get from 18) 
Fp mn A Pee ye 
dg = 9 4 = 7200 92: 
For n = 4, 
4 pay ed ee. 
Ay = gy (AyAg + 49%) = GF60 J2Is° 


In this way we may continue. ‘Thus we find 


OO at Sie ee 5 ee Seve ber 7 ee 
ene ree ee: ae ae 
p@)=5+" +f + Bo + + (16 
(PO tae We Boar a (7 
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From the definition of g., gg we see that 
1 
Jo (HO, HO.) = 4% (@1, @2), 
. (18 
J3(HOy, HO) = uo 98 (@ 1, @,)- 


170. Addition Formule. 1. We have seen how important are 
the addition theorems 
out? — eter 
sin (uw + v)= sin u cos v + Cos & Sin 2, etc. 
for the elementary transcendental functions. We wish to estab- 
lish analogous formule for the new functions, viz. 


Tuto) eh” = p(w) — plu), @ 
rd 1/plu—plv 
sur =Sw+EC+(EN P|, 
Se BPN, 
AC ALN Ze ee C 


These relations are fundamental and of constant service. We 
begin by proving 1). 

Regarding uw as a constant let us look at the zeros and poles of 

FO) = p@)— pP@ 

in the parallelogram of periods P(2 @,, 2,). Obviously, f = 0 
for v=u, and hence for v=u. As p(—u)= p(w), it follows 
that f=90 at? v =—u, and hence at v=—wu. As fis of order 2, 
it can vanish only twice in P. Thus all the zeros of f(v) are 
=+u. The poles of f(v) are v=0, and these are of order 2. 

Thus the two functions of v, on the two sides of 1), have the 
same zeros, poles, and periods. ‘They can only differ by a con- 
stant factor C7 

To determine this we develop both sides about v = 0 and com- 


ee 1 
pare the coefficient of a Now by 169, 14), 


a(v)=v+avi+.. 


Hence F ; 
aU = UA + eee 
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Thus TL sek a 


oucty au v2 


+... 


To develop c(u+v), c(u—v) about v = 0, we set 
IM) = o(Ut vr) =9(0) + v9' (0) + - 
= o(u)+ vol (u)+ «+ 


Similarly a (u—v) = o(u) — v0! (u) + + 


ous o(ut+v)o(u—v)=out+ + 

Thus the left side of 1) has 1 as coefficient of a The same is 
v 

true of the right side. Hence (= 1 and 1) is established. 


2. To prove 2) we take the logarithmic derivative of 1) with 
respect to v, and get 


c(a+v)—C(u—v)= eS etes 
— pu 


But this etnbion holds for wu as well as for v. ee interchanging 
U, v gives 


! 
E(u +0) + bu —v)— 2 uy) =—-—2*. 
AN ae) 
Adding and dividing by 2 gives 2). 
3. To prove 3) we need only take the derivative of 2) with 
respect to wu. 


4. Another form of the addition theorem for the p function is 
the following : 


pu +0) + p(w) + peoy=1 EE E™ (4 
To prove this we square 2), getting 
aah | (Alia Ad 
{E(u + 0) — 60) — 50) }8 = (ENE), (5 


Let us denote the left side of this relation by g(x), regarding v 
as a constant. The right side of 5) shows that g(w) is an elliptic 
function. 

We propose now to express g by means of € and its derivatives, 
using 168. To this end we must find the characteristics of g(w) 
about its poles. These are = 0 and —», each pole being of order 2. 
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Developing about u= 0 we have 
E(u) =* +aui4+--- 
Cutty) =v) + uso) +> 


Hence 


(w+ 0) — Mu) — (0) = —* + us!(v) + 


and thus 1 
gu) == — 200) + (6 


Hence in this case the coefficients A in 168, 1) are 
Ajeet 


Let us now develop about the point w= —v. We have 
ao 3 
C(u+v) sere ae 


E(u) =F} —v + (wt 0)} =6(—v) + (UH 0) (= 9) toe 
— (0) + (w+ EQ) ++ 


Hence 
(ut v) —(u) — Sv) = ao —(utv)f(v) ++. 


Thus ‘i 


(u+o} 
The coefficients B in 168, 1) are here 
B= 0B, — 1: 
Putting these values of A,, A,, B,, B,, in 168, 2) gives 
g(u) = — 8 (u) — Out v) + Go 
io(u +) — S(u) — (0) 3? = p(u) + p(utv)+ C. 7 
To determine the constant (, let us equate the absolute terms 


of the developments of both sides about w=0. From 6) this term 
on the left side of 7) is 2 p(v). 


On the right side of 7) it is p(v) + C. Equating these, we get 


gu) = — 20) +--+ 


This in 7) gives 4). 
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171. The w;, n;, e; and g,, g,. 1. We saw in 169, 11) that 
P'@)y? = 4 pe) — g2P@) — 9: 


369 


qd 


On the other hand we saw in 165, 18, that p/(z) =0 for z= @4, 


@2, @3- The three roots of the cubic 
4p — IP — 9, =0 
are therefore’. €; = p(a;) = 1, 2.3: 
Thus we can write 1) 
p'(@)? = 4(p2 — ey) (pz — e) (pz — eg), 


which shows that the constant C= 4 in 165, 25). 
Since the coefficient of p? in 2) is 0, we have 


€y + eg + ey = 0. 
The other coefficients of 4) give 
€10y + €ye3 + Cx’3=— 492 1 %lneg= 4 Ig: 
To complete the symmetry let us introduce 7, defined by 
™ + + 73 = 9. 


We show that als 
e show that also occa 


Since ¢ is an odd function, 
S(w3) = &(— 1, — o)) = — S(@, + We) 
=— &(w,)—$(w,) by 170, 2) 
=—,—%=N3 » by 6), 
and this establishes 7). 


2. Between the ,, 7; exists a relation due to Legendre. 


(2 


(3 


(4 


(6 


(6 
(7 


Let 


us suppose that we pass from a+, to a+, by a positive rota- 
tion of angle < 7 as in the figure. Then Legendre’s relation 


states that , 
Tt 
1®o — 121 — o. 


(8 


Let us take the parallelogram P so that z= 0 lies within it. 


Then 1 
ate iL t(2)dz = = Res ¢. 
2 11J p P 
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But ¢ has only one pole in P, viz. z=0, and by 169, 2) its 
residue is 1. Thus © 


at2w, 
“ft tide =2 mi. 
12 


Now Ot+2w 
[it@u=[tet2o)a 4 : 
43 12 
= [ {£2 +2njdz , by 166,17), 
12 
= i GPa re 
12 
Similarly 
i (2) de = af Gin gne 
23 14 


Hence ° 
J P e/12 e/ 23 e/ 34 0/41 


= — 47,0, + 4 705. 
Putting this in 9) gives 8). 
By using 6) and o, + , +3; =0 we have for any two indices 
Tos =A AD. 3. 

NrO, — 1,0, = € oe (10 
where e= 1 when we pass from o, to w, by a positive rotation of 
angle < 7; otherwise e=—1. 

3. The relations 166, 17), 18) may be at once extended to @, 
and give for r= 1, 2, 3, 

o(2+ 2 0,) = — e'mretorg(z), (ea 

f(z +2 0,) = (2) +2 n,. (12 


172. The Co-sigmas o,(z). 1. We introduce now three new 
sigma functions 
o(z+@,) 
o(o,) ? 


This we can transform as follows. From 


a(u +2 0,) = — erutorg (yu) 


o(2) se 1 


r=l1, 2 3. el 
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we have, setting « = — z— o,, 
o(—2+ o,) = e"r'o(z + @,). 


This in A) gives eno ( W, — 2) 


0,(2) = 2 

Replacing z by —z in 1) and using 2), we get 
o,(—2)=0,(2) , o(0)=1. (3 

We find without trouble 

o,(2 + 2 @,) = — eir@tong (2), (4 
o(Z+20,) = emttrg, (2), (5 
o(Z + @,) = + e¥o(w,)o,(2), (6 

= pio pe) o(2) 
o,(2+ o,)= Fe 6am (7 
-(2 + a) = — Tet etme reco (2), (8 


r 


where 7, 8, t are the integers 1, 2, 3 in any order. 
For example let us prove 7) for the + sign. From 1) we have 


S a(2+20,) 
= e717 (2t wy) es 
oO, 


o,(2+ o,) 
or using 171, 11), 


oo e—Ir(2top) 92n,(Z+w,) o(2) 


oo, 
— a emretw,) a(2) . 
ow, 
which is 7). 
2. In 1) let us set 2 =o,, then 
ow 
C,0, = — erst (9 
oO, 
since o(@,+0,)=o(—,)=— ow, Here as usual 7, 8, ¢ are 


1, 2, 3 in any order. 
Setting z=, in 2) gives 
CO, == 0: (10 
Let us put 9) in 8), we get 


o,(2 + @,) = e*%"o,0,0 2. dil 
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In this formula with the lower sign, set z=o,. As o,(0)=1 
by 3), it gives 


€18°s = 0,00 Wags (12 


Let us now make use of this in 7), it gives 


o,(2 + @,) = Fete Terr oz), (138 
ow, 


From the definition 1) we see 


O,( M2, MO, UW.) = o,(2, 1, @,). (14 
3. In 170, 1) let us set v=o, ; we get, using 1), 2), 
2 
p@)—-4%= Fei (15 


This shows that the square root of the left side is a one-valued 
function of z. We set 
Vij eo 16 
tL a Faia ere C 
which determines the sign of the radical. 
Let us set z=, in 16), we get 
V6 eas Het Ci 


oo, 


and the sign of the radical on the left is determined. 
Putting 9) in 17) gives 


oo, 


NEUE Ao SS 
TW,TW, 


Interchanging r and s, we get, dividing, 


Mop eees = O77 s—Nsy , 
eyes 


Hence using Legendre’s relation 171, 10) 


Ve, — & = tVe, — e , ve, — €g=—iVez—e, , 
Veg= t= iVig= by cas 
Here we suppose @,, , such that we pass from @, to @, by a posi- 
tive rotation < 7. 
The relations 18) enable us to replace in our formula a radical 
Ve, —e, by Ve, —é, a substitution which is often useful to make 
reductions. 
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4. In 15) let us replace z by z + @,, we get 
o2 (2 + @,) 


Mee Ba) ere o*(2 + 5) 
or using 6), 13), 
= en BOG 1 P o*(2) 
oa ento*w, o2(2) 
Using 15), 17) this gives 
p@+0,) = e+ 2dr) (19 
P®) — és 


5. To find the development of o,(z) in a power series about the 
origin we have, from 16), 


o,(2) = o(2)V p(2) — e 
Now from 169, 16) 


1 1 
Og egg Or hee 


2 
Thus 
it 1 3 
G,(2)=o(2) {5 Cp + 90 9% + | 
1 1 
=1 pe ade ase? m tee (20 
6. We have obviously 

plu=—2 FU Ta Weg) (21 

ou 


173. The Inverse p Function. Case l. 1. We have 


p@)= 4+ aie: a 
pi@)=—4+ Bet. c 
1 
I = 60> — P gg 214054 », @=2mo,+2 meoyp. (3 


The relation 1) defines p as a function of z. We wish now to 
consider the inverse function z of p. 


Case 1. w, real and positive, o,=%10,, ,>0. We note first 
that the invariants g,,g, are real. For in » to each positive m, 
corresponds a negative value — m,. Then the two values of o, 


2m,@,+ 2m io, , 2m,0, — 2 M2, 
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are conjugate imaginary. ‘Thus the terms in gy, g, enter in pairs 
which are conjugate imaginary numbers. As the sum of two con- 
jugate imaginaries is real, g,, gz are real. 

From 1) we see that p is real for real values of z, say for 2 = a. 
As p has the real period 2 @,, p(x) is periodic. 

The relation 1) shows that the p-axis in Fig. 1 is an asymptote. 

From 2) we see that 
pi() is negative for 
small values of xz Thus 
p decreases until p’(2) 
vanishes. The roots of 
p' (2) = 0 are @,, Wg, s, of 
which only the first is 
real. 

Thus p decreases from 
z=0 to x=a@,, at which 
last point p(o,) = 4. 
Since p(x) is an even 
function, p is symmetric with respect to the p-axis. Thus p de- 
creases as x ranges from 0 to—@,. As p has 2 @, as period, the 
graph of p in the interval (@,, 2 @,) is the same as in (— @,, 0). 


Pp axis 


Fig. 1. 


2. The graph of p = p(x) shows that the relation 1) defines a 
many-valued inverse function 


x= $( Pp), (4 


one of whose branches may be characterized by the conditions 


iL? s r= 0asp=+o, 
ig x is positive for p > e,. ( 
This branch is shown in Fig. 2. 
We show now how this inverse 
function may be represented by an 
integral. The derivative of p(2) is 
dp 
“FP = + V4 73 — g,0— a. 
dz L IJ2P —I3 (6 


To determine the sign of the radical 


we observe that for 0<x<a,, “e 
az 
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is negative, while the polynomial under the radical is large and 
positive. We must therefore take the minus sign in 6). Then 
the derivative of the branch of 4) as determined by 5) is 


dp ap — V4 p — g,p — 95 
x 


From this follows that the inverse function x defined by 4), 5) is 


psi ip fied te) EEN (8 
vp V4 p> — gp — 9s 
In fact the quantity under the radical is p'(x)*; it is therefore 
positive for p>e, Also as p++ the integral 8) converges 
to 0. Thus the conditions 5) are satisfied. 
From p(®,) = e; follows now that z=, when p=e,. Putting 


this in 8) gives 2B 
@, =| dp : @ 
a +V4p>— gp —Js 


This expresses the period 2, as a real integral. 


3. We show now how w, can be expressed as an integral. To this 
end we note that 1) shows that p() is real and negative for small 
values of zof the form z=iv. We have in fact 


She Ae Dale SP eee 10 
q=p(w)= , 90° ( 


By analytic continuation the series 10) will give the values of q 
for all values of z from 0 to ,, that is, for values 0<v<a,. 
As the terms of 10) are all real, the values of g obtained by 
this process will be real. When 
V= Oy, 7 = p(t.) = Py) = ey» 


which is therefore real. 
As p'(z) does not vanish as z moves from 0 to @, until it reaches 


Ox “a does not vanish as v moves from 0 to @,, until it reaches @,. 
v 


The graph of g considered as a function of v is given in Fig. 3. 
It shows that 10) defines a many-valued inverse function. 


v= VQ) dl 
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entirely analogous to4). One of its branches is given in Fig. 4 
and is characterized by 


v=Oasg=—a0; v>0forg< &. (12 


20, 
v axis 


v axis 


q axis 


2 axis 
Fria. 3. Fig. 4. 


To represent this inverse function by. an integral we observe 
that 
dqg_dp(z) dz , Se et ese 
dv dz dv ip'@)= + tV4 p  — gop— gs. 


As the derivative is real and positive for this branch, and as 
p(2)= p(wv)= q, we may write this 

do _ 1 

qq +V—G P= 99-9) 


the radical being real and positive for q < ey. 


Let us now consider 
v= if dg ; (13 
J-0V — (4g — 929 — 95) 


We see this is positive for g< — e, and thatu=Oasg=—o. It 
is therefore the function defined by 11), 12). 
Setting g = e,, we have 


2 es ad 

a= f° ——_& ' (14 
fe Vir CE Gee adage) 

From this, we have expressed @, = 7@, as an integral. 


THE FUNCTIONS OF WEIERSTRASS 377 


4. We have seen that e,, e, are real. As g,, gz are real, all the 
roots of 
4p — IP — G,=9 (15 


are real. Since Bae (16 
it follows that at least one root e must be negative. As the first 
root of 15) which we meet as p moves from —o toward the 
origin is é,, this root is certainly negative. 

The sign of the root e, is given by 16). 


174. Case 2. Periods Conjugate Imaginary. 1. Let us suppose 


now that : ; 
id @,=o—to , o=aot+to’ , wo >0. (a 

Then 2@ = @,+ w, = — ws; = 5, 
2 to! = ow, — @; =— 0, = 03; (2 


20=2t0o' , 20+2t0' =20,=0. 
As in Case 1, the invariants g,, gg are real. 


as 2m,o, + 2 mw. = 2(m, + m,)@ + Zw! (m, — m,). 

On interchanging m,, m, this period goes over into one which 
is conjugate imaginary. 

From the series 173, 1), 2), we see that p(z), p'(2) are real for 
real z, and that p is real for purely imaginary z. 
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As in Case 1, we see that as x moves from 0 to 2a, p(x) de- 
creases. Atx=2@ 
P(®)= P(@ 3) = gs 
at which point p has a minimum, and p!(,) = 0. 
Let us note that p’(x) has only one incongruent real root, as @,, 
@, are complex. 
The inverse function defined by 


P=) 
is many-valued. One of its branches is given by 
x =[ a (3 
p tv p'— gp Ge 


which is positive for p 7 e,, and which = 0 as p =o. 
When p=e, x=20. Thus 


2a= fo dp ——-: (4 
a +vV4p?— gop — 9s 


2. Let us now express w' as an integral. Knowing, o', we can 
express the periods 2 ,, 2, as integrals by 1). 
As z= wv moves from 0 to 2 iw’, p is real and moves from — oo 


2 p(2 tes!) = p(s) = ey. 
We have 1 
q= plo) =— 4-2 — see (9 
ee ae 
dv w 


> 


Thus q is increasing for small values of v. As a does not 
v 


vanish unless p/(z)=0, and as the first root of this on the 
imaginary axis is w3=2tw', we see that q increases steadily 
from — o to é. 

Thus the relation 5) defines an 
inverse function v of gq, one of 
whose branches is characterized by 
the condition that 


v=) as gq=—o , and wv>0 
for gese.. (6 
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Thus, as in Case 1, this branch is represented by 
=f at a 
ey SENET Oa ta) 
As v=2 0’ for g= és, this gives 


20'/=] ° dq : (8 


-at+V— (49? — 959 — gs) 


175. The # Function defined by g,, g,. 1. Up to the present we 
have considered p(w) as defined by means of the periods 2 @,, 
2,. These numbers being taken at pleasure but not collinear 
with the origin, we constructed the sum 


1 f 1 1 
POD WDB Dy Nereis @e 
as in 169, 3), and showed that 
2 CL Ee ay 2 
p(@) + *+ 5G" ste Se iene’ « 


all of whose coefficients are rational integral functions of the 
invariants 1 ie 
We ask now: Can we start with two numbers gy, g, taken at 
pleasure, and find the periods 2 ,, 2, with which to construct 
the p function 1)? 
Let us consider the roots é,, é, é, of the cubic 

4#@—gt—g,=0 or 4 ¢—e,)¢—e)(t— e,) = 0. (4 
We must in the first place suppose that two of them are not equal. 
For we have seen, 169, 11), that p(z) satisfies the equation 


2 = VIP fap — p= VIP €1)(p — &) (Cp — és). (5 


If now e, = @, this gives 
dp 
dz 


Hence 
aot) ap - . (elf 
2(p — &) Vp =e 


= 2(p—e)Vp — és. (6 
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Thus z can be expressed by means of the elementary functions, 
and p cannot be a double periodic function. 


2. The roots e, being unequal, let us suppose they are real. 
We define 2 w,, 2, by the equations 


20,=2 dt 93 (8 
ef ey V4 t8 a Jot = I3 


eed pe at : 9 
-»o V—(40— g,t — gz) 


where we suppose the e’s so numbered that 
é, eee. 0 


Then 2, is real and 2, is purely imaginary, since the radicals 
in both 8) and 9) are positive. As 2@,, 2, are not collinear 
with the origin, the series 1) constructed with these two numbers 
defines an elliptic function p(z, 2@,, 2@,) which we have seen 
satisfies 5). The reasoning of 169, 2, 3 shows that this function p 
will have the development 2) about z=0 and that y, gs will 
satisfy 3). 


3. Let us next suppose one root e, of the cubic 4) is real, while 
the other two are conjugate imaginary. We define 2, 2’ by 


the equations & 
dt 


3 V4 ES aae 
_ f% dt 
J-0 V—(4 8 — got — gg) 


2o= 


(11 


2@ 


(12 


These are real and positive, since the radicals in 11), 12) are 
both positive. 
We now set 


20,=20—-—2i0' , 20,=2042io!. (13 


Since these are not collinear with the origin, the series 1) con- 
verges and defines an elliptic function p(z, 2@,, 2@,). As before, 
we see that this function satisfies the differential equation 5); its 
development about z=0 is given by 2) and g,, gg satisfy the 
relations 3). 
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4. Suppose finally that g,, g, are any complex numbers, such 
however that the cubic 4) does not have two equal roots. From 
algebra we know that 


G = (ey — &)*( ey — 3) (eg — &3)? = zg (93 — 27 92). (14 
Obviously 4) will have equal roots when and only when @& = 0. 
For this reason @ is called the diseriminant of the cubic. 

We shall not treat the general case but merely state that: 
If we set 
"es dt { 2 dt 
5 (is a ea) 
eg V48— yt — 9, ee V+tt— got — 9s 


o,= 


the series 1) constructed on these numbers is convergent and defines 
an elliptic function p(Z, 2.@,, 2.) having 2 o,, 2.0, as a primitive 
pair of periods. This function satisfies 5), its development about the 
origin ts 2), and go, gz satisfy 3). 


176. The Radicals Vp(z) —e,,. These are factors in 


d as 
= Vip — 9p — Jg= 2VP— 4 Vp — & Vp — eg: 


In 172, 15 we saw that they are one-valued functions of z, viz. : 


re ele) = 
Vp — em = ae m= 1, 2, 3. G@ 


Let us set in general 
On (2) _ o(2) _ Fn (2) ; 
ony = a(2) Y) Com oe) () Benet (2 (2 
They are homogeneous functions of 2, @,, @,, of orders —1, 1, 0 


respectively. 
Of these 12 functions, 6 are reciprocals of the other 6. Let us 
consider one of them as 


a(2) oe 1 ; é 
a@) Vp@)— 4 


G=F (2) = 


From 172, 1 we have 
q@+2o)=—q2) 5 G@+2o)=G).- 


Thus g admits 4 ,, 2 , as periods. 
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As o(2)=0 for z=0 mod 2,, 20,, we see that the 
of gare = 0, mod 2 @), 2 @,. 

As a,(2)=0 for z=,, we see that the poles of q¢ are 
mod 2 @,, 2, and simple. 


Zeros 


= @,, 


Thus g is an elliptic function of order 2 for which 4,, 2 @, 


form a primitive pair of periods. 
By 165, 14 the zeros of g'(z) are = 


@, 5 O@ » @ 4 +20, mod 4@,, 2@,. 


At these points g has respectively the values 


pai e eel ere mt 
Ve,— é, , Ve, — & ‘ Vez — Veg — ey 


Thus by 165, 16 q satisfies the differential equation 


(Gy =0 : ype 
2 ay €3 — €o 


To determine the constant C’ we observe that 


¢- 


3! 
2 


=3) 1 
qg= { p(Z) — ey} baa at ware 


= 2{1 —e2*+ 2 
= 2§l+aze? + ; 
Hence d 
“T1483 ae4 
dz 


(4 


Putting these developments in 4) and equating the absolute terms, 


we get fai 
> (ey — €) (es — ey) 


Thus 4) becomes 


2 
(52) = 11 —Cey— en gt }1 — (qe). 


(5 


CHAPTER XI 
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177. Rectification. 1. In the previous chapter we have studied 
the elliptic functions from the point of view of their most charac- 
teristic property, viz. as double periodic functions. Historically 
they presented themselves from quite another standpoint, and this 
we wish now to develop. 

The integral calculus enables us to find the lengths of a great 
variety of curves found by effecting the integration in the formula 


Sera eee 
dy 4. 
c= fe yi+ 2d. az; (! 


for example, the circle, parabola, catenary, cycloid, cissoid of 
Diocles, the cardioid, ete. When the contemporaries of Newton 
and Leibnitz attempted to rectify the ellipse, hyperbola, and the 
lemniscate by means of 1) they met a most unexpected difficulty. 
In spite of every effort they could not effect the integration. 
Let us see how these integrals look. 


2. The Ellipse. The equation being 


Oy? bg = a7b4, (2 
e have 3 
i s= "| scare poe yet eet) (3 
a V (a2 =~ A a =e cat) 


Instead of the equation 2) we may use the parameter equations 
of the ellipse, 


C= asim , y= cos.d. (4 

tos s=a | Va? cos? + & sin? d- dd, (5 

or setting ie eo (6 
a a 


e=af VI- sin $- dg. (7 
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As we now know, the integrals 3), 7) cannot be expressed in 
terms of the elementary functions; the efforts of the mathemati- 
cians of the seventeenth and eighteenth centuries in this direc- 
tion were doomed to fail. And yet only failure in a narrow sense, 
for from their apparently fruitless efforts has sprung a whole new 
branch of mathematics, the elliptic functions. 


3. The Lemniscate. If we take the equation in polar form, it is 


p=a cos? 2 ¢. 
Then 1) gives dé 
s=a | ———___.. (8 
V1 — 2 sin? 6 
If we set x= sin 0, we get also 
s=af Z ; (9 
J V1 —2)(1 —2 2?) 


178. Elliptic Integrals. 1. Many problems of pure and applied 
mathematics lead to integrals whose integrands are rational func- 
tions of 2 and the square root of a polynomial P of the third or 
fourth degree, that is, to integrals of the type 


[oe VP)dzx. qd 


Such integrals are called elliptic integrals; they include the inte- 
grals 3) and 9) of 177, and cannot be expressed in general in 
terms of the elementary functions. They therefore define new 
functions in the same way that 


{= dx 
Gi) gi ae 
define transcendental functions although their integrands are 
algebraic. 
The question arises, how many different types of integrals are 


included in 1). We propose to show that all these integrals may 
be reduced to three, viz. : 
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dx 
SF — 2) — 2)’ cc 


: ada e 
V (1 — 2)(1 — ks?) 


2 dx (4 
@—4)VQ — 2) (1 — he?) 


which are called elliptic integrals of the 1°, 2°, and 8° species, 
respectively. 

The number £ is called the modulus, the number a which enters 
4) is called the parameter. | 


2. To reduce the integrals 1), let us note that if the polynomial 


P is of the third degree, 
ax + ba? + cx +d, (5 


the integral 1) may be replaced by one in which the polynomial 
under the radical is of the fourth degree. 
For let @ be a root of 5), then P has the form 


P=(x2—«)(pa*+qe+r). (6 
Let us set hey? 
ee VP = yV RY + a)? + P+ a) +7 


and the polynomial under the radical is of the fourth degree if 


p#0%. 
But if p=0, the polynomial P is of the second degree, as 6) 


shows, and this is contrary to hypothesis. 


3. Let us suppose then that 
P= pot + py + pot? + pat + Py > Po #- (7 


Since ¢ is a rational function of 2 and 


Fen ie 
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let us arrange its numerator and denominator according to y. 


ere Tye Ree wae (8 


Cy + Cy + coy? + 


As ial Eo pW Gee ry ot) ek 8d SE 
we see that 8) has the form 
U+ Dy 


where A, B, C, D are polynomials in 2. 
If we multiply numerator and denominator in 9) by C— Dy, we 


get Fy Ci 
= fe hy a ee ae 
i ‘ y VP 


where Z, F, G are rational functions of z Thus 


[ede= [Bans [ede (10 


Here the first term on the right may be integrated by means of 
the elementary functions as shown in the calculus. We are thus 
led to consider Ade 


We 
4, As G@ is a rational function of 2, it may be broken up into 
partial fractions as shown in 122, 4). Thus G is the sum of a 


polynomial which may reduce to a constant and a number of terms 
of the type 


nl 


a a a, 


‘m ‘m—1 BB a 
(@—a)™ Gate Peasy 
Thus the integral 11) reduces to integrals 
Hom he da 
—_ and {[—“* = 12 
we (z2—a)"VP ‘ 
Both of these may be represented by 
dx 
Q., =[c =. a)"——, 116° 
VP ¢ 


if we let m be a positive or negative integer or 0, and a any num- 
ber including 0. There are now two cases. 
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5. Case l. ais not a root of P. Then we may write 
P= A,(#—a)*+ 4 A,(@— a4) + 6 A,(x — a)? 
+4A,(a2—a)+A, (14 
and A,+0. For setting =a in 14), it reduces to A,, and if 
this were 0, P would =0 for x=a, which is contrary to our 
hypothesis. 
Let us note now that for any integer 
EEN EF ae | Cee Bl at) 
ye 


d te 
mi@-O'VvPj= 


Hence, integrating, 


(2 — ay*/P=n € — ar Pdz 1 fore. 


If we put in the value of P and P’ as given by 14), we find 
(e = a)"VP =(n +2) Ag Qnis + 202 M+3)A, Quer + 6(0+ 1)Ag Quit 
+2(2n+1)A,Q, + NAQnr-1 (15 


If we take n= — 1, this relation enables us to express Q_, in terms 
of @_1, Q,, Q, and an algebraic function. If we take n= — 2, we 
see Q_, can be expressed by means of Y_,, Y_1, Q. But we have 
just seen that Q_, can be expressed in terms of Q_,, Q,, Q. Thus 
Q_. can be expressed in terms of Q_,, Q), G1, G,- In the same 
manner we may reason for higher negative values of n. This 
shows that the integrals 13) when m is negative may be reduced 


to ; ; 
de , (lo (16 
WP (a—a)VP 


and to Q, with positive indices. 


Case 2. Suppose a is a root of P. It cannot be a double root 
of P. For then P would have the form 


P =(2—a)*(px?+ qe +r), 


and hence VP =(#— a) Vp + qe $7, 
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that is, the polynomial P under the radical can be replaced by one 
of degree 2. But in this case the integral 1) leads only to the 
elementary functions, as is shown in the calculus. 

In the present case therefore A, =0 but A;#0. Thus the last, 
term in 14) disappears, but not the next to the last term in 15). 
Hence if we set n = — 1 in 15), this relation enables us to express 
Q_, in terms of Q, and Q,. 

If we set n=—2, it gives Q_, in terms of Q_, and Q,, ete. 
We are thus led to the first integral in 16) and integrals of the 
type 13) for which m > 0. 


6. When m>0, the integrals 13) give rise to integrals of the 


form 
R,, airs anda CAT 


In the relation 15) we may set a= 0, then the Q’s will go over 
into the integrals 17). The relation 14) shows that the A’s are 
the coefficients p in 7). 

In 15) let us take n= 0; this enables us to express R, in terms 
of R,, R,, and Ry. If we set n=1 in 15), it shows that R, may 
be expressed in terms of A,, R,, and R,, and hence in terms of 
R,, R,, and Ry, as just seen. 

Thus all the integrals 13) reduce to 


dx adx xdx 


6) =e) — if 
VP JIVE VE ce 


when m > 0. 


179. Linear Transformation. 1. To complete the reduction let 
us show how to determine the linear transformation 


_atbe 


 L+exr C 
so that dy dy 
VY Vy-yy-IyDYy — ¥3)Y —Y4) 
dx Peg ae (2 


MV —2)(1 — Rat) MVX 
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uet us determine a, 6, c, k so that when 
Ua io User, 193" 5 tog 


ve have respectively 


eee 
k k 
Then ant 
Deca 91-2) yey 9,052) 
x lene Y 3 Tie 
_ y, = BA ke) _, 2nd key. 
I~ Fs eS Bip He Os 1+ cz 


Set x=—1, y = y, in the first equation of 4), then 


2 
I, W=7 


389 


(3 


(4 


‘imilarly if we put the other pairs of values of 3) in the remaining 


quations of 4) we have 


2 2 2 
I a= TP ’ Te aa Bare sam I 
+e 12 efi 
k k 
These relations give 
ih == (y,—Y)At+e 
fem Bee YD). pres ta) d, 


1 p 
gs = (1 or: 5) Ws —¥s) » = (1 a ‘Cus — Y4) 


From 4) we have 


Poy Egil) we; a= Ts 
Y-Y, Gflt+e) Ite w+1 


Set here eee 7 we get 


Wee ee Lek 
Ys —Yo ea Wes 


(5 


(6 
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Also in 5) set Y¥=Ypt=— 7 we get 


WO, 1 — o, EE 
Ys— Yo Ate 1—k 


From 6), 7) we find 
(=) - Wi— Ys , Ya= Us — oP, say. 
L+k Ua= Ue. Yiandé 
Leap 


This gives 


From 6), 7) we have also 


G = Vs pi a ees PEE say. 


Yon Ys Yo — Y4 
jl—=@ 
CC 
l+o 


Uk & 
This gives 


To get a, 6 we start with 1) or 
y+cry—a—be=0. 
For c=1, y = y;, this gives 
y+ y,—-a—b6=0. 
For s=—1, y= y, it gives 
Yo — Yq —4+6=0. 
Adding and subtracting these two relations give 


Wye 4(Y1 + Yo + (yy — Yo) )> 
b=4(y1— Yn + e(¥i + Yo))- 


Ch 


(8 


(9 


(10 


(1 


(12! 


To find M we differentiate the second equation in 4), which gives 


Ci —e)dz. 
(1 + ex)? 


The fourth equation of 4) gives 


Fe (k — e)dz 
y IN + cx)? 


dy = J» 
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Hence 1 
dulce Ge) Cea 
Y= 29s G+ oxy dx”, 
a LAOS = 
Gi Lek OOS Oy 
Y CER dx (18 
Thus : 
dy _ V9o94(1 — ¢)(k — €) Oe 
ake C+ ex)? V 91929394 VX 
Hence 
Ms) (YW Ss) aa) 
yaa ta as 


_ 2. Students familiar with analytical geometry will recognize 
that p in 8) is the cross ratio of the four roots y,, Yor Yess Yas Lhese 
four roots can be permuted in 4! = 24 different ways, to which 
sorrespond 6 values of p%. This the reader can verify without 
trouble. We find these 6 values are 


1 p” p?—1 il 
ious pane ie? sea (ee, aaa ai 
We observe that three are reciprocals of the other three. 


To illustrate our meaning, let us interchange y,, y, in 8). 
The middle term becomes 


ave Haw. (16 
Gian’ s: doa 


Corresponding to this, the value of k in 9) is 


1l+p 
LEIA ite 1 
l—p ew 


We observe that 9) and 17) are reciprocals. We have there- 
ore established this important result : 


By means of the linear transformation 1) we can reduce 


Es Ue (18 
VY MVdA—2)d — P2*) 


n such a way that the modulus k is numerically less than 1. 
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3. Let us return now to our general elliptic integral 


f b(x, VP)de. (19 
We had 
P= pytt + pyr + por? + pat + Py 
= PY — WY — Ya) (YY — Ys — Ya) = Dok: 


The relations 4) show that the linear transformation 1) con- 
verts VP into 
oVG= AG - BP) _ o VX 


(1 + ex)? (1+ cv)? 


Thus this transformation converts the integral 19) into an in- 
tegral of the same form 


ip (a, VX) de (20 


except the radical VP has been replaced by VX, which is the 
form used by Legendre. 

If we had made this transformation at the start and had 
reasoned on the integral 20), the middle integral in 178, 18) 
would be 


He adxz 
Vd —- a) — Px) 


If we set z?= u, this becomes 


1 du 
lle —wd— Ru) 


which can be expressed by elementary functions. 
The final result of our investigation may be summed up thus: 


The general elliptic integral may be expressed in terms of the ele- 
mentary functions and the integrals 


ax ede ar da (21 
VE Ee PE Me ak 


X=(1—2%)(1—#22). 


where 
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We have therefore established the statement made in 178, 1), 
The integrals 21) may be regarded as standard or normal forms of 
the three species of elliptic integrals. 


180. Legendre’s Normal Integrals. 1. Instead of the three in- 
tegrals 21) of the last article, Legendre employed as normal 
integrals ; 

dx V1 — 2? 
Vd—-DA_—kRY VI—- a 


———— dx 


f dz ; a 
J (14+na?)V(1—27)(1— #2?) | 


Let us show how the former integrals may be expressed in terms 
of these latter. 

The integral of the 1° species is the same in both cases. To 
express the second integral of 179, 21) in terms of Legendre’s 
integrals we observe that 


Be 
ae ee am at =i dz "V1 — 222 ie 
‘€ OX in V1 — 2 


Thus the normal integral of the the 2° species adopted in 179 is the 
sum of an integral of the 1° and of the 2° species as adopted by 
Legendre. 

Turning to the third integral of 179, 21), we have 


f dx a+a ("dx 
: Coe x — a2} JX 


i dx 
wie Sk af (22 — a®) VX? 


The first integral in the last member can be expressed by ele- 
mentary functions, as we saw in 179, 3. 
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The last integral becomes, on setting » = — 
=f. dz 
aJ (1+na*) /7 — 22) — Fx?) 


which aside from a constant factor is Legendre’s integral of the 
3° species. 


2. Let us set with Legendre 


a= ST pe 


Then ay 


VI 


The integrals 1) become, on putting in the limits 0, ¢, 


ob = en a ee te 
F($¢,k ee Oe) — V1— k* sin? ¢ - dd, 
oe ie eee one I Bay 


6 ul dd 
= . : 2 
II(¢, 2) ih 1+nsin?¢ V1 — k sin? : 


The radical which enters in these expressions and which is of 
constant occurrence in this theory is denoted by Legendre by 
A(¢), thus 


A(¢)= V1 — k sin? ¢. 


When $= ot the first two integrals in 2) are denoted by 


nla 


coy ea E= | A(p)de. cE 


They are called the complete integrals of the 1° and 2° species. 
Legendre denoted the integrals 3) by the letters #’, EH’, but we 
shall follow the modern usage. As we shall see, they play the 
same role in the theory of Legendre and Jacobi as @,, », do in 
Weierstrass’ theory. 

In practice the modulus f? is usually real and <1. Legendre 


U 
as k=sin@ €! 


and calls 6 the modular angle. 
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To make the elliptic integrals useful for numerical purposes 
Legendre calculated at great labor tables for the integrals F(¢), 
E(¢) for values of ¢ and @ for every degree from 0° to 90°. 
They are to be found in Vol. 2, p. 292 seq. of his great work: 
Traité des Fonctions Elliptiques, Paris, 1826. Shorter tables are 
to be found in various works which treat of these integrals, for 
example in the Tables of B. O. Peirce referred to on p. 91. 

The reader will note that the functions F(¢, k), E(¢, &) are 
unlike the functions log 2, sing, etc., in that they depend on two 
variables ¢, & and so require tables of double entry. This makes 
their tabulation extremely laborious. 

Turning to the elliptic integral of the 3° species, we see that 
this depends on the argument ¢, the modulus &, and a number n 
which we call the parameter ; in all on three variables. Its tabu- 
lation would thus require a table of triple entry, which is quite out 
of the question. Legendre, who had the numerical side of these 
integrals close to his heart, was delighted when Jacobi showed 
how they may be computed by means of the © functions. 


3. Hxample. To illustrate the use of the tables let us compute 
the arc of an ellipse. We saw, 177, 7), that the length of an arc 
starting from the major axis is for a=1, 


e= [° VI= Pang dp = E(, k), 


where & is the eccentricity of the ellipse 


ne — Be, a 


k= sin 0 = 4, 


Suppose 


then 6= 30°. For ¢ = 45° we have from the tables 


=. 0119. 


DOr — 00>, 3 = 1.00755. 


Thus the length 7 of an arc between ¢ = 60° and ¢ = 45° is 
1 = .24036. 
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181. Real Linear Transformations. In the foregoing reduction 
we have not been concerned whether the transformations em- 
ployed were real or complex. In many of the applications our 
elliptic integrals are real, and it is often desirable to use only real 
transformations. With this in view let us show that: 

Lf we set 
o pee Sane qd 

l+y 


we may reduce 


da = dx (2 
V+P V£(a—«)(@—B)@—¥)(#—-8) 


to the form (4 py ay | (3 
Vay? — 0) (y? — 1g) 
h 
in a=+(9-«)(-A)(G-YG-4, (4 
_  (p—«)(p—B) 
Ui ae ’ 5 
: (G—2) 78) ( 
er 6 
i (q—4)(q—-8)’ ( 
provided 


D=a+B—y—6 (7 
is #0. In case D=0, we set 
e=yto(at+ B)=y¥+3(y +8) (8 


md then 
: =+1 ry 1 =4(a— B)? p) Ne, = t(y — 8)?. (9 


Moreover if the coefficients of the polynomial P are real, the coeffi- 
cients p, q of the transformation 1) will be real. Also the transfor- 
mation 8), which is to be employed when D = 0, is real when a, B or 
y, 8 are real or conjugate imaginaries. Finally, n, and ng are real. 


The verification of these statements is purely algebraic and aside 
from its length involves no difficulty. We therefore sketch it 
only. Let us consider first the transformation 1). By direct 
calculation we find that 

de __(q—p)dy 
nee NSE) 
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where 
Q={p—a+(q—a)yiip—B+(q-—Bytip—yv+(q-yy} 
pO Oly 


Let us now choose p and q so that the odd powers of y drop 
out of Q. This requires that 


(p—«)(¢-8)+ (p—B)(q—«) =0. 
(p—V)(q—6)-+ (p= 9)(q—¥) = 9. 


Let t 
some se N= Rpt » w=4(p——. 
D 7) 
ye— = (a= d)(B= (8-8) _ Me 
D? D? 
ay p=rA+h , G=d—HM 


To show that p and gq are real, we observe that the coefficients 
of P being by hypothesis real, there are three cases to consider : 

1° Roots all real. Taken< B<y< 6. 

2° Two roots real. Take a=a+4 1b, B=a— i. 

3° All roots imaginary. Take «a, 8 as in 2° and y=e+4 id, 
6=c— id. ‘ 

Obviously in each case A is real. Thus p, qg are real if mw is 
real and > 0. We now consider the three cases separately. 

Case 1° All the factors of Mare < 0; hence M> 0, D* > 0, 
and thus » is > 0. 


Case 2° Here 
M=(a—y+ib)(a— 6&4 ib)(a— vy — 1b) (a — 6 — 2b). 
Now the product of two conjugate numbers is real and positive, 
as we saw in 2,6. Thus &, being the product of two such pairs, 


is real and > 0. 
As D is real, w is real and > 0. 


Case 3° This is treated in a precisely similar manner. Thus 
in every case pw is real and > 0. 


398 FUNCTIONS OF A COMPLEX VARIABLE 


Finally, p, g being real, we see that ,, 7, are real. Thus our 
theorem is proved for the case that D#0. The case that D=0 
is at once disposed of, and needs no comment. 


182. Real Quadratic Transformations. Let us now show how by 
a quadratic transformation we can convert 
dy _ dy 
Vay — mG? — 1m) VY 
mee Maz _ Mae 
Vda) — ke) VE 


> Np Ng real ai 


(2 


in such a way that ¢f the variable y ranges over some interval A for 

which Y is real and positive, the variable z will range in the interval 

B= (0,1). Moreover M and k? will be real and 0 < kh? < 1. 
There are six cases, as indicated in the table. 


Case 1. Suppose 7, <n, As VY is to be > 0, we must have 
either 


Y <7, or Jhon ee 
Tf y? < 7,, tak a 
ee ass yay (3 
Then 1 
Mies) ee (4 
Van, No 
2 as 
Tf y*? > nq, we take iis, 
a a (5 
Then 1 
M=— , P= Dy. (6 
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Case 2. 


We set 


Then 


Case 8. 


Let 
We set 


Then 


Case 4. 


We set 


Then 


Case 5. 


We set 
Then 


Case 6. 


183. Rectification of the Hyperbola. 


As Y is to be > 0, we must have y? > npg. 


B SERS 


SA 
eee eres ed ole gemma a 
. VaCn, = 1) Uy Unit 


Here Y > 0 for all values of y. 


|711 < [79]: 
Be sed 
y AVToe 
ip SAA REY be Gao 
V —an, 1 
‘As Vis to be > 0, we must have 
m4 <y? < Np 
A Na 
yi -(1 — "1 t 
Ne 
5 nee ee eee 
ie aN UP) 


For Y to be >0 we must have 
1<Y? <2: 
y = Vn, V1 — 2. 


M=-— wes 5 i? = = iy ee 
V— a(n, — 71) N,— 1 


As Y is to be >0, this case is impossible. 


the length of an are of the hyperbola 


$222 — ay? = a2. 


399 


(T 


(8 


(9 


(10 


(il 


(12 


(13 


(14 


As an example let us find 
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4 
r= fOr Gia HfStein eseen 


ar arse pray ad 


If we set yy aU 


we have 
lm1|<|79]- 


The integral 1) falls under Case 3 of 182. We set therefore 


ey zZ 


= 2 
evioa ¢ 
and get 
dy < dz _1 dz pew @. 
: bf Ta Apes Ey nA ee 
V+ (y+ 5) bVA — 2) — ke?) VZ 


We note that & is the reciprocal of the eccentricity of the hyper- 
bola. Thus putting 2) in H we get 


ee BEE 
—2)vZ 


Let us set 2=sin ¢, 


then 


T=Fitan Ab + SPS) — HG)}. 
Hence finally 
2 
— etan p- Ap +” F($) — cH($), 3 


in which the modulus & has the value determined by 


ee 


a 
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184. Rectification of the Lemniscate. We sawin 177, 9) that the 
are s of the lemniscate is given by 


- % dx 
ie af VI — 2) — 222) 


a tere. is dx 
“V2 V(ie—Nh@—t. 


Here 0 < 2? < } if the arc falls in the first quadrant. We take 
7, = 4, m2 = 1 and use the transformation 


a=yVvi 
of Case 1 in 182. We get 
Bs ls dy ah 
$= — hk? = 4 
V2J/0 V1 — yd — By?) 


eee 
=~ F(#). 


For ¢= 3 the arc is just one quadrant of the lemniscate. If we 


set k = sin 8, we see 9@= 45°. The value of the complete integral 
K for this modular angle is given by Legendre’s Tables Traité, 
vol. 2, p. 327, as 
K = 1.85407. 
185. Elliptic Integral of the First Species. 1. Let us now con- 
sider the function w of z defined by 


i dz 
b= ——. (1 
0 V(1—2)(1 — k2?) 
When the modulus & = 0, this function degenerates to 
‘dz . 
u= = are sin Zz, 
0 V1—2 


Now the many-valued arc sin function is of much less service to 
us than the inverse function ¢ = sinw which is one-valued and 
periodic. So we shall find also here that it is not the many- 
valued function u of z defined by 1) which interests us most, but 
the inverse function z of uw. This we shall see presently is one- 
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valued and doubly periodic. In analogy to the sine function we 
denote this function by 


z= sn(u, k) or more shortly by 2 = sn wu. (2 


and read 8s, n of u. In analogy to the cosine function we write 


VI —2=V1— sn?u=cuu. (read ¢, n of u). 


If we set z = sin q, as we did in 178, 


V1 — ke? = V1 — k* sin? 6 = Ad 


in Legendre’s notation. In memory of the A we set 


V1 — 2 = dnwu (read d, n of u). 


Thus with the integral 1) are connected three elliptic functions 
snu , enw , anu. 


These are the functions of Legendre and more especially of 
Jacobi. It is these functions which occur in all the older litera- 
ture of elliptic functions and which to-day are still used by many 
mathematicians. 

In the same way as: the basis of the Weierstrassian theory of 
the elliptic functions is the o function, so the base of the Jacobian 
theory are the # functions, which are integral transcendental func- 
tions differing from the o function only by exponential factors. 


After this slight outlook, let us return to the function u of z 
defined by 1). The integrand 


1 
os Le ee eee 3 
I@) V1 — 2) (1 — 2") ( 


is one-valued and analytic except at 
1 
at ie ets k 
Obviously each of these points is a branch point and the two values 
of f permute when z describes a small circle ® about one of them. 
Thus in any region acyclic relative to each of these points u isa 
one-valued function of z. 
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One of the values of u for z= 0 is w= 0; also one of the values 
of fforz=0is +1. Let us start with these values and find the 
value that w acquires, call it uv, when z 
describes a circuit € about the branch 0 
point z=1. Without changing the value 
of % we may replace © by the loop _o 2 B 
C= (0, «, B, y, 0) as in Fig. 1. The 3 
circle C has a radius 7 as small as we 


please. Thus 
fale fef 
& 0 C 


The first integral on the right differs from 


K hs ae 
x (5 
0 +VA1— 2) — ke; 


by as little as we choose. Here the + sign indicates that the 
radical has the value + 1 forz=0. 

Let us look at the last integral in 4). When z leaves e= 0, 
f has the value +1. On reaching «@ it has a large positive value 
p. After zdescribes the circle C and arrives at y, the two values 
which f has at this point have interchanged and the value of f is 
now —p. Thus as z describes the segment y, 0, the integrand f 
has the same values as f had in describing the segment 0, # except 
that its sign is changed. Hence as « and ¥ are really the same 


point, : 
[-f wool de -=K as r= 0. 
y % iY, 0 ay, 


Turning now to the middle integral, we show this is 0. For let 


us set : Os 
g@=— Lye?) dz= rie*dd, 


r being a constant on C. Then 
Vd — 2) — Be) =V2—-1-ivV (2+ Dd — ke) =V2-1- 9(2), 


where 


|g(z)|>some G , forall zon C. 


Thus nye Res 
[fen [Oo ae, 
C 0 g 
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and this is numerically 


1 ° 
a" .72? which =0asr=0. 
<< @ if 


Thus if a 
C 


and we have finally Ho K Hence: 


Tf we start with the value u=0, f =+ 1 at 2 =0 and let 2 describe 
a circuit about z=1,u will acquire the value 2 K on returning to 
2 0; 


2. Let us set dz 


1 

k 
b= [eG 
where the + sign indicates that on starting out from z=0 the 


radical has the value +1. Precisely the same considerations 
show that if we start out from z= 0 with the value wu = 0 and make 


(6 


a circuit % about the branch point z= 7 wu acquires the value 


u~=2L 


on reaching z= 0 again. 


3. We now suppose that z starts from z= 0 and makes a cir- 
cuit © which includes both branch points 1, We start with 
f 


the values w= 0, f=+1 and ask what value w has acquired on 
reaching ¢=0 again. If we denote it by u, we have 


= oO dz be 
4) fer —| —— =A —e (7 
C+V R+V gv 


For in the first place € may be replaced by 
RK - Las in Fig. 2, since the region lying be- 
tween these two curves contains no singular 
point of f(z). Secondly, in the last integral 
in 7) we have the — sign because when z f 
reaches z= 0 after the circuit ® about z=1, Fie. 2. 
the radical has the value — 1, and it is with this value, therefore, 


aH 


that we start out to make the circuit 2 about z= 7 Thus 


i = aT, (8 
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Since we can deform any path of integration 
without changing the value of the integral wu, 
provided that in so doing we do not pass a sin- 
gular point of the integrand f, we see that the 
circuit & - & can be replaced by that in Fig. 3, 


which we will call It. Thus 
dz 7 ae dz 
—+ f+ S. 
Vy GatJe OV 


= b 
Mm Cy a 
Now as before 
fre fre 
CO, O 
af dz = [°.. 
b Sila a in 


If we let the radius -r of the two circles C,, C, converge to 0, 
the last integral converges to a value denoted by Jacobi by 


1 


KI i dz 
= (10 
1 +V(1 —2)(1 — B2) 
These results put in 9) give 
w= 20K", (il 


To explain why the integral 10) is denoted by 7K’ instead of by 
K' we remark that in practice the modulus & is such that #? is 
realand <1. Then (1 — 2*)(1— ke?) is real and negative in the 


segment (1, 7) and thus the integral 10) is purely imaginary. The 
notation 7K’ in 10) is therefore quite appropriate. 
Equating the two values of w in 8), 11) shows that 
CN CEN Bia « le (12 


4. Suppose next that 2 makes 


C, 
a circuit € as in Fig. 4, which (2), : (1) 


includes the two branch points Fia. 4. 
z=+1. If we start with w=0, f=+1, let @ be the value which 
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u acquires after €. Then 


eo 0 
i= da _ Hof sf da 
JE+V 0 4+¢V J Ja —V/ 
B 0 
eye dz = taf Sliliees: da 
As before f= f Zo 
Cy C-1 


shh de (Gee ae el 
a aS Vial e/ 0 ee 


Moreover since f(—z) =f (2), 


jh CE ct ae dz Ke 1s Gea 
1p aVib Wel, A/a enc Ve 
Thus, u=4K. 


5. Let us now ask what values 
u can acquire when beginning with 
the initial values z= 0, z=+1) 
wu = 0, 2 describes any path $ not 
passing through a branch point, 
and ending at some point z. 

Let U be its value along the path 
Oz as in Fig. 5. If $ is a loop & 
about z=1 followed by Oz, we have Rie. &. 


ne dz -(— 
JB+V- Pie, al 


In the last integral the radical has the — sign as indicated, since 
on returning to z= 0 after & f has acquired the value — 1, instead 


of +1. Thus, eo eT. (13 


If $ is a loop Y about +1 and —1, followed by the path Oz, u 


has the value os ir de : ae 
g EV e/( Ty 
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For on returning to z= 0 after the loop &, the radical has changed 


its sign once in going about g=1 and once about z=—1. It 
therefore reaches z= 0 at the end of 2 with the value +1. Thus 


If $ is a loop ¥ about z= 1 and z= 7 followed by Oz, we have 


4h dz a ike 
i —-+ = 
gt+vV 0 +vV 


seth’ +°U, 
If E is a loop 2 about z= 1, followed by a loop 9 about both 
z=1 and z=— 1 and finishing with Oz, we have 
dz dz Es dz 
| —+ 
ieee m — V i =v 
=2K-4K—U. 
=2K—-U-4K. 


We see this differs by —4 KH from the value of uw in 18). By 
choosing various paths we find that all the values which w can 
acquire at a point z are given by 


u=U+m4 K+ m'2ik' 


1 
and u=2K—U+m4 K+m' 2tK', Ce 


where m, m/ are positive or negative integers or 0. Thus we may 
state : 
The analytic function u defined 
by 1) ts an infinite many-valued  z; 
Junction of z. If U is one value ey 
which u has at a point z, all the 
other values which u has at this 


point are represented by 14). @ 


6. We have seen that wu re- 
mains finite for finite z. Let us 
see what value w has as = oo 
along some line 7 as in Fig. 6. 
The calculation is easily effected iG. 6. 


ag 
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if we note that 0zGz,0 is a circuit & which embraces the two 


branch points z = 1, i As this is the same circuit as considered 


in 3 we have 
SE 0 tt 
SK 


But F 5 
fot PLS 
K = iN) Oo, i) 24 
The second integral 
He =0 as R=o. 
S 


Yor let us set z= Rei 


so that on the circle SG dz = Ried = izdd. 


Hence 


JS Je V(1—2)(1— ke?) 


If # is taken sufficiently large, 


zZ 
| VCR eae Sa 
for allzon ©. Thus 


| 
fi<er=0 as R=o. 
S| 


(15 


(16 


Now, when z leaves z= 0, the integrand f(z) has the value +1. 
After it describes the circuit @ it returns to 2=0 with the same 
value, since as far as the end value of f is concerned, the circuit 


& is equivalent to a circuit about each branch point ; and 1. 


For 


each of these, f changes its sign. Thus it changes sign twice and 


so returns to z= 0 with the value +1. Thus 


e. 1 
ae Vd -2)d—R2) 


has the same value along Oz as along Oz,. Hence 


i =f ={" - eS 


as 2= 00. 
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This with 15), 16) gives 


iK’ = fe “Habeas ewe (17 
0 +V0—2)(1—h%2) 
Thus the different values which u has for z= are 
tKh'+2mK+2m'iK'. (18 


186. Inversion. 1. In the foregoing section we have considered 
the function w of z defined by 


‘4 dz z 
Let us now look at the inverse function z of uw. This we said is 
denoted by $8 HOR: Q 


Since the integrand f(z) is a one-valued analytic function about 
z= 0, wu can be developed in a power series. It may be obtained 
thus: Since 


f=a- 22) (1 — h222) 4, 
we may develop each factor 


ad —- gy} and (1— heer} 


by the Binomial Theorem and get two power series in z These 
two series when multiplied together give 


f=14+4142)241864 20743 )aA+ -. 
Integrating, we get 


u=2t+d(1 + k)224+ 28 +2 +3 M)eo +: (3 


which is valid for |2| < either 1 or ae 


If we invert this series by 125, we get 
pay -sd + Bw +30 +UBL AM. 4 


which is valid in some circle ¢ whose center is wu = 9 
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By analytic continuation we may extend the function so as 
to define it for values of w outside c. It can be shown in vari- 
ous ways that the analytic function defined by 1) is an elliptic 
function, having 4 K, 27K’ as a primitive pair of periods. Its 
zeros are = 0 and its poles are=7K! mod 2K, 27K’, each of 
order 1. 

It was by inverting the integral 1) that Legendre, Abel, and 
Jacobi were led to consider the elliptic functions. We have seen 


that Legendre set : 
2= sin ¢. 


From this point of view it was at once evident that z admits the 
period 4 X. But Legendre, using for the most part real variables, 
failed to notice that 2 possesses also an imaginary period, that in 
fact z is a double periodic function. 

The discovery of this property by Abel about 1825 enabled him 
and Jacobi to develop the theory of elliptic functions in the next 
few years far more than their predecessors had done in half a cen- 
tury. 

Because of the fundamental nature of the double periodicity of 
the elliptic functions, we began our treatment of these functions 
in the preceding chapter from this point of view. At the same 
time the older theory is so interwoven in the modern that we 
have not hesitated in treating the functions of Legendre and 
Jacobi to start from the elliptic integrals and work up to the ellip- 
tic functions. This point of view is also useful in those applica- 
tions which lead at once to an an elliptic integral. 


2. To show that the inverse function z= sn wu is in fact an 
elliptic function, let us actually write down such a function which ‘ 
satisfies the differential equation 


dz 
aa Vd — 22)(1 — k2*), (5 


the radical having the plus sign forge = 0. The constant of inte- 
gration we will determine by taking z= 0forw=0. There can- 
not be two such analytic functions. For both having the same 
derivative 5) about u = 0, they can differ only by an additive con- 
stant and as 2 = 0 for u = 0, this constant must be 0, 
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3. To this end we consider the function g of 176. We saw that 
q is an elliptic function which satisfies the differential equation 


d ee 
om = VC — (¢,— &)9?)C — (es — ¢)9"). (6 
Let us choose e,, eg; €3 so that 
: | Si Sri (7 
pie} 
and set ya EE okt 


Then z satisfies the equation 


B = Ve, —e,V(1— 2)(1 — h2*). 
U . 
To remove the factor on the right we set 
U 
%=—_—.,, 
Ve, — & 
which gives A 
on =V(d—2)(1 — ke). (8 
Thus & x 
2= Ve, — € + Go| ——— 5, @, 5, @ 9 
1 32 ol Fe = 1 ») ¢ 


is a solution of 5). Asz=0 for v=0, the function 9) must be 
4), replacing u by v, or snv. 
We saw in 176 that o).(w) is a homogeneous function of z, @,, 
w, of degree 1. We can thus write 9) 
ZH=Oy(V 5 WyVe;— el, , O,Ve— ey), (10 


whose periods are 
4K=40,Ve,—e , 21K'=20,Ve,— ey qi 
whose zeros are = 0, and whose poles are =7A’, mod 2K, 27K’. 
4, Having assured ourselves that the inverse function z= snu 


is a one-valued function throughout the whole plane, z= in- 
cluded, let us see how the study of the integral 


dz 
Be 12 
"Ty Gia eae) ‘ 
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shows us: 
1° z is a double periodic function with the periods 


the eee 
0 V1 —2)(1 — ke*) 


1 
21K! =2/ s ts ; 
ji VA— Ad =r) 
2° z has as simple zeros the points = 0, 
3° and as simple poles the points =7K’ both mod 2 K, 27K . 
This will be an a posteriori verification, but it is very instructive. 
Precisely this path was followed by Cauchy and his successors. 
5. To begin, the relations 185, 14) show thet snu admits 4 K 
and 27K! as periods, while the reasoning of 185,6 shows that sn u 
remains finite except in the vicinity of the points 


(13 


e=tKh'+2mK4+2m ik’. (14 


Let us show that these are poles of the first order for snu. We 


write 12) : 
w= iF [=e+ (5 
0 eJ ao 


where ¢ has the value given in 14). We wish to see how w be- 
haves about z= oo. 


If we set z= i, it becomes 


w= a = ON ee te WO ef, 
§ VE Sad) Jn 

1 le 
=—— «3 G r=) f3 cee 

Senay em 


This shows, using 125, that ¢ considered as a function of w is a 
one-valued analytic function. 
t= w(— k+ byw+ bw? + «-). (16 


Hence 1 1 1 
5 [— E+ a (uo) + au oy}, Ci 


U — 6 


and u=c is a pole of the first order. 
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6. Let us show that the points «=0 mod 2K, 271K’ at which 
snu=0 are simple zeros. In the vicinity of z= 0 we have 


if 
V (1 = 2) (1 — #2?) 


=1+4 a2+ a2? + ++ 


Hence de 
wm f=e+ C12 + Oye? + + Gril, (18 
where ¢ is given in 14). The relation 18) shows that 
Z=(U—C) fey t+ &y(U— ec) + eg(U— 6)? + ++} (9 


and thus u = is a simple zero. 
7. Let us show that z is a one-valued analytic function about 
the point uw for which z=+1, + - These latter points are points 


in whose. vicinity the integrand of 12) becomes infinite. 


Let t 
bate eT RO hilienas cde 


Also 
Vd — 2) — #2) =V2—-1V (24 1) (2 -—D=thaytatt «4. 
Thus £ 1 


Teer fby + byt + +++}, 
du = 2(b, + b,t + ---)dt, 

U=C)+ e+ ef + +. , #0, (20 

where ¢, is one of the values which w has for t = 0, that is, for z= 1. 


These values are all =+ K. 
The relation 20) defines t as a one-valued function of uw in the 


vicinity of u=c. Asz=1+# this gives 
z2-l=d,(u—«@)+ d,(u— @)? + + (21 
Thus z is a one-valued function of wu about w= ép. 


187. The sn, cn and dn Functions. 1. We have now two defini- 
tions of g=8nu; one as the inverse of 


dz 
= ’ ul 
ih Vd — 2)(1 — #2?) ‘ 
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the other as 


ee! U 
= 8NU = Vey — by TyQ(% Oy) 5 Y= Ve— % Se 
_ Vee (3 
V pv) = es 
where FRIAS Seo 2 (4 
a ee ke 


The radicals AW RERPO ey ayer 


although two-valued functions of z, are one-valued functions of w. 
For from 3) we have 


a ee eae ras y= Oe (0). 


Vee ~ o3(0) 

Hence o,(v) 
onu=V1l—2=A"2 | en(0)=1. (5 

o2(v) 

Similarly 5 o,(0) 
dnu=V1—kh2t=-— , dn(0)=1. (6 

o,() 

If we set 2 = sin d, 


the integral 1) becomes 


Nee es Sih we . 


Then snu, enu , dnu (8 


become in Legendre’s notation 


SND COs) ee Ad, (9 
as already remarked. 


2. We wish now to deduce a number of properties of the func- 
tions 8) from the definition of smw as the inverse of the integral 
1), and from the definition of en u, dnu by the relations 


enu=V1—srtu , dnu=V1— sr? u. (i0 


This is the older point of view and will accustom the reader 
to the use of integrals as an instrument of research. Later 


we propose to study these functions from the standpoint of the 
% functions. 
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Let us first find the periods of enw. We take up the considera- 
tions of 185. Allowing z to describe a circuit about z= 1, w goes 
over into u+ 2K, while V1 — 2 changes its sign. Thus 


n(u+ 2 K)=—enu. 
Hence enu has 4 Kas a period. 


If we let 2 describe a circuit which contains both z =1 and . u 


goes over into u + 27K’, while V1 — 2 changes sign. Hence 
en(u+ 27K')=— enu. 


Thus enw has the period 2A+2iK'’. In a similar manner we 
may reason on dnu. Thus we can draw up the table: 


PERIODS 


4K, 2iKk! 


4 K,2K+2iK! 
2 K, 4ik! 


The poles of cn u, dnu are obviously the same as those of sn u, 
as seen from 10), and they are of order 1. 

From 10) we see that enw=0 when sn*u=1. But sn K=1. 
Hence by 185, 10) all the points w at which snu=1 are given 
by K+4mK+2m'tk'. As sn*u is even, the points at which 
svtu=lareK+2mK+2mik'. Ina similar manner we may 
reason on dn u. 

We may thus draw up the table: 


ZEROS Po.es 


2mK +2 m'ik! 2mK + (2 m! + 1)ik! 


(2m+1)K+2m'ik' . 2mK + (2m! + 1)ik! 
(2m+1)K+ (2m'+ 1)ik’ 2mK + (2m! + 1)ik! 


Since sn u, cen u, dn u have each two poles only in a parallelogram 
formed of the periods given in the first table, these periods are 
primitive pairs of periods. 
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3. Let 2 move from 0 to 1, at which point w= HK. Hence 
mnK=1 , mK=0 , dnK=vi-F=k, qi 


if with Legendre we set j, _ Vie. cig 


taking the positive determination of the radical for k=0. This 
is called the complementary modulus. The introduction of k’ is 
quite natural from Legendre’s point of view. For as we have 
seen, he set k=sin 6; hence cos @ would be k’. 


Next let 2 move from 0 to * at which point w=K+K'. 
Then + 


mC KiK) = i 


en(K +iK')=WV1 13 
C 


dn(K+iK')=0. 


To determine the sign in the second equation let us take & real 


positive and <1. We let z move over the path 0 azer in the 


figure. When z=0, V1 — 2 has the 


z 
value +1. Thus at z=a, V1-—-2 OS 
O 1 i 


is real and positive. We set % 


1—z=reie—), 

Then — ee, 
= —T 

V1 — z= rietile-™, 


and take V1-+ zwith positive sign. Then V1 —2? is real and 
positive at a, as it must be; but at ce, V1 — z becomes 


ua) 
LoD at 
r2e =— ir, 


which is negative imaginary. Thus at z= 7 the radical is nega- 


tive imaginary. Hence we must take the — sign in 13). 


Thus from the foregoing we may write down the following 
table : 
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In each square the values of snu, cnu, dnu are given in order 
for Pa a) ’ 
p=mK+mik' , m,m' =0,1, 2, 8. 


In the table m refers to the columns and m’ to the rows. Thus 


foru=3K+ikK' 
gnu, cnu , danu 
1 ak! 
ee eee ee); 
k k 


188. The Addition Formule. 1. If we set 


un [2 , y= fi wa (2, 
1 zz 


the addition theorem log zy = log2+logy 


states that ee 


or that r ie -{” a 


2. Let us set s 
u= le ates (2 
0 V1l—2 
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The inverse function defined by this relation is 2 = sin w. 


addition theorem for the sine function is 


sin w= sin (w+ v)=sin u cos v + cos wsin v. 


Let us therefore set 


ee 
ov1i-x | ip 


The relation 3) states that 
eg=avi—-yt+tyvV1—2, 


x ty aVi-ytyV 1a 
hoot ole 
0 0 e/ (0 


ad fas dx =|" dx 
0 Vd—2)(—he?) Jo AM) 


and hence 


38. Let us’set 


The 


(3 


(4 
(5 


(6 


For &=0 this integral reduces to 2). It occurred to Euler that 
the integrals 6) might have an addition theorem, that is, the sum 


of two integrals ie : 
es) 
0 e/ (0 


might be expressed as a single integral 


ie 


in which z is some algebraic function of 2, yasin4). This rela- 


tion he found to exist; it is in fact 


we aV (1 — yD) — Py?) +yV dd — 24) — kent), 
1 — kPx2y? 


Thus if we set, similar to 2 


y dy 
Vd-d— BP) 


wauton {o dz ; 
0 V(1—2*) (1—k2?) 


(7 
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we may write 7) 


ni) ee dnv+snvcnu dnu 
1 — k’sn? u sn? v 
_ snu sn'v + snv sn'u 


1 — ksn2u sn2v 


(8 


To obtain the’ relation 7) we notice that the differential equa- 
tion op 


dy 
A eS) 9 
Az u Ay ( 
admits as integral ; 
z jes ED Na BL an gp (10 
o Ay 


If this integral is determined by the condition that when z= 0, y 
shall have the value z, the relation 10) shows that the constant C 
of integration must have the value 


Bat) ee (11 
0 Az 

The value of C’ may also be obtained, as Darboux has shown, as 
follows: 


Let us introduce a new variable defined by 


Oo (12 
Ax 
Then 9) becomes y 
ds i ed 0, 
Ay 
or a = Ae ) AY = — Ay. (3 
i 
Hence se =2, 2x3 — ad af ka, 
oY = 2 hays —(1+ Iyy, 
dx ptt 
teak a 2 kexy (a? — y*), 


— #( 4) = —(1— k*x2y?) (2? — y?). 


(a) — 
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Thus 2% dy 
Yaa * ds ee EY 
v(t) (BY 1 — Wx2y? 
ds ds 
If we multiply this by yo eg 
OS ap eo, 
ds ds 
we get Pax P a 7 
Jae ae_ — 2B te) 
d. d —</. — Jp2y27/2 0) 
y _ hy 1 — kay 
ds ds 
or 
dlog (y= a) oi) = d log(1 —baty?). 


Le: oY) = log (1 — Hay?) + log , 


or using 13), we have 
(14 


yAa + wAy = eC — Kary?). 

This is ar integral of 9). To determine ¢ we must have y=z 

forz=0. This in 14) givese=z. Hence by 14) 

2 YArt why 
1 — kx2y? e 


which is 7). 
4. By means of simple but rather lengthy reductions we get 
en(u +o) = SNCS — sun wen edny, (15 
— kesn? u sn? v 
dnudnv— ksnucnusnvenv (16 


Ss 1 — ksn? wu sn2v 
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From 8), 15), 16) we may also derive : 


sn2u — sn2v 


sn(u + —v)= - 
SD, 1 — k’sn? u sn? v oe 
en? v — sn2u dn2v 
a Se 
a v)en(u—v) Te aieaty (18 
dn(u + yaa —v)= sim ae WERE (19 


— k*sn?2 u sn2v 


189. Differential Equation for K and K’. 1. We saw that 


a K= [248 ‘al 
alae =o 


When | k?| < 1 we can develop the iim getting 


2s 1. 2n —. 1) 4, -:on 
(1 —#* sin? $) bait pi 7 an a ae ) 72" sin? dP (2 


But from the calculus we know that 


7 1.3.5-.(n—1) & 
2ain2n d — . A 
psn oe AG eo ee D 


Thus Ee 2) termwise gives 


1 1.3 L28.5\? 

ales pate fed eet eE DENG rie ae 3 

Oe Pen Go: Geran Ger ec) hanna) aa 
valid for | k?| <1. 
Comparing this with 108, 5) we see that 
items! 
K=7F(5, 5.1, i). 4 
2 a ( 


This relation, holding for |k?|<1, must hold throughout its 
analytic continuation. 


2. The other period 27’ we saw in 186, 13) is defined by 


Qik 2 dae a~oif? dee 
PvVda7a es) 1 V@_ Dd ee) 
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Let us set i 
x 


Sr k/? = 1 — 2, 
V1 — ku? 


Then to 2 =1, =i correspond u=QOanduw=1. We thus get 


ie af P ae : (5 
0 Vi1l— ww) — ku?) 
Comparing with 4) we see that 
tech 
K!=2P(5, 5, 1, ?). 
Ze eNG ce 


3. We saw in 108, 4 that F(aByz) satisfies the differential 


LN ee Oearyy ie tem cmuul pec aw nee =U) 7 


If we take o=B=}) , y=1 , 2=P, 


the relation 4) shows that & satisfies the equation. 
d? dy , 1 
ad Ogee ty ee pas 
G ae Ce Fg: mbes (8 


If we replace z by 1—z=k’” this equation is not changed. 
This shows that not only AK but K’' as given in 6) is a solution of 
8). Thus both K and K’ are integrals of 8). We shall return 
to this subject later. 


CHAPTER XII 
THE THETA FUNCTIONS 


190. Historical. These functions were first considered by 
Abel. We have seen, 186, 4), that the inversion of 


ee it dz 
0 Vd —2)(1 — #2) 
leads to an infinite series 


=u 2+ yet oo qd 


which gives the value of sn wu within a circle passing through 7K’, 
which is the nearest pole of z. 
In a similar manner the inversion of 
Ceeie 02 
JI 1 oF a 


leads to a series 
g=tanu=u+4v+eurt -- 
which gives the value of tan uw within a circle passing through a ; 


its nearest pole. 
But we know that there exists an analytic expression 


2 
aut ( -<,) 
pes n=1, as eee 


4 2 
n(1 7 es) 
which is valid for the entire domain of definition of the tangent 
function. It occurred to Abel that a similar expression might be 
obtained for the sn function. This is the way he found it. 
From the addition theorem we may express snnu in terms of 
snu, cnu, dnwu just as in trigonometry the addition theorem of 


the sine function enables us to express sin mw in terms of sin u, 
423 


(2 
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cosu. If in the expression for snnu, n being an odd integer, we 


replace u by 5 we get a 
sn — 


e mK +2 a | 
8n | —————————————— 
U n 
sr U = PY 8&N- — A (8 
Comat sn 
Nn 


< eC mK+ (2m +1 Tess 


nN 


II; 1— 


IT; 1— 


This expression is entirely analogous to that obtained for the 
sine function in 186, 6). 
From 1) we have 


U 
sn — 
lin —.—>_ <= a Wak 
toe gn( SERS) 2mK + 2 m'tK' 
‘ n 


etc. Abel therefore concluded that 


n(1 ~ omK 7 TE) 
Pn fl era ii BSN a (4 


aes Pees u ) 
( mK +(2 m+ 1K! 


This passage to the limit is not rigorous and the infinite products 
which enter 4) are not even convergent in the sense that we have 
given this term in 128,2. Let us therefore regard the relation 
4) merely as a stepping stone to get infinite products which do 
converge; these will be the &s. 

To this end we write the products which figure in 4) as double 
iterated products, and for brevity we will set 


KI 
0 Ke See 
U v T K (5 
Th 
ie. sn 2Kv = ZL), (6 
T(r) 
where 


7, =2 Koni(1 -2\n n(i-—*_, (1 
n T 


nN] m' m m+ m! 
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and a similar expression for 7). Here 
nm=+1,+2,... 
m=0,+1,4+2-- 3; m’=+1, +2,. 
Now n(1 —2)\= Sinz, 


nN TU 


ibe ——-)= SUN TaD 
sin marr 
Hence 

T(v) =2 Kos sin TY sin 1(m't — v) 


TU m’ sin m! TT 


=2 Kn 7Y = sin mnt =v)! sin m(NT +v) 
Sin nT sin mart’ 


fem (nt—) = err ere} S ettnrite) a a tah Maat 


T n=1 


sin 7rv 
aaa 2 i I C mint £a)8 
T é —e" 
yy} K " | ebrint(giniv 4 Ce) 4b eitint 


= Fei sin wv II (ae 


Thus finally 
(1 — 2 q"cos 2 mv + ¢) n=1,2-. (8 


T@)= eA as TV 
7 


id — Gaye 
where BERD 
g — en — K M (9 


Here the infinite products in the numerator and denominator 
of 8) are absolutely convergent when |g|<1. This last is no 
essential restriction because we would merely need to interchange 
K, K' in 9) to get a g which is numerically < 1. 

A similar reduction of 7j(v) leads to 


ai 1 — 29°" cos 2 rv + gi") peri 1,2 «3100 
Id — q?"* )2 

Similarly, we can express en 2 Kv, dn2 Kv as the quotient 
products whose numerators 7, 7, are slightly different from 7}, 
and whose denominators are J) as before. 

Thus the development of sn, en, dn into infinite products leads us 
to four integral transcendental functions 7%, 7, 7, 73, which play 
the same role in the theory of Jacobi that the four functions 
d, 01, Gy os play in the theory of Weierstrass. It is one of the 
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immortal achievements of Abel to have introduced these func- 
tions into analysis. Although his method of deduction is not 
rigorous, we can and will in fact show that when 7, Z, as given 
in 8), 10) are put in 6), the resulting function satisfies the differ- 
ential equation 


=V0—-AU— PA), ah 


which defines the sn function. 

Here, as often happens, a method which is not rigorous, and 
cannot perhaps be made rigorous, leads to results whose correct- 
ness can be established a postertort very simply. Such methods 
have a great heuristic value and are not to be despised by the pioneer. 


191. The &s as Infinite Products. 1. It is convenient to replace 
the 7’s introduced in the last article by four new functions which 
differ from them by constant factors. With Jacobi we set 


= er, el 

a Che gt sin rv na — ¢")A— 29" cos 2 wv + g**), 

Dod) 2 id COs 7rv m1 — ¢")(1 + 2q'" cos 2 mv + g**), 
On) = ne — ¢") 1 + 2¢""! cos 2arv + g'-*), 
Io(v) = TCL = gL — 2g! cos 2 wv +g"). 


We do not need to regard them in any way related to the elliptic 
functions, but simply as integral transcendental functions whose 
properties are to be investigated. The only restriction we make 


in order that the products 2) converge absolutely. 
We first show that these four functions are very closely related 
to each other by the formule: 


J.(v + 4)= dv), 
@ eee 
AC ae $)= C= AUSED (4 


dal + i * 2) = ierirg (Vv). 
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To prove the first relation we have, setting 
Q=11 — 9”). 
O,(v + $)= QUAL + 2 9°"! cos 2 r(v + 4) + of?) 
= QITC1 — 2 "1 cos 2 av + g'-*) 
= 54(0). 
To prove the second relation in 4) we have 


PO) = QIlc1 aE, gre lerniv) (1 as gn le-2miv) 
Hence 


IG at $)= Qld oe ge Peat ya os g?nte(?*3)) 
2 = QO + e-**)IT(1 + germ?) (1 q?ne-277) 
a Qe-ting tgt - 2 cos avII(1 + 2 g” cos 2arv + q'”) 
= te-",(v). 


2. Inasimilar manner we may prove the following relations : 
0,00 + 4) = 8,(0), 


a(o +2) = ig te-79,(v), (5 


oO i(v ie + 2) = = ¢ te-79,.(v). 


(v0 + 4)=—- 3,0), 


1 (v4 8) = gemma) ? 


Os (0 + 1 ss <) =— ig te-"”3,(v). 


dv + 4) =%,(v), 
AG + 2) = igre "9, (v), (ee 


Un € + ‘ae 2) aoe q te-79,(v). 
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3. By repeated application of the foregoing or directly we 
find: 
I(v+ 1) =—3,@), 
I,(v +1) =— 4,(r), 
J,(v +1) =0,(v), (8 
dv +1) =H (). 
Ov +o) = — qed, (v), 
3,(v + a)= qe *"d,(v), 
Iv +) =e I,(0), 
I,(v + o)=— q te, (0). 


(9 


192. The #’s as Infinite Series. ‘The relation 191, 8) 
d,(v + 1) =0,(v) 
shows that %,(v) admits the period 1, and can therefore be de- 
veloped in Fourier’s Series by 126. Thus 
Oy = > a,erin, ad 


To determine the coefficients a, we use 191, 9) 
D0 + 0) = qe 9, (0). (2 
For putting 1) in 2) gives 
©) +o)= Sgren oe) = La,qmermine 
= gle 20S q,¢2ninv 
= Sd. tele, 
Comparing the coefficients of e’"”" gives 


Qn __ = 
and "= An+19 
or 


Thus 


C=O" dy 
O(v) — ay qh enn 
=a,{1+ Sq” erm + e~ Prine) 
1 


=a(1+ 239" cos 2 mnv). 
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To determine a setg=0. Then v’,(v)=1. Hence a,=1. In 
this way we get 


O,(v)= 1+ 2 = g” cos 2 mn, 
1 
On Oy 2S gt cos (2n+ 1), 
0 
3,(v) = 93 (—1)%¢"t®” sin (2 n + 1)20, . 
0 
Oj(v)y=14+ > (— 1)"q” cos 2 anv. 
1 
The representation of the &s as infinite series is due to Jacobi 
(1825). As they converge with extreme rapidity for the values 
of g ordinarily employed, they are of immense value in all ques- 


tions of numerical calculations of the elliptic functions, as we shall 
see. 


193. The Zeros of the #s. 1. The infinite products 191, 2), be- 
ing convergent, cannot vanish unless one of their factors vanish. 
From this we have at once that the zeros of the #’s are as fol- 


lows: O,eys v=m + no, 
O,(v) 5 v=(m+4)+na, (1 
O2(V) 5 v=(m+4)+(+ d)a, 


OLD); v=m+(n+3)o. 
where m,n=0, +1, + 2, +». 
To illustrate the proof, let us find the zeros of 3,(v). We 
have 
Let 2 1 cos 2 rv + yf? =(1 + g?r-terriv) (1 gin lo*nivy, 
Let us find the values of v for which 
jot gn lerniv ee) s 


This gives, since g = e™, 


2niv 1 — 1 

é eS gt tam ert (2n—1w* 
Hence 2 riv = log (— 1)— wi(2n— lo. 
As log (—1)= Ti + 2 sri, 


v=(m+4)4+(r+4)0 m, n any integers , 


as required by 1). 
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2. Another method of getting the zeros of the &s is the fol- 
lowing, it uses the infinite series 192, 3). From the series for 
3,(v) we see that it vanishes at the points m+ no, since each 
term of the series vanishes. 

To show that the #s vanish at no 
other points let us consider &,(v) for 
example. We take a parallelogram P 
as in the figure not passing through 
one of the points m+n. Then by ¢ nee 
124, 8), 


a+w 


es d log 3,(v) = M— N. (2 


201.) p 


As 0,(v) is nowhere infinite in the finite part of the plane, 


N=0. Now : 
(er eaae @ 
13] 12 23 34 e/ 41 


From 191,8) @q log %j(v +1) _ d log (x) 
dv a dv i 


while from 191, 9) 


dlogAj(vto)_ _ 9 wae log H() . 
dv dv 


Thus 
Hike 
? . a+l at+1 
fi=-27 ff do+ f d log 3,(v) 
43 a a 


These in 8) give > 
22 


Putting this in 2) gives M=1. Thus #,(v) has just one zero 
and this of order 1 in the parallelogram P. The first equations 
of 191, 8), 9) show that &,(v) has a zero of order 1 in each of the 
congruent parallelograms, mod 1, a. From 191, 5) we may now 
find the zeros of the other thetas. 
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194. The 0's with Zero Argument. 1. If in the infinite series 
and products of the #s given in 191, 2) and 192, 3) we set v =0, 
we get 


dO, =142 =(— 1)"9” = 111 — gy — gy? a 
Dy = 2S qed? = 2 gC — ITC + 2 (2 
3, = 1+ 239” = TI(1 — g)T1(1 + gt). e 


Here, as is customary, we set % instead of J) (0), etc. As 
v, = 0, let us take the derivative of 


O,(v) = 2 ¢@ sin roll (1 — 9’) 11 — 2 9" cos 2 rv + gi”) 


= sinzv- P(v). 
Then Hv) = 7 cos 7v- d(v) + sin wv: d/(v). 
Hence 3 (0) = 3(0), 


since s 
sinwv=0 for v=0. 


Thus yf = 2a &(— 1)*(2n4+ 1g? =2rgld—9_%. = (4 


These four functions #4, %, J, %, considered as functions of 
the complex variable g are of extraordinary interest from the 
standpoint of the theory of functions. As we have already seen, 
for these series or products to converge absolutely it is necessary 
that |g|<1. There is nothing remarkable about this. The 


series 
zZ 


log (1 heat 


ge 
— nee 


ge 
aes 


does not converge absolutely unless |z|<1; but by analytic con- 
tinuation it is possible to extend the function represented by 
this series beyond the unit circle. The thing which is so re- 
markable about the series 1), 2), 3), 4) is that it is quite impos- 
sible to extend them by analytic continuation beyond the unit 
circle in the g-plane for the reason that the functions defined by 
them become infinite in the vicinity of every point on this circle. 
Here, then, is a class of functions utterly different from all the 
functions of elementary analysis. These latter are defined for 
the whole plane, isolated points excepted. The four functions 
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3, 31, Jy, 3) are, on the other hand, defined only for points which 
lie within the unit circle. 

If we replace g by its value g=e" and consider these func- 
tions as functions of », we find that they behave in a most remark- 
able manner when ao is replaced by 


Pe aonb p (5 
co+d’ 


a, 6, c, d being integers such that ad — be =1. 

The 3 transformations 5) form a group G, and by the aid of 
the functions 3), 3, 3%, % we can construct functions which 
remain nal toned i G or for some subgroup of G. 

One of the simplest of these functions is the modulus # of the 
sn function. We shall show directly that 


Usk 
we 


This function remains unaltered by the subgroup of G charac- 
terized by 


k2 = 


a=1, b6=0, c=0, d=1, mod 2. (6 


For this reason all functions of this class, that is, one-valued ana- 
lytic functions which remain unaltered for the substitutions of 
G or for one of its subgroups, have received the name of elliptic 
modular functions. Their theory has already reached imposing 
proportions, yet the modular functions form only a small part of 
a still vaster class of functions called the automorphic functions. 
For these functions the coefficients in 5) are not restricted to 
integers. 


2. Returning now to our #s with zero arguments, let us prove 
a relation of great importance: 


== WO Og oe (7 
From 1), 2), 3), we have 
IIe = 2 QUILL — g)9C1 + P21 + G21 — gta, 
Now from 135, 1), 
WA +g™)A+ ge h)d-g@)y=1. 
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tvs 3,5_55 = 2 gtTl (1 — 9)’. 
Comparing this with 4) gives 7). 


195. Definition of sn, cn, dn as & Quotients. 1. With the four & 
functions we can form 12 quotients 


(v 

ne r, s= 0, 1, 2, 3, 
six of which are reciprocals of the other six. Of the remaining 
six, three are quotients of the other three. Let us therefore 


consider 3(v) 3,(v) Ig(0). a 
He) ° Bo) ? d(0) 
These admit as periods, respectively, 
2,@ 21i+o ; 1, 2a. (2 


The poles of these functions are the zeros of the denominators. 
In a parallelogram constructed on the above periods, each of the 
above quotients has two simple poles respectively. They are 
thus elliptic functions of order 2, and the above parallelograms 
are primitive. 

Without assuming any knowledge whatever of the functions 
gn, en, dn, let us study the three elliptic functions 1). 

We will begin with 


9,(v) 

(v) =e 

: I) 
and find the differential equation which this satisfies. To this 

end we use 165, 14. Here the poles are 


t+o , 1+o+4, mod 2, o. 


To find the values of g(v) at these points let us set 


by Vi 
ay 3 
soo ( 


434 FUNCTIONS OF A COMPLEX VARIABLE 


and use the relations in 191. Then 


(-t*)=3- 1 
Te) Eo, 


gi+o+})=—9q@Q)=— Vk. 
Thus dg\? 
DNS CEG Vee Fro) Gi ae) 
(Gt) = Ca —eE-#) 
Let t 
yes ee, Sele (4 
Vk Vk Fo(2) 
We get d 
= =eV( — 8)(i — Fs). 6 
Vv 


To determine ¢ we have from 4) 


dg_ LAMA -AOAQ), 
dv Vi RC) 


For v = 0, this gives 


Gee 
dv v=0 ms 


|= 
& 


or using 3) and 194, 7), we get 


BD TOO 9 
we Cotes aoe 
ee le *3 


Putting this value of ¢ in 5) and setting 
Uu = TV? (6 


ad _Vd=e)d = Fe). (7 


du 


we get 
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Let us therefore define three functions of u by the relations 
sn u = ; . ae : (8 
Cn Uh = 4 . oo (9 
dna =o (10 


where v is related to u by 6). 


shown that z=snu satisfies the differential equation 7). 


Then if & is defined by 3), we have 


As 


z= 0 for w= 0 we see that wu considered as a function of z satisfies 


the relation 


= ‘ da . 
i Ht VO — 2) — 22) 


The function 8) is therefore indeed the old sn function studied in 
Chapter XI. 


2. Before showing that 9), 10) are our old en, dn studied in 
Chapter XI let us note the periods, zeros, and poles of the functions 


8), 9), 10). 


The periods may be read off from 2). 


BL = 9Oe s 


If we set 


211K) = 1rov7, il 


we have as primitive pairs of periods: 


PERIODS 


snu 4K, 21K’ 
cnu AK, 2k 4-27kK! 
dnu GRA EG 


As zeros and poles we have 


ZEROS 


PoLns 


2mK + 2m ik’ 


(2m +1)K + 2mik’ 
(2m +1)K + (2m! +1)iK’ 


2mK + (2m' + 1)ik’ 
2mK + (2m! + 1)iK’ 
2mK + (2m + 1)iK’ 
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3. We also note that from 191 we have 


sn(u+2 KH) =—snu, 

cn(u+2 kK) =—enu, 
dn(u+2 K)=dnu. 
sn(u+2¢tK') =snu, 
en(u+ 27K') =—enu, 
dn(u+ 21K’) =—dnu. 


cen U 
pe dnw 

yy pay elles 
en(u+ KK) ia 
Gs eye 
n(u+ ee at 
sn(u + iK’)= 


dn(u+7tK')= aie 


sn(ut+ K+ 7K')= cu 


kenw 
pli 
en(u+ K+ ‘K)=7 uh 
kenu 
dnGe Kae) aoe 
Cn U 


(12 


(13 


ir m (14 


(15 


(16 


4. We now show that the functions 9), 10) are the en, dn func- 
tions considered in Chapter XI, that is, we show that the functions 


9), 10) satisfy the relations 


en? u =1— sn? u, 
dn?u=1—k* sn? u. 


Let us prove 18); the proof of 17) is similar. 


(17 
(18 


The function dn?u has 2 K, 27K’ as a primitive pair of periods 


as seen from 12), 18). 
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The zeros of dn*u are = K+iK"’. Its poles =7K'. Both 
zeros and poles are of order 2. 

On the other hand, 1 — # sn?.u has the same periods, zeros, and 
poles and to the same order. Thus the two members of 18) can 
differ only by a constant factor C. To determine this, we set 
u=Q. This gives at once (= 1. 

5. Finally let us show that k?, &? as defined in 3), 14) satisfy 
the relation ee Ee 1, (19 


In fact, setting wu = K in 18), we get 
dn? K = 1 — k® sn? K. (20 
~ But from 14) dntK=k'? , snt®K=1. 
This in 20) gives 19). 
196. Numerical Calculation. 1. Let us now show how to calcu- 


late K, K’, snu, etc., by means of the ?s when the modulus & is 
given. We have 


—29q+2q¢- Bree 
x Cg 1 q 29° ; i 
W, Ll+2q+2¢+2¢q9+ -» C 
When gq is small, we have approximately 
1-2q¢ 2 
em 46% q C 
or ™ 1 ths AWAAl , (3 
214 Vk! 
To get a closer approximation, we note that 
iy pl et I Og — Oy _ jee te + gq + + fe 


1 4VE! Sede ec +2 q+ .. 


If we develop the right side of 4) in a power series in q and in- 
vert this series, we get 

g=l+2h%4152 + 150 18 + ... (5 
This series converges with great rapidity. For example let 
k2 =}. We find that — 0439139 «.. 


On the other hand [= 0432126). 
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This shows that the first term of 5) gives q correctly to 6 deci- 
mals for this value of &. 
Having found g, we get K by the relation 


Vea da 142g + 2ghe Bye (6 


vs 


As 


we can write 6) 


4) eS a a eee a 


— — (7 
7 14+vk! 1+ Vk! 
which converges more rapidly than 6). 
To get K’ we use 191, 1) and 195, 11), which give 
g=e 
er KK ree 1 
LK = ] = v2 . ] O| — je 
ee () Sa Naas () - 


The values of sn u, cn u, dru for a givett u and kare now found 


from 195, 8), 9), 10). 
2. Suppose on the contrary the value of z in 


z= sn (u, k) (9 


is given, and we wish to find the corresponding values of u. We 
start from the relation 195, 10) 


dni a | spencer (10 
; Ov) 
From this we get 


a5, Vk! _%(v%) 1—2¢c0s2 av + 2 ¢cos4 rv —... 11 
Vi-—k2 Y,(v)” 14+2qceos2mv+2¢cos4ru+... C 


As a first approximation, this gives, 
_ 1-2 qcos2 mv 
1+ 2q cos 2 rv 

tide pn ae 


cos 2 rv = = 9 


2 glee se 


or 
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To get a formula which converges still more rapidly, we set 
ws) %@) _ VI= 2 — Vi 
IgV) + AY) Vi— 2+ Vii 


_ __ 2(q cos 2 rv + g? cos 6 7 + ++) as 
1+ (2 ¢ cos 4 7v + 2 ¢'* cos 8 rv +--+) 


As a first approximation, this gives 


cos 2ro =. W. (14 


197. The © and Z Functions. 1. The & functions depend upon 

two variables wand g. Let us set 
, kh )=0 sa) ’ =O) Ls 203, 
@,(u ) i sted) > 7=0,1,2,8 al 

where as usual Pe ovK {ord Kl, 0. (2 

The properties of the ©’s may be read off at once from those of 
the #s; in particular: 

The @,(u, K, K') are homogenous functions of 0 degree in u, K, 
Te". 

Jacobi denoted @,(uw) by @(u) and O,(u) by Hu); H is 
Greek eta. We shall not use the H notation, but shall at times 
write © for ®). 


2. By means of any one of these @’s we may express an elliptic 
function by virtue of the following theorem: 
Let f(u) be of order m and have 2K, 27K' as a primitive pair 


of periods. Let ; 
TP Cyy Cor 8° Cm = Py Par st? Pm 


be a system of incongruent zeros and poles. Then 


ptt @, (u—c,) +++ O,(u — ep) 
u)=Ce "kK —1 V 1 . 
Le O,(u—p,) + O;(U— pm) 


where wis determined by Abel's relation 
Len — Dn = QZAK+ 2 mK’. (4 
The proof of this follows along the same lines as 166, 3. 
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Example 1. Let us prove the émportant relation 


@2 O,(u+v7)O,(u—) 5 
Oy Vip ay es EE 

sn2u—sniv i 2) @3(0) ( 
which for brevity we will write 


v being regarded as a constant. 
For L(u) having the periods o, = 2 K, ,= 27K’, vanishes at 
the points 


¢, =2, == Vv: 


The poles of LZ are p,=iK' =p, 


being double. Thus 4) becomes 
0-2:1K'=r 2K+p"2iK'. 
Hence »=—1. Thus 8) gives 


pst O,(w— 0) O,(w +0), 
fee LOE ies aERD) 


Replacing ©,(w) by its value expressed in terms of @)(w), or 


wi 


1 niu 
@,(u) = — igie?*® @,(u+iK") 


found from 191, we get 5). The constant is found by setting 
u= 0. 
Example 2. In a similar manner we may establish another 
important formula: 
020,(u + v) O,(u — 0) (6 : 
B5(~) OF) 


1-F svusn?v= 


3. With the @’s we can define four new functions 


_ dlog ®@,(u) _ @!(u) 
Z,(u) 7 du a ©, (w) ’ 


r=0, 1, 2, 3. (T 


For Z,(w) Jacobi wrote Z(w), and we shall adopt this notation 
at times. In developing his theory of elliptic functions Weierstrass 
defined the €(w) function analogous to Jacobi’s Z(u). 


THE THETA FUNCTIONS 441 


The properties of the Z’s may be read off from the correspond- 
ing & relations. Thus we have: 


Z(u +2 K)= Zu), 


8 
Zu t+ = Z(u)— ra ¢ 


These show that a is an elliptic function having 2 K, 27K’ as 
U 


periods. This function is analogous to Weierstrass’ p function. 
In a moment we shall show that Z'(w) differs from dn? u only by a 
constant. 

The addition theorem of Z(w) is obtained from 6) by logarithmic 
differentiation. Thus 


2k? sn? v snucnudnu 
—v)-22Z(u)=— tHED 
AY 5 eae? ” 1 — k* sn? u sn? v ( 
Interchanging u and » gives, on noting that 
Z(—u)=— Zu), (10 


2k? sn2usnvenvdnv 
1 — k2 sn? usn2v 


Z(u+v)—-Zu— v)—-2Z(v) = — 
Adding, we get 
Z(u-+v)— Z(u)—Z(v) = — sn u snv sn(ut v). a1 


By logarithmic differentiation of the @ reiations in 191 we get, 
without trouble: 


Zu K)= B(u)— BEN — 7,00) ( 
Fae enudnu — mt 13 
Z(ut tk") = Zu) + ee ae oa TR ( 
t 


We have also 
Z(0)=0, ZK)=0, UK +iK)=— 5 , ZiK')=a. (14 
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198. Hermite’s Formula. The reasoning used to establish 168, 2) 
may be applied at once to Jacobi’s Z and gives, using the same 
notation as before, a celebrated formula due to Hermite: 


PO A (ay A ae A a eee 
EBT. Cu 38) BEA ee ¢ EDT Fe 20-94 By 
+--+. + constant. Gee 
Example 1. Let us make use of 1) to show that 
dn?u=Z'(u)— Z'(K+tK'). (2 
For the poles of dn?u are =7K’ and are double. By 195, 15), 


En eI) ee aes 


28snuU u 


Thus the characteristic of dn*?u at the point u=7K" is a 


Hence in 1), A, = 0, A, = — 1 and thus 
dntu=Z\(u—tk')+ C0 
= 7Z'(u) +, using 197, 13). (8 


To determine C set u= AK +7K’' and recall that dn( K+ 7K')=0. 
This gives C= — Z'(K+72K"), which in 8) gives 2). 
Example 2. In the same manner we show that 


1 


sn? u 


=Z'(0)— Z'(ut+ik’). (4 
Kzample 3. Let us show that 
1 Sasa sen 1 
sntu—sn2v snuenvdnv 


{Zw +3 Z,(u-—v)-F Z(utv)}. © 


To this end we note that the poles of the function of uw on the 
left, call it g(w), are w=+v. To find the characteristic of g(w) 
at the point wu =v we have 


He )=— 1 f 1 1 


—snv snu+tsnv snu—snv A(u) 
Let us set w=v+w. Then, 


snu=sn(v+w)=snvu+wen'v+.. 
=2snvu+ >... 
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Thus 
a 1 
DD 9 feuds 12 BY 4 oa 
= : higt "s of 
5 RI NR 2 FoR jae higher powers or u— v. 
Thus 
P i il 
ee ~2snvenvdnv u—v. 
The characteristic of g at the point w=—v is the same term with 
aminus sign. Hence 1) becomes 
1 1 
= 5 ea ee 
sn? u — sn2v Torrey nad & Ase Pata 2 e 
In this let us replace u by u+ 7K’, we get 
k? sn2u is ; 
= C+ Zu—v)— a tCU 
Sy OP pam eee ite a Be Re allies Ue A 
If we set here u = 0, we get 
C=22Z(v): 
This in 6) gives 5). From 7) we get 
k2 snv env dnv sn?u 
= 4Z(u—v)—-4 Zu ; 
1 — k* sn? u sn? v i es Le) G 
199. Elliptic Integrals expressed by © Functions. Let 
F= {Fe ye al 
where f is a rational function of x and y and 
y=VOA— 2) — P2?*). (2 
In 178, 10) we saw that we can write 
B= { Hin+ (de (3 
J Y 


where # and G are rational functions of z The first integra] on 
the right can be expressed by the elementary functions. Let us 


look at the second. We have 
G=2H()+ 12), 
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444 
where H, LZ are rational functions of 2%. Hence 
(4 


[oan fu B+ [2G 
u U) y 
In the first integral on the right let us set ¢ = 2, it becomes 


ji 7p dt 
=e LET. : 
5) © Vd—-pHd— Ft) 


which can be expressed by elementary functions. 
general elliptic integral 1) reduces to the elementary functions 


and the integral 
oe af Ldxr é 


Thus the 


Y 


where JZ is a rational function of 2. 


Let us change the variable by setting 
2 = sn, hk): 


Then dz =VA — 2) — P*)du = ydu, 


and 5) becomes 
(fe i R(a2)du. 


Here, R being a rational function of z*, is an elliptic function 
admitting 2K, 27K' as periods. Hence by 198, 1), 
R= A,Z,(u—a) —A,Zi(u—a) + 
+ B,Z,(u—6)— B,Zj(u—b) 4+ + 


(6 


seem. 
This in 6) gives 
¢ = A, log O,(u— a) — A,Z,(u— a) + + 
+ B, log O(u—b) — BLZ,(u—b) + + (7 
++ + Cut D. 


200. The Elliptic Integral of the 2° Species. This we saw in 
ag eee 
V1 — kx op a 


° V1 — 22 


180, 1) is 
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If we set x = sn u it becomes, putting in the limits 0, wu, 


E(u) = fant n du 


= Z(u) —uZ'(K+ if! 2 
on using 198, 2). : : : ‘ 


We have already called 


K 
B= | dn? u du 
0 


the complete integral of the 2° species. This corresponds to K, 
the complete integral of the 1° species. 
Let us set in analogy to 7K’, 


K+ikK' 
fa ee dn? u du. 
JK ; 
If we set u= K in 2), we get 
; E 
Z(K+iK') =— =: 
(K+ik)=-% 
Se Bu) = Zu) +u 7m é 


Replacing u by u+ 2 K, and u + 27K’ and using 197, 8), we find 
Hu+2K)= Hu)+2 4, 
E(u + 21K") = E(u) + 27H. (4 
E(K + iK')= £+ 71H. (5 
In 3) let us set u = K+ 7K’, we get, using 197, 14), 


Thus 


iG HK =>, (6 


which is the Legendrian Relation, whose analogue in Weierstrass’ 
theory is 171, 8). 

From 197, 11) we have the addition theorem of the elliptic 
integral of the 2° species, 


Hu + v) = E(u) + Hv) — kh? sn usnv sn(u t+ v). (7 
To calculate H we differentiate 3), getting 


E 
ye Al oe 
dn? u Z'(u) +3 
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Setting u= 0 gives | 
FE @"(0)_ 2m’? qgq—4q+9@—16 9% 4+-:: (8 


K @0) K* 1-29¢+2q¢-2¢+4+-- 


201. The Elliptic Integral of the 3° Species. 1. We saw in 
180, 1) that the elliptic integral of the 8° species used by Le- 


gendre is de 


1 
fa + nt) / (7 = 28) (1 = 2?) 


This differs only by a constant from 


3 da 
| | @ 
(a — a?) V(1 — 2) — kz?) 
Let us set = SOU a= 80. v. 


Then we can write 1), putting in the limits 0, w, 


| emer 
Jo sn*u— sn2v 
Making use of 198, 5) gives 
a du 1 iL O,(v — 1) 
= Z = log —— 
ieee as PRE +5 Bate att a 


taking that branch of the log which =1 when w= 0. 

The relation 2) shows how the calculation of the integral 1) 
may be effected by means of the © series, which, as we remember, 
converge in general with great rapidity. 


2. Instead of the integral 2), Jacobi took as normal integral of 
the 3° species 


“k2 snvenvdnv sn2u 
NA ey= ; 
CoD jh 1 — k* sn? u sn?2v - = 
Using 198, 8), we find that 
: 1 O(v — u) 
Il(u, v) = uZ(v ] 


taking that branch of the log which = 1 when u = 0. 
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From 4) we have a remarkable theorem due to Jacobi, which 
states that when the argument wu is interchanged with the param- 
eter v in 3) we have 

II(u, v) — uZ(v) = I1(v, vw) — vZ(u). (5 
It follows at once from 4). 
From 4) we have at once the addition theorem of the integrals 
of the 3° species. Denoting the parameter now by a, we get 
Il(u+ v, a) — (uw, a) — II(v, a) 
See Ou+rv—a)O(u+aO(v+a) (6 
2 ~O(ut+v + a)O(u— a)O(v — a) 


Relation between the Functions of Jacobi and Weierstrass 


202. Relation between snand p. 1. We have now developed the 
two kinds of elliptic functions which are in current use to-day. 
To have two parallel theories may seem an embarras de richesse ; 
it might seem better to choose one theory and discard the other. 
Perhaps one day that will be done, but at present we stand too 
near the time when only the functions of Jacobi were employed to 
neglect these latter. Besides, each set of functions has its good 
points, and each suffers from the defects of its very virtues. 
Since then we have these two classes of functions, 

snu , Ob) 4, ZU) a0 ho 
pu 2 (U) 5 SU) 5°" Jor Jar °° 
we must ask what is their relation to one another. Let us begin 
with pu, sn u. 
In 186, 9) we saw that 
sn(u, k) = Ve, — ey %, (= 


ey — & 


» M1 0) a 


where ¢,, ég, é3 are such that 
We ee 22 (2 
€y — 


as given in 186, 7). From 172, 16) we can also write 


Ve, — 


u 
P A 1 Wy, Wo ]— 
ey — & 


sn(u, k)= (3 


448 FUNCTIONS OF A COMPLEX VARIABLE 


The periods of sn wu are 


4 K=40,Ve,—¢, : 2iK' =20,Ve, — &. (4 
From 3) we have 
PU, @, @2) = & + 1 ____., ( 


sn? (uVe, — €, k) 

2. Let snw have the periods 4 A, 27K’, then sn?u has the 
periods 2K, 27’. Let p(w) be a p function constructed on 
these periods. Then 1 

(6 


PO) > By 
have a double pole in their common parallelogram of periods. 
Their characteristics at u=0 are both ey Hence the two func- 
wu 


tions 6) differ only by an additive constant. To find this we 
develop both functions 6) about the point w=0. We have 


p(u)= +" + aut + doe 


2 
snu=u(1— re uz + ). 


seem 1+ uw? + oe 


1 1+ mt 
sn? u a 3 at 
Thus by 165, 10 1 
PO=-; + k?), Gi 
sn? u 


From 7) we can get the relation between p(w) and snu when p 
has the periods 2 @,, 2, and sn the periods 4 _K, 27K’. 
For let us suppose, as we always do, that the indices 1, 2 are so 
chosen that if we set 
a (8 
ba 


then Ordtr>0. We then set 
C= es 2K =702 , 21K’ =2 Kz, 


Sie ear 

=  0,(0,.7) 1 ‘Ce ) 

k= 2 i 

x OO) 0 Bs eer ey ‘¢) 
9o( se 7) 
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Then 7) gives me R 1 ee 
ES AN aT Se os 
@ 
Differentiating 10) gives 
. 2 Ke env dnv Ku 
ee ee Oy 18 
as) wo} —sn®v 4 @1 ( 


203. The e,, e,, €, in Terms of the #s. In 202,10) let us set 
U=1, @,, 3. Then 


oe eeone 1G , th’ , —(K+tK"'). 
| 
pu becomese, , @ 4 
“Ka becomes1 , 0 se: 
~ §n* — 
a 
Hence ; a K1 + kb 
: we 3 A 
K71+h 
Kiya pe 
Lea ey 
and : €y + & + €, = 0. 
From 1) we get 
K? » AK? 1€, 
ey -&= €,— ¢, =k — , Ge, =k? —. Pe 
iL 2 ow? ’ 1 3 wo? 3 2 w? ( 
Hence . 
jE ee Bs eee aay ys aaa (3 
ee ag) Shee 


If now we put in the values cf k?, k'*, K in terms of the #s, we 


find SN/, a + 83, 
Ci 3\2 a, sige 


= 554+ SH, (4 
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Their differences give 


NG Sine (=~) Hs © 


204. Relation between o's and 's. The two functions 


G(s Z@,, 20,)1 5 4(%5.7); 


where 
u 


v= — 5 — @ 
20, @, 
are integral transcendental functions having the same zeros. Thus 
by Weierstrass’ theorem, 140, 1, 
3,(v) = eMa(a), 


where g is an integral function. 
If we take the second logarithmic derivative, we find as in 
166, 1 that g’ = constant. Hence 
F,(v) = EMT (UL) 
= ee ()- el 
As 3,(v), o(u) are both odd functions, 
ebutcut os di tee 


mca e4—] , hence 6=0. 
To determine A and ¢ let us develop both sides of 1) about 
u=0. We have 3 
FO) = 0 + Ot + 
eM —1+cu27+... 

e“o(uy=ut cuit ... 

These in 1) give 
/ 3 QI 
as OAs a or = Au + cAuw + ess 


20, 6 83 
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Hence 1 il 
pis OF ye 1 28 
Me @, 24 wei 


Thus 1) becomes 
1 wy ie 


(50 =gne i (z0) Oy (2 
We can give this relation another form. We have 

o(u+ 2o,)= — em“to(u), 

3(u+1, r)=— 3, (u). 
Thus 


Lee +1)" 
ut2o, iad 6 2 
,( 20, Tar | 2a, fae a fae 
or 19," uy? 1" we 
HBF) 6 yy BALES) HT yas (u, 
20, Bey 
This gives Ly’ pu 
eagiaadl 2, (u+w,) — J 
e ie he Ma 
fe yell 
2910, = — 6 H , 4 
This in 2) gives \ 
Be ge leas Gay, 4 
a) Pa o(u) ( 
As 
no (U + @,) 
a,(u) = 6 en 
we have at once 
moigyrAze) 
204 
o,(u) =e ue 
oO (4) 
yy CES MAN 
es(u) soe) Ao, 4 
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From these relations we get 


(6 


Also we find 


CHAPTER XIII 
LINEAR DIFFERENTIAL EQUATIONS 


205. Introductory. 1. In the last three chapters we have given 
a brief account of the elliptic functions. These functions are of 
great importance in themselves; they also furnish a striking and 
brilliant example of the great power and usefulness of the theory 
of functions of a complex variable. As usually happens, these two 
theories have mutually aided each other. The function theory 
has furnished the viewpoint and instruments of research; the 
elliptic functions in return have furnished fresh problems which 
have given rise to a broadening and deepening of the function 
theory. Without the notion of a complex variable, the imaginary 
period of the elliptic functions would never have been discovered, 
and without this period, there would be no theory of double 
periodic functions. Yet the double periodicity is their most im- 
portant and characteristic property. 

2. Another theory which has been revolutionized and put on an 
entirely new basis by the advent of the theory of functions is the 
theory of differential equations. In the old days, a differential 
equation meant merely this: Find some combination of the ele- 
mentary functions which satisfies it. The simplest type of differ- 
ential equation has the form 

dy =f (a)dz, 
whose integral is formally given by 
T= i St (a) dz. 
But already the simple differential equation 
Aetaes da qd 
V(1 — 2*)(1 — kz) 
could not be integrated in terms of the elementary functions. 


The problem of integrating a differential equation was a kind of 
453 
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game of hide and seek, the solution being usually so well hidden 
that no amount of seeking could discover it. 

We owe to Cauchy an entirely new point of view. He first 
taught us to regard a differential equation as defining a function 
whose properties are to be unfolded by a study of the equation 
itself. This method we have already illustrated in studying the 
differential equation 1). We propose now to apply it to a broad 
class of equations called linear homogeneous differential equations. 
They have the form 


d"y OEY 
a =i) 2 
Porgy eg eRe ( 


the coefficients p being analytic functions of the complex variable 
xz. Such an equation is said to be of order n. We shall restrict 
ourselves to n= 2; moreover we shall generally suppose the co- 
efficients to be rational. 

A number of important functions in analysis satisfy such equa- 
tions, and we have chosen these equations for the same twofold 
reason that induced us to choose the elliptic functions, viz. to 
illustrate the general principles of the function theory, and to 
develop the properties of certain functions of great importance. 

Examples of this type of equations are the following: 


Example 1. The polynomials of Legendre satisfy 
d? d 
l= pf) 22 _9 gee = 0. 
( re way mind) y 0 (8 
Example 2: The associated Legendrean functions satisfy 
dy _ « dy 
=) 77 2m t+ Des + inn + 1)— mm + Diy=0. (4 
Example 3. Bessel’s functions satisfy 


d? di 
guy oY Ce ea 
aa sa n*)y = 0. (5 
Example 4. TVhe functions of Lamé satisfy 

dy 1 1 2 1 ue 1 ) dy 


3 
dz 2a é—y 2—¢, w—e,) dz 


tebe! ax +6 ay 
4(a2— 1) (@ — &)(e&— es), 


(6 
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Example 5. The hypergeometric function satisfies 
d*y dy 
ne 1) Th + fut B+ 1)— 4 Yt ay ( 


We notice that all these equations have rational coefficients. 


3. The general theory of linear homogeneous differential equa- 
tions was first studied by Riemann. It owes, however, its present 
perfection largely to L. Fuchs, who began his researches in this 
field about 1866, and to a stately array of mathematicians who 
have followed in his wake. Prior to Riemann we may mention as 
especially important the early investigations of Gauss and Kum- 
mer of the hypergeometric differential equation 7). 


206. Existence Theorem. 1. Instead of the general equation 2) 
of the last article let us consider one of the second order 


, y" = pry! + Pads d 
the coefficients p,, p, being analytic about the point z=a. We 
propose to show that 1) admits an analytic solution 

y = by +b — a) + by(@ — a)? + + (2 
which is uniquely determined by the initial conditions that y and 
y' shall have assigned values y= a, y'=8 at x=a. The reason- 
ing we shall employ can be easily generalized so as to apply to the 
general case of order nm. By using an equation 1) of second 
order we simplify our calculations without sacrificing the general 
method. 

Suppose for the moment that 1) admits the analytic solution 2). 
The coefficients 4, are determined as follows. From 2) we have 
yYay=by , yl (ayadyry™(ay= nl bn. 
This gives at once ba, b= B. 
From 1) we have 


y!'(a) = py(a)y' (a) + po(a)y(@). 


Lebusset A= 714)» An = P(A), 
then the last relation gives 
210, = 5,A, + 6,4, = BA, + wA,. (3 


Differentiating 1) we get y’’’ in terms of y, y’, y! or 
y'" = pry! + Pry! + Poy’ + Poy: C 
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If we set here z=a, we get 0,. In this way we may continue 
and so determine one coefficient 6 after another. 

This shows that only one analytic solution 2) with a given 
set of initial conditions is possible. The form of these 6’s is im- 
portant. To determine it let us set 


P= Spy (@— 4)" P= SPy(@— 4)”. ( 


These are simply the development of p,, p. in power series, since 
by hypothesis they are regular at x= a. 

The relation 3) shows that 6, is an integral rational function of 
a, B and Py, Po. The relation 4) shows that 6, is an integral 
rational function of @, B, Pio. Poo Py» Por: Thus in general 


bn = FO 1) Pro Pir Paor Par °° ) (6 
is an integral rational function of the enclosed letters with post- 
tive coefficients. 

2. Having shown how to determine a solution 2) which for- 
mally satisfies 1), let us show that this solution converges for all x 
which lie within a circle ® about x =a, and which reaches to the 
nearest singular point of the coefficients p,(@), p,(x) of 1). 

To this end we seek a simple differential equation of the same 
type as 1), which we know admits an integral 


2=¢, +¢,(e—a)+e,(2—a)?+ +. (7 
converging within &, such that 
Ba =n (8 


Here, as we have so often done before when dealing with series, 
we denote the absolute values by the corresponding Greek or 
German letters. Thus in particular 8, =|6,|, Yn = |¢n|- 


Let this auxiliary equation be 
2! = qy2! + gut (9 
where cS < 
TEP is a)” 9 (oe a)n (10 


are the development of q,, g. in power series about =a. 


Now whatever the 9,(x), q,(7) are, the coefficients ¢, must 
satisfy the relations 


Cn = FCC q) ys ior G1 °° 20> Yai *** )s qd 
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where F,, is the same function as in 6), only with different argu- 
ments. 

As the coefficients are positive in 11), the c, will be real and 
positive when the arguments in 11) are real and positive. 

Now ¢, ¢, being arbitrary, we take them real and positive and 


such that o> By + > Bp 
oe Qin 2 Yin > Fan = Pons a2 
gece Bn < Fi(Bor By Pro ++ Pao +1) 
< FiC%o Vp Ato 7° I20 7) = Ym 
or Brae 


Let us now try to choose the coefficients g,, g, in 9) so that 12) 
holds. By Cauehy’s inequality 


Pan < ee la 
where P,, > Max | pn(2) | 


on & whose radius, say, is A. 


But then if we only take a ig 
Umn co RR 


the condition 12) is satisfied. In this case 


4 —a 
Qm = Pri l + ae Ri ere... 
Sipe ta , |w—-al< fh. 
12-4 
R 
Thus our auxiliary equation 9) becomes 
(1 a ayer = Py + Py. | (13 


We need only to show that 7) is convergent. The ratio of two 
successive terms of its adjoint series is 


Tata |» — a). 
Vn+1 
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Thus 7) will converge within & if we show that 


lim RYa+2 — {, 


pare Ynti 


(14 


To do this we derive a recursion formula to determine the y’s, 


or what is the same, the c’s. 
Differentiating 13) gives 


(1 dak ae" = 5" Bd ob ty 60 Ie 


Differentiating again, we get 


R 


In general we see that 


@ pee eer =) giv ze = Pz!" We Pia". 


v—a n 
(1 _ 250) goto a Re = De aE Poe 


Setting z =a and noting that wae 2 2 (a) 
we get i 
(n + 2) lény9 — 1 ae =(74+1)!Pyen + 2! Pee, 
epMe F(a 2) = Cn ae een ee 
or 
Ree ae ent Gy ise 5H PP ate 
Let us now take P, so that 
RP > 2: 
As the last term in 15) is positive, this shows that 
Regia > Cnr 

or Parks 

a 7 <a 


Let us now write 15) 
Rone w+ RP, RP, ce 
Ce n+2 (n+1)(1+2) Rens 


Letting n =o and using 16) we get 14). 


(15 


(16 
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3. The form of proof here given is entirely general, and holds 
for any n. We have thus proved the 
Existence Theorem. The differential equation 


d"y arty f re 
dee pe tg Re” en 


admits one and only one analytic solution which together with its first 
n —1 derivatives takes on assigned values-atz=a. This solution is 
valid within a circle R which extends to the nearest singular point of 
the coefficients p, --»p, which are regular about the point x= a. 


4. Let 


y =b,4+b,(a@—a)+6,(x@—a)*+ + (18 
be a solution valid in &. Let a, be a point within &. We can 
write 18) y=) + Bi (@— a,) + (a —4,)? + » (19 


which is convergent within some circle &, about «=a, which 
certainly extends up to the edge of ® and may go beyond. If 
we develop the coefficients p,,(x) about 7 = a, 

and put 19) in 17), we get a power series qa, 
about z=a,. Since 19) satisfies 17) within ®, 

it will continue to satisfy it for all points 
within §&,; moreover &, will reach to the 

nearest singular point of the coefficients p. 

In this way we may extend the solution 18) by 

analytic continuation. Thus we have the 

theorem : 


Tf the function 18) is a solution of the differential equation 17), 
all its analytical continuations are still solutions of 17). 


207. Fundamental System. To each particular set of initial 
conditions y = a, y'! = 8 for =a will correspond a particular solu- 
tion of 


y" + pry’ + Pray = 9. a 
Let ¥,; Y_ be two such particular solutions. Then 
Y = CY, + Yo (2 


is obviously a solution of 1) also. Let us show that we may pick 
out particular solutions y,, y, such that every solution of 1) has 
the form 2). 
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For suppose that y is to satisfy the initial conditions 
yay=a , y!(a)=B. 
On the other hand, suppose the initial conditions of y, are 
W=% » ¥(O=A,, 
Ya) = % 5 Y(4)= Bo 
Then 2) shows that we must have 
% = 04M + 0% 5 B= CB + eyBy. 


These two relations determine ¢,, ¢, when 


of y, are 


Oy hy 
+ (0). 3 
6, By ‘ 
Let us set 
D(x) =|%1 2}. (4 
Y Ye 


We note that D(a) is nothing but the left side of 3). 

Let us show that if D#0 at x=a, it is also #0 at any point a 
which is not a singular point of the coefficients p in 1). 

For since y,, Y are solutions of 1), we have 


Yi + Pry + Pods = %, 
Yo + Po + Poe = 9. 
Then if D#0, these give 


v1 Vy 
= Ys Yo _ D,@) 
Pi="Da@) ~ Da)” © 
Now we note that d 


Fee = — D,(2). 


Thus 5) gives d 
i p= — A tog DG), 


Pe D(x) = Cefn (6 
At v=a, Dis #0, hence (#0. Thus D is always #0 since D 
cannot vanish unless p,(7)=00. But this point would bea singu- 
lar point of p,. The reasoning being entirely general we see 
that : 


qj 
0 Yidae os (7 
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are particular solutions of 


any, aly = 
f qe yee ae (3 
or which 
Ga Fs as 
¥ D(a) yale 2 Yn (9 


ge. yg a yor? 
ts #0 at a point x=a at which all the coefficients p,--- p_, im 8) are 
regular, then D#0 at all such points in a connected region. 
Such a system 7) is called a fundamental system, and we have 
the theorem: 
Every analytic solution of the differential equation 8) is a linear 
Function of any fundamental system 7) with constant coeffictents. 


208. Linear Independence. We have just seen that a fundamental 
system 71, Yq; °°: Yn 1S characterized by the fact that 


yy eee oe 
pai we a 
Yr Dove Goer 


is #0. We now prove the theorem : 
For a linear relation with constant coefficients 
Gy + 2g + o+ + Cnn = 0 (2 
to hold, it is necessary and sufficient that D = 0 identically. 
It is necessary. For if 2) holds, we get on differentiating 


CY + CaYfg + +++ + Cnn = 0 


ey? ei eye) foe + oY PD = 0, 
From these equations and 2) we have necessarily D= 0. 
It is sufficient. For let D=0. Now y,, y, ++ y, are all solu- 
tions of the differential equation of order n — 1, viz.: 


Uy, Yo) ¥3 Yn 


! l real an atu 
Ee eer 0G 


1 1 a 
yu a as Us Oe Ne soe 


462 FUNCTIONS OF A COMPLEX VARIABLE 


For setting u=y,, this determinant reduces to D which = 0 by 
hypothesis. If we set u=y,, for example, two columns of this 
determinant are the same; it therefore vanishes in this case. 

Let then 1, ug, +++ U1 forma fundamental system of 3). Then 
Y, ++ Yn being solutions of 3) are linear functions of the w’s. Thus 


Yq = yyy Hore Fy n- 1M 
Yn = AY ap 86D ae An, n~1Un—-1+ 


If we eliminate the w’s from these equations, we get a relation of 
the type 2). 

In the exceptional case that the coefficients $,, ¢,---in 8) van- 
ish, it reduces to an identity. Then by using a smaller number 
of the y’s we would still get a linear relation between them; but 
we shall not urge this point here. 

Thus we may state that : 


Any set Yy. Yo°* Yn Of linearly independent solutions of a differen- 
tial equation of order n form a fundamental solution. 


209. Simple Singular Points. 1. Having seen that 


dy dy 
qa t Pig, + Pay = 0 ad 


admits a solution taking on assigned initial conditions at any non- 
singular point of the coefficients p,, p,, we now turn to these sin- 
gular points and ask how the solution of y behaves about one of 
them asx=a. We shall restrict ourselves to the case that Pp Po 
have at most poles at x =a whose orders are not greater than one 
and two respectively. Then we can write 1) in a normal form, 


dy 
(@— 4) 4+ @—a)q, + @y = 0. @ 


Here we suppose that the new coefficients 9g, g,, g, are regular at 
a=a and that q does not vanish at this point. Then we have, 
developing about z= a, 


Ym( 2) = Edna = ae m= 0, ie 2 (3 
0 
and at least qo) # 0. 
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The equation 2) may be written 


2 
=e — 8)" Gy = 0. (4 
m=0 
Let us try to satisfy 4) by setting 
y= (~@—a)’de(ex—a)* , #0. (5 


Our problem is to determine the unknown exponent r which in 
general is not a positive integer, and the coefficients e¢,. 
From 5) we get, on differentiating, 


y =r+kh)te(w— att, 
y'=r+khrt+kh—1) re,(2— att? 
These in 4) give 
(2 — a)*2q,(@ — a)"2r+kh)v+k—1)eq(x— arth? 
_ re A)XQin(& = a)"X(r + k)e,(a — arte 
+ Sgoa(2—a)"Sex(2 _ arte =(), (6 
The coefficient of (2#—a)"*" can be written, as Frobenius re- 
marked, as follows. Let us set 
I@M=@+7H +77 —1)% 


= =i Yen +7rdint rir — 1)q,}(# — a)” 


= 2hn(1) (@— a)". (7 
Then 6) can be written 
‘ ey yt n= 0, 1, 2-00, 8 
hn’ + k)e,(@ — @) 0 Pe een ( 


As this power series = 0 identically, the coefficients of the differ- 
ent powers («—a)’*" must all=0. Hence 


Onto) = 0 
efi) + efor +1) =9 
Coda(1) + 4,07 +1) + ahr + 2) =9 (9 


eofg(7) + eya(7 tee Ot, (r 2) te Ca Fo(? +3) =0 


Thus when 2) admits a solution of the type 5), the coefficients ¢), 
e, ++» and the exponent 7 must satisfy 9). 
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As ¢,#0, the first equation requires r to satisfy f,(7) = 0; or 
using its definition in 7), 


Sy) = H(@) + 7H(@) +707 — TI) H@ = 9- C10 
This equation for determining 7 is of fundamental importance; 
it is called the indictal equation. It is a quadratic in r. 
Let now r be a root of 10). The coefficients ¢,, c, --- may be 
obtained in succession provided 


Feely 3 fie rayes Heese (il 


are all #0. But for that root r, of 10) whose abscissa is greatest, 
none of the coefficients 11) can vanish. Neither can they vanish 
when the ‘two roots of 10) do not differ by an integer. 

Thus when the indicial equation admits two distinct roots rj, 
r, which do not differ by an integer, there exist two series 


Yy = (@— a) fey) + ey (T— a) + ey(a@—a)P+ ee}, Cy #0 (12 
Yo = (© — A)fCy9 + Co(@ — A) + Cog(a— a)? + +} 5 Cag #0, 
which formally satisfy the given differential equation. These 
series converge within a circle whose center is =a and which 
passes through the nearest singular point of the coefficients p,, pp 
in 1). 

This may be shown by the method employed in 206. As the 
reader has been through one existence proof it is not worth while 
here to repeat the proof. 


2. The foregoing results can be extended to the general case. 
Let the coefficients of 


qr-1 
Tat Pigamit + Pay =0 (13° 


have at x=aat most poles of orders not greater than 1, 2,.-.n 
respectively. Then we can write 13) in the normal form 


n d"y ae qr-t 
(t#— a) 10 7on + (@— 4) not to t+ ny = 0 (14 


where the q’s are regular at~=a. ‘They therefore have the form 
given in 3), where now m=0, 1, --.n, and as before we suppose 
Joo = %(2) #9. If we now try to satisfy 14) by a series of the 
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form 5), we are led to a system of equations of the form 9). The 
indicial equation which determines the exponent r is here 


So) = WO) + 7H (4) + r(r — 1) g(a) + + +7 —1)-- 
(r—n+1)q@ =9, (foe 
which we see is-entirely similar to 10). Since by hypothesis 
Yoo(@) is #0, the indicial equation is of degree n. 
Let us arrange its roots in groups 


/ alll 
gta ae si ar ieee (16 


Here r, is the root whose abscissa is greatest and the first row 
embraces all the roots of 15) which differ from r, by an integer. 
Of all the remaining roots let r, have the greatest abscissa; then the 
second row embraces all the roots which differ from 7, by an in- 
teger, and soon. The roots 


Tiwi toe (17 
which head their respective rows are called prime roots. And 
now the existence theorem states that : 

To each prime root 17) corresponds an integral of 13) 
Ym = (2 — 4)™™$ Cy + Cm (4 — A) A+ Cmy(@ — a)? + + f, (18 
Cm) 0, whose circle of convergence reaches up to the nearest singular 


point of the coefficients p. 


3. In case that each group in 16) contains but a single root, all 
the roots of 15) are prime roots. As to each prime root cor- 
responds an integral 18), the foregoing method gives us n in- 
tegrals of our differential equation 13). Let us now show that: 

When the roots of indicial equation 15) are all prime, the 
n integrals 18) form a fundamental system. 


For suppose there exists a linear relation 
BY + Yq + 20° +OnYn = 9 (19 


between them. If we put the values y,, y, +» as given by 18) in 
19), we get a power series; the exponents of course are not in- 
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tegers in general. If a, 0 in 19), our power series contains the 


ee AmCmo(% — a)"™, 


and this is the only term with the exponent 7,,. Thus 
AnCmy = 9, and hence dm = 0, OF Cm = 0. Both of these are con. 
trary to hypothesis. Hence a relation of the type 19) is im. 
possible. 

The case we have just treated is the simplest case that can arise 
at asingular point. We therefore call such points semple singula 
points. 


210. The Hypergeometric Equation. 1. This is, as remarked in 
205, 7), 


we 1) S44 joath+ Dy +apy=0. 


Its singular points in the finite part of the plane arex=0, x=1. 
Let us find the indicial equation for these points. 
The point x=. Bringing 1) to the normal form 


(x — 1)a?y! + fr(a+ B+1)—yixy'+ aBry = 0, 
we have 


qo(2)=2-1 , g@)=(@+8+12-7 , a(2)=082 ¢ 
The indicial equation for x= 0 is, therefore, 
: m+ (y—1)r=90, 

or rir—(1— y){=9, « 
whose roots are r;= 0, 7, =1—y. 

The point x=1. The normal form of 1) at this point is 

(a —1)%y!+ {(a+ B+ Dz —y}(@— Dy’ + «Ble — ly =0. 
Here 

QH@e=z , He=(4+R+1)2—-y , a(x) =a8(e—1). 
The indicial equation is, therefore, 

ri (pe 18) aC, ( 


whose roots are 0 
i i > t=y—a—B. 
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2. Let us investigate the nature of the point z=. To this 


end we set 1 
om, 
U 
and 1) becomes 
dy +{2 yu— (a+ eae ee 08 
——+#$—_y=90. 
dut- (a 3 u(1—w) du w(1—u) © 


Obviously u = 0 is a singular point. 
The normal form of 5) at w= 0 is 
Lue 
A — uth + (20 —u) tye — (at B+ Vu + apy = 0. 


Here 
qou)=1l—w , q(uy= 21 —u)+yu—(C@+B+1) , Cu) =a8. 


Thus the indicial equation for w= 0 is (6 
m—(a+ B)r+a8 =), 
whose roots are 
=a , =P. 


3. Let us now calculate the coefficients of our solution by the 
formule of 209, 9). We consider first the point x= 0. 
Now by definition 


Fura rr 1) WO 4 BO 4 BO), rr 


As the q’s are linear functions as shown by 2), all derivatives be- 
yond the first vanish. Thus 


A(=9 , f(r) =0 
Hence the equations 209, 9) are all two-term equations and they 
give s 
¢,=— , ae » ° (8 
Sor +n) 
Let us now use the root r= 0 of 3). Then 
Sy(n) = — nfy + (n— 1), 
f(n—1) = 08 +(n—1)(at BED 4F+M—-D—2 
=(n+a—1)(n+ B-1). 
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Hence BUG een Be canada Ores (9 
n(y+n—1) 

We thus get 

pCa CS) ee ee 

Shi a ay 1-2ey-y4i! 
etc. Hence taking ¢ = 1, 

( «-B e-e+t1l-B-B+1  } 
ia ibaa a 1-2-y-y+1 (10 


= (0,18, 95-2): 

Let us now use the other rootr=1—y of 3). As 
A.OM=rir—-1)+r(@+64+1)4+ oB=r?+(a+ B)r + a8, 
IO==e=Lay, 

we have, from 8), on taking r=1—y, 
fies beh Cite Ca) nite) 


n(1—y+n) 
= Oe ie y(n + B- a (11 
n(l—y+n) x 


Let us compare 9) and 11). We see that 9) goes over into 11) 
on replacing 


by 


a ’ B ’ ry 
ee a te lg eo pin Wty g 
Thus the integral corresponding to r=1—y is 
Yg=u'*F(at+1—y, B+1-—y, 2-y, 2). (12 
4. Let us now turn to the point v=1. The recursion formula 
is found to be for the root 7r = 0 of 4) 
_@m+a—1)Mm+B- 1). (13 
nnta+B—y) 
We see that 9) goes over into 18) on replacing 
b O50 (Bas y 
y a 9 8 9 a <F B eae to'/ Ae Ae 
aside from the sign which can be made right by replacing 2 —1 
by 1—z. Thus the solution corresponding to the root r = 0 is 


= F(a, B,ao+8—y+1,1—2). (14 


CC, = 
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The solution corresponding to the other root r= y—a— 8 of 4) 
is found to be 


Yn =A —2)* 8 F(y — B, y—- a, y—a—B+1,1—27). (5 


5. Finally we consider the point x=oo. The recursion formula 
for the coefficients corresponding to the root r= a of 6) is 


Ce eS 


n(a+n— B) ai 
We see that 9) goes over into this on replacing 
a, B Y 
Oy etd at en eee eee toe 
Thus the solution corresponding to the root r= «@ is 
=F (am e—y+1, 0-841, *). (16 


The solution corresponding to the other root r= of 6) is 
similarly 1 1 
tn =F (8, B-y+1,8-«+1, =), at 


211. Bessel’s Equation. This is, as remarked in 205, 5), 
xy" + vy' + (a —m*)y=0. ¢é! 
The only singular point in the finite part of the plane is 2 = 0. 


Let us consider the integrals of 1) for this point. The equation 
is already in the normal form. Here 


Q@)=1 , n@=1 , eae m. 

The indicial equation for x = 0 is therefore 
A(n=—m+r4+rr—1)=9, 

re fy(r) =r? — m2 = 0. (2 
PORT Se G)=0 , A=, AHO 4 Se. 
Thus the equations 209, 9) become 

= 0 , Cy + Coo (r + 2) =0 perce en 0; 
and in general, Conf? +20) + Cp-2 9 5 Cony =O, (3 
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One root of the indicial equation 2) is r=m. For this root 3) 


gives n(2M+N)ey + Cr2=9 , nN even. 


Hence A 
Ge ee See 
; 2(2m + 2) 
Ag et i ee wa Es SL jS ah Cg) ae aes 
4 42Qm+4) 2-4(2m42)(2m+4)’ 


etc. Thus the integral corresponding to r =m is 


x? x 


OR Dy aoe sae 2)(2m + 4) 


Y1 = ee”, 1 — 


4 
apo cre Tee ae ( 
In case m is not an integer, the other root r =—m of 2) also fur- 
nishes a solution y, since the coefficient fo(r + 2) of ¢,, does not 
vanish for any n. 
Let us take the constant ¢) so that 


1 at eae 
0” 2"TT(m) 
Then as solutions of 1) we have 
= = ice) (- ie © m+2n 
tn = In(@) = » I(m) II (m + n) 5) C 
and 
= Es x 2n-—m 
Yo = Im (£) = Siena s) : (6 


They are called Bessel functions of order m and — m respectively. 


212. The Logarithmic Case. 1. We have seen that when the in- 
dicial equation 


F(r) =r(r —1)q,(a) + 79q,(a) + qo(@) =9 (1 


has its first coefficient q¢,(a) #0, our differential equation, which 
we write in the normal form 


Ly) = @— 4)°'q(@)y" + @-ay@)y'+Q(~y=0, (2 
has one solution of the form 


= (@— a)" Se)+ ¢\(@— a) +e, (a — a)? + wae fy (3 
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where r, is that root of 1) whose abscissa is greatest. Suppose 
now the roots of 1) are equal, or at least differ by an integer. 
The method developed in 209 gives in general only one integral 
2), viz. the integral 3). 

¥o obtain another linearly independent solution Fuchs proceeds 


as follows. We set 
y= up edz e 


in 2). This leads to a linear homogeneous equation of order 1. 
Let z be a particular solution of this equation, and let y, be the 
value of 4) for this value of z. Then y,, y, form a fundamental 
system of our original equation. 


Eon CY + CoYo = 9, (5 
we have, on using 4), 
C141 + oY f eax =0, 


et tf 2dr=0. 


Differentiating this, we get coz = 0, 


and this requires that ec, =0. Putting this in 5), we see that 
c,=0. Thus y,, y, are linearly independent as stated. 


2. Let us now set 4) in 2) and find the resulting equation 
which z satisfies. We have, differentiating 4) and setting for 


brevity 
A= is zdx, 


= Wa + Ye 
yl = 121+ 22 + Ye. 
These in 2) give 


2, L(yy) + (@— 4) {yy + 2% — a)goyis2 + @— a)*qayyz'=9. 6 

But L(y,) = 0 since y, is a solution of 2). Writing 6) in the 
normal form, we get 

(@ — a) qo2' + {at 2a — aqui } = 0. (7 

If we write 3) 


we have 


Y, = (@ — a), 
log y, = 7, log (2 — a) + log 7. 
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Hence I 
(a — a =7r,+ @—a)W(z), 
1 


where ~(a)#0. Thus we may write 7) 
Mz) = (a@— 4) 82’ + 8,2 = 0, (8 


where 


8(@) = q(x), 
8(@) = (e) + 2Q@in + @- OYY@)}. 
Thus the indicial equation of 8) is 


78,(a) + 8,(a) = 0, 
G(r) = rgqg(@) + (4) + 2q(a)7y = 9. @ 


or 
Then 


(r+HDEM=Qn(@Mi-17,-D+r4+7,+D0+7,)} 
+9104) ee Cre ty 1) ts 
as is seen by actually multiplying out. This we may write 
7+ DEQ) =I —DH@+t 194()} 
+i4tr74+Dr4+ rpg@+ r+ r,+1)9,(4)}. 


But the first term on the right is g,(a), since r, is a root of 
F(r) =0. Thus the last equation becomes 
(HD EOM=C +n tDG tr) +++) @ + oa) 
=Fir+rn+)) 
= AE) i ee ae) 


Hence the root of G(7r)=0 is 
To —1,-1=—~m, an integer, 


since by hypothesis r; and r, differ by an integer, which may 
be 0. 


From this we have as result that the differential equation 7) 
admits a solution, 


2=(t@—a) le, + e,(@—a)+ +f, 
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whose coefficients may be obtained as before. Then 


— tm 
feac= =r ees. 


+ hy(x@—a)+ h(x — a)? + «. (10 
But we have seen that i 2 
Uy nf edx 


is a second solution of 2). Putting in the value of y, as given 
by 3), we get 


=(@— a)rh(x) + (@ — a)nd,(x) log @—a), ql 


which may ae be written 


Yo = (@— a)" b(@) + he — an p(x) log @—a)}, (12 
where $(@), (2) are reguiar at z=aand do not vanish at this 
point. 


3. Thus when the indicial equation at the point =a has two 
roots which differ by an integer, there exist always two linearly 
independent solutions of the form 2) and 11) or 2) and 12). 

Let us note that the logarithmic term in y, may not be present. 
This takes place, as 12) shows, when h= 0. 

That the two roots of the indicial equation may differ by an 
integer without y, containing a logarithmic term, is illustrated 
by Bessel’s equation 211. For let m=/ +3 in 1) of that article, 
l being an integer. Then the two roots of the indicial equation 


ais oe a 

whose difference is 2/+1, an integer. However, the recursion 
formula 211, 3) for determining the coefficients ¢, is such that 
the c, of odd index vanish, and thus ¢, for even index are uniquely 
determined if only m is not an integer. 


4. There is no difficulty of generalizing the foregoing result. 
We may therefore state the theorem: 
At the point x =a let the indicial equation of 
gE py ee Pay = 0 (13 
be of degree n. Let 


am A eet soe 7) (14 
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be the group of roots belonging to a prime root r, arranged according 
to diminishing abscisse. Then 


y =(@— 4)"$(@), 
9 = (@— 4)" §h4)(%) + $y, log (@ — a)$, 
Yo = (4% — A)” Sbo9(X) + bg; log (@ — a) + fo log? (a — a)}, 5 


ye = (2 — a) fby(@) + ba (x) log (2 — a) + +++ + by logt (2 — a)} 
are solutions of 18). The functions $ are one-valued analytic func- 
tions within a circle about the point x= a, and passing through the 
nearest singular point of the coefficients p of 138). Each group of 
roots as 14) of the indicial equation furnishes a group of integrals as 
15). The total number of integrals obtained in this manner is n. 
They form a fundamental system. 


5. When the degree of the indicial equation at a singular point 
x~=ais n, the same as the order of the differential equation, we 
say x=a is a regular point. ‘They include the simple singular 
points of 209. 

When the indicial equation at the singular point =a is of 
degree less than n, the foregoing method does not give us all the 
integrals of 13). Such singular points are called irregular, and 
their theory is too difficult to treat in this work. We shall soon 
see that Bessel’s equation has 2 = oo as an irregular point. 


213. Method of Frobenius. 1. In the foregoing article we have 
established the existence of a fundamental system when the roots 
of the indicial equation differ by an integer, using a method due 
to Fuchs. Knowing the form of the solution, the coefficients may 
be obtained in any given case by the method of undetermined 
coefficients. Frobenius has given a method which leads more 
quickly to the desired result. 

Let us take the singular point =a at the origin; we write 
our equation in the form 


d? eRe 
Ly) =P 75 + pay g2)7= 0; val 
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Using still the notation of 209, 9) let us set 


efile) + o,frls + 1)=0, 
CoFo(8) + e1(8 + 1) 4+ eg fo(s + 2)=0, (2 


where s is not nécessarily a root of the indicial equation, but an 
arbitrary parameter. 
Then ¢, will have the form 


14 AG) a 
eee Jo(8 + D fos + 2) + fy(s +2) nee 


Let us now set 
y =2'> Cen (2,8) (4 
n=0 


inl). It becomes 


Ll g(a, 89] = 2° >) fenfy(8 +2) + Cp ahs + — 1) +++ oof aC) $2" 
n=0 
= oy fy(8) 2", @ 
since all the terms on the right vanish except that which corre- 
sponds to n = 0, by reason of the relations 2). 
Thus when s is a root of the indicial eq ation 


flr) = rr = 1) + pOYr + 4(0)= 0, (6 


Y= 2 Dene (7 


satisfies the equation 1). 
Suppose that the two roots r,, r, of the indicial equation differ 
by an integer, say 7; =7,+m,m=0. Then 6) has the form 


Ti =O Fy) 7; hi) 


For ¢ let us take 


we see that 


> = Chy(s + 1)f,(8 + 2) --- f(s + m). (8 
Then the ¢, in 8) will have the form 
C1,(8) (9 


ce RAG +m+ 1) we fos + n) 
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in which the denominator does not vanish. Also the coefficient 
of z* in 5) has the form 


eof o(8) = (8 — 71) (8 — 7, + mS. 


Hence in this case 


Lf g(a, 8)] = (8— 73) (8 — 7 +m)? Sz". (10 
Now 
ph i ae = 122) 
39D) aa 0s Be aes aerae J 0s 


5 (8 = r(8— ny + my = (8 — + mS + 2 (9 )(E— 1 + mYS 
\2g aS 
ea = Payee 
(Ste ae as 


Hence differentiating 10) with respect to s and then setting s=r,, 


we see that 9 
oy 
E = 


is a solution. Thus, provided the series 4) can be différentiated 
termwise, we have as a second solution of 1) 


oa a = 2" log 2 ct” + ae Cae qd 

2. When the coefficients of 4) are determined by 3) and s=7,, 
the first prime root of the indicial equation, the series 4) is a 
solution. But if we give the ¢, values as determined by 9) and 
take s =r, the second root of the indicial equation, we see that the 
series 4) will also be a solution in the case that 7, r, differ by an 
integer. 


214. Logarithmic Case of the Hypergeometric Equation. 1. We 
saw in 210 that the two roots of the indicial equation at z= 0 are 
Q0and1l—y. Thus when 

g=y-1 
is an integer, we have the logarithmic case. 


To fix the ideas let us suppose that y>1. Then our two inte- 
grals have the form 


4, = Fa, B, Y 2), @ 
Yo = Fu, B, y, v) log x +274 (z), 
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where G@ is regular at2=0. We proceed to apply the method 
of Frobenius given in 213 to find G. We have here 


Jo(s) = — s(s — 1)— ys = — 8(8 +g), 
f,(8) = s(s —1)+8(a+8+1)+ a8, @ 
Jy(8) =f3(8) = = 0. 
Thus the relations 218, 2) become 
Cnfg(8 +2) + Cr fils +n — 1) =9, 
or Pies Cia ee Sore 8) Caw at he * GB 
, (n+ 8)(s+n+y—1) a 
The coefficient ¢ is by 213, 8) 
a(sy= Ch(s+1)--fy(st+g) 
=(—1)°(%(s+1)--(8+9(s+ 941+: (8+2 9). (4 


As Cis arbitrary, let us take, in order to get simple formule, 


pe Gea Oy EG 
 (8+4a)+-(@+a+g—1)(8s+8)--(8+B4+g—-1) 
Then 3), 4), 5) give c,( 3) = Cy (8) C,,(8), (6 
where 
(8) = (¢+1)-- +9 (@+941)-- +29) re 
a eae (8s t+a+g—1)(8+ 8) (s+B+g—l1) 


(sta)---(s+ta+n—1)(8+ 8) --(8+8B+n-—1) (8 


a Ga ot Oy Gry ene) 
Cay A; 
Thus wo 
y=e(s)ed0,(s)e* , Cy=1 e) 
n=0 


is a solution fors=1—y. We call this y,. 
From 8) we have 

e)(#) Cntg(8) 
_ +1) +29) 8+a)--B+et+gtn—-1ING+8)=: 
G44) +atg—l(e+8)-@+8+g—1e+) 

(SH g+n(st+y)--@tgty+n—1) 

_ B+gt+e) + (statg+n—1)(st+g+ 8B) - (st+hB+gtn—1) 
Cott erro tGTy+y)- erg tytn) 
=C,(8 + g). 
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Thus we can write 9), 
> | oe} 
y= eo(s)a" = C,(s)a" + 2° & C,(s + 9)a""9. (10 
n=0 n=0 


This series satisfies formally the hypergeometric equation for 
s=1— y=- 79. 

As ¢)(s) contains the factor (s+ 9), ¢ =0 fors=1—y. Thus 
10) becomes . 
es 3 C,(0)a" = F(a, B, y, x), dl 


since the recursion formula 3) goes over into 210, 11) for s =1—y. 

In order to apply 213, 11), let us show that 10) may be differen- 
tiated termwise with respect to s at the points=1—y. ‘To this 
end we show that the series 


C= C,.(s-pg) ae T'S 92(8) 
n=0 


is steadily convergent in a small circle ¢ about the point s=1—y. 
In c we will have 0<o<|st+g|<r. 
Thus if we set |a| =a, |8|= 6, we have 
1c, pier) 6 (T+a+n—1)(7T+))-. CAPT 
IS Gtl = @Fmety) ~ @Fytn—1) 
Let us now consider the series, 


H=et+ek+eh+-.. O< R<1. 


Cn: 


This series is convergent since the ratio of two successive terms is 


(r+a+n)(7T+b+n) R 
(c+n+1)\(o+y7+n) 
and this = Ras n=o. 

Thus 10) converges steadily and we may differentiate it term- 
wise. The new series so obtained is a solution of our differential 
equation for s=1—y by 213. 

We get thus 


dy / g—1 g-l 
act =ylogx+e)(s)z* 2 C,(8)2" + (8) = Ci(s)2" 
n= n=0 


+2! = Os+g)ars, (12 
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Let us now set s=1—y=-—g. Then 
e(s)=0 , y= F(a, 8, y, &). 


To find C(O) we take the logarithm of 8) and then differentiate 
with respect to s. This gives 


md 1 1 1 
©) os am Re $41 sty 


Setting in this s=0 gives 


1 1 1 1 
“Sg EMER iy ee eo aa a ee es 
(0) (0) {5+ ape an ga ea 
1 Lek i 1 
Sk NGI ye as Sie tesa ce SP 
sO { 7+ Se haate ees 


To find O/(—g) we note that 


oj(— g) = tim aC) = eo J) Tim O02) 
s+ 9 s=-98 +9 

Seal 8 MG Le IG Ft Bs 

~ (@—1) (@—7+ ID B-D-B=-y+) 


We have thus a second solution. 


=F (0, B, y, &) log «+ F(a, B, ¥, x), 


where 

F. ’ 9 Vs a eS 1)”(y — 2)! (yal)! u 
tes Oe) (a—1) + (a—y+1)(B—-1) (B= 741) ar 
cee eS ee eee | ae 13 

ee ae aa a ; 


pee EUS Dlg Tee alee nels sap le Lt lee nel 
a 


Bat of ae GF grea ie 
1-2-y(yv¥+1) at+1 8 B+1 1 2 y yt! 
omnes 


2. In the foregoing we supposed y>1. If we suppose vy is 0 or 
a negative integer, we have a fundamental system 


y, =e 1F(a+1—y, B+1-y, 2—¥, Z)s 


14 
Y,=y, loge +a rk (e+1l—y, B+1—y, 2-y, 2). ( 
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3. Let us now consider the point v=1. If y—a—B 1s an 

integer, we have the logarithmic case. Jf y—a—8<0, a funda- 
mental system is 

y= lO B,a+8—y+1,1—-72), 

Yo = ¥; logd—2)+F, (a, B, «+ 8—y+1,1—2). 
If y—a—f8>0, a fundamental system is 
y= A—2)r* FF — B, y—@, y—a —B+1, 1-2), (15 
Y2 = 4, log l—2)+ A—2)r* PF (y—-B, y—@ y—a—B+1, 1-2). 


4, Finally let us consider the pointr=a. Ifa— Bisa positive 
integer, we have 


yaeeF(aa—y+le-B+1,2), (16 
£ 
A er oes 1 
Yn= 9 log +e F(a, «—y+1,a—B+1, =) 
If a— Bis 0 or a negative integer, we have 
n= oF, B—y+1, B-—a+l, *), 
. (17 


Yo=%1 log + 2-98, B-y+1, B-—«+1, *) 


a 
215. Logarithmic Case of Bessel’s Equation. 1. The indicial equa- 


tion of Bessel’s equation 


2 
EL eh + 2 mi)y =0 a 


has, at x = 0, the two roots + m, as we saw in 211. When mis an 

integer, we have the logarithmic case. Asin most applications m 

is an integer, we wish to find a fundamental system in this case. 
Applying Frobenius’ method given in 213, we have here 


A(=e—m? , fis=0 , A(s)=1 
and Fil 8) = 9 for n> 2. 
The equations 213, 2) have the form 
Cn gS + 2) + Cro = 9, 


e n§(8 +n)? — m4 ¢, »= 0. 
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Thus 


aie 

es Se 3? 
(s+ 2) — 712 

c 


[e+ DP — m+ DP my” 


etc. We notice that fo(s + 7) occurs in these denominators only for 
even n. We may therefore modify the formula for ¢) in 213, 9) _ 


i 


and take : 
oy = fos + Wfy(8 + 4) +--fo(s+ 2m). (2 
Let us set P(s8) =(—1)™§(s + 2)? — m2}... §(8 + 2m — 2)? — m2} 
so that 6 =(— 1)" Cf (8 + 2m)? — m2 PCs). (3 
Then the series 
y= Lhd Eo” «4 
becomes here 
= [1 Z e 
Y=) — EDP me {et 2)2— mit 4?— my 
tb | Oyst2m if ty 
Bea |  (8+2m + 2)2— m? 
ot 
+ 42m + 22 my [e+ 2m + 42 — my 
=eztu+ Cx’ = U+ V. © 


Here U embraces only a finite number of terms. The series v 
is steadily convergent for every x and for any s>—(m+1). 
For let |z|< Rk. Then 


(s+2m+2)?—m>a>0. 
Hence each term in v is numerically < the corresponding term in 


RR? R?2 R38 
: eae: 1557 o(a + 12)(o + 2°) 4 


The ratio of two successive terms is here 


R? 
o+ n2 


and this = 0 as n= o. 
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Hence from the general theory of 213, if y, denote the value of 
4) for s=—™m, 


y, =U, + V; and 2 


are solutions of 1). 
From 8) we note that ¢,=0 for s=—m, thus U,=0. Refer- 
ring to 211, 5), we see that 


Vis ee) (6 


aie ) 


2. Let us now turn to the logarithmic integral. We have 


= xuch(s) + ¢y){xu log + xu't. 
8 


aU, rt a2 it 4 } 
=x2™;}14—_{=— Pe a ea en) [Nd el Anes 
Os - a (5) M 2(m — 1)(m — ae se jot m) 


= (1a mPCm) | ORT (m = 1 = DE ‘ 
Il(m — its) vu" II(k) 2) 
where P(—m)=( -1)?-12?"J]2¢m — 1). 
Similarly 


2Vs = CTL (m)Jn(2) log 2+ SOF (2) 


(eter ee Haha “ mn a\"* 
+90 Drape HOt + iG) | 
where w(ba14e+ +7 », o(0)=1. 


Here we can neglect the term 4CJ/,, (x), as we are seeking a fun- 
damental system and this term is y, aside from a constant factor. 
Also for simplicity let us set 

—=*] : 
2"—TT Gm) 


Cheoncs 
0s s=—m Os 0s 


C= 


Thus the solution 


LINEAR DIFFERENTIAL EQUATIONS 483 


leads us to take as second independent integral 


tee TEMPE sere 


k=0 


ees eee 
+(2) AGB TD eOto+m. 


ond, 


216. The Differential Equation for K, K’. 1. In 189 we saw 


that 
i ke Te oL 
K= ai 1k , K= P25 1G: 
& 2’ ’) =F 45. 9’ oe i 


Thus K and K’ satisfy a special case of the hypergeometric equa- 
tion for which «= 8 =}, y=1, viz.: 


dy dy , 1 
—1)—— Dita eZee = meee 
x(x 7a +(22 Veen ph ee ¢! 


Referring now to 214, we see that a fundamental system of in- 
tegrals of 1) for z = 0 is 


=F, hs 1,2), @ 
Yo = ¥, log ++ FG, 4, 1, x). (3 


1.3\ 2 
i ne 92 
2. sulk era 
138 Py 2 
AN es ain aN Ele a 
eum Smear gat (4 


2. Let us find the development of AK’ aboutz=0. Since K’ 
is a solution of 1), we must have 


Here 


eS 
aN 
bole 
©) | pm 
ay 
8 
Nao 
| 
to 
e— 
<—Ts 
\— 
Se 
8 
+ 
aN 


K! = Ay, + Byy (5 
or since ik al ) 
UF aa 
sta & a Pa 
wK'=2AK+2 BK log k?+ rBF,. (6 


From 196, 2) we find j2_4_ 16 Gein 


ae 
Hence a=h=16g+-=16e *+-. 
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o TET = log 16 — log k + - (7 
Also BE =nB 1 se ry 
21+ Gh + ) 
= B+... (8 
In 6) let us divide by K and put in 7), 8); we get 
(4 log 2—2 A)—(14 2 B) log k? +... =0. 
Thus A= 2 log 2, B=-}. 


Hence 5) gives 
= (2log 2— flog) FG, $14) -F AGEL). 0 


217. Criterion for a Regular Point. We saw in 212 that z=a is 
a regular point of Py 


dy 
qa + PO) + q@)y=9, d 
if p, qg have the form 
_ I@) ae h(a) 9 
Ute ee (a — a)? ( 


where g, hare regular atw=a. When x=a isa regular point, 1) 
admits a fundamental system of integrals, 


n= (@—4)"$,(2) (3 
¥n= (@— a)"*§ ho (X) 5 Poo(x) log (# — a)t, 
where 7, 7, are roots of the indicial equation at this point. 


We wish now to establish conversely : 


Lf 1) admits 3) as a fundamental system of integrals at the point 
x2 = a, it 18 necessary that p, q have the form 2). 


For we saw in 212 that if we set 


92 = 41 He zda, Gd 
tnen z satisfies the equation 
“2 + g2=0, where g= =p +2. (5 


1 
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-20) 
dx\y, 
Thus from 3) we see that 2 must have the form 
2=(4#- @)*i h(x) +(x) log (@—a)}, 


where ¢, are one-valued about «=a. 


From 4) we have 


Let now x make a circuit aboutz=a. If z acquires the value 
z, this must be a solution of 5). Hence 


2 = C2. (6 
po = ori — a) [$+ flog (x — a) +2 rit] 
= ez 4 2 ate (x2 — a). 
Putting this in 6) gives 
2(e—e'*™) 4 2 rie*™(x—a)p= 0. 
This requires that ~=0. Hence 
2=(4#—a)*p(2). 


oe +f(£), (7 


2d% w—a 


Thus 


where f is regular at z=a. 


On the other hand, 5) gives 


1dz _ _ OH 
Gi ie ah 
EF he), (8 
rT—a 


where & is regular at a. 
Thus 7), 8) show that p(x) has at most a pole of order 1) at 
T= a. 


From 1) we have, setting y = y;, 


" 


ni Yi , 
et) = —S-— pst 
q(2) iia cor 
Now LG) 
al (z—a)?* 


where J is regular at a. Hence q has at most a pole of order 2. 
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218. Differential Equations of the Fuchsian Class. 1. When all 
the singular points of a linear homogeneous differential equation 
are regular, it is said to belong to the Fuchsian class. 

Now in order that z= a is a regular point of 


pe + pa) + q@)y = 9%, ad 


the coefficients p, g being one-valued, it is necessary that 2 =a is 
at most a pole of p and g. Hence p, g having only poles, even at 
z=, must be rational functions of z As the poles of p cannot 
be of order >1, and those of g of order > 2, we can write 


a @) _ g(®) 
~h(x) * 17 BY’ © 


where f, g are polynomials and 
h=a" + ea 14+ ... + ey 
=(t— a,)(#— a) --- @— a). 


To find the degrees of these polynomials we use the fact that 
x=oo must bea regular point. Let: 


F(@)= age? + ayer 1 + os + ay 
9(@) = box? + bat 14 - +, 


We set nov ee inl). Since 
U 


dy ad F HY tO 5 gly 
dx du dae” du du’ 
we find as transformed equation 
d*y 2u®— utp \dy , q 
duit * | ut j du is wd = . 
As tytn +aur 
P T+ou+t s+ +e,u™ | ; 
ga bot yet tBu ag 


1+ dyu + + + dy,,u?m 
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we see that 2u?—utp Pu) 
Li us oe yr me? 
fefee AW) 
1 ut ys 2m? 


where P, Q are regular atu = 0. 


As p, cannot have a pole of order >1, and q, one of order > 2, 


Bie have r—m+2<1 , s—2[m+4<2, 
or r<m—1l , s<2m—2. 
Thus m—r=1+k , 2m—-s=24+1 , k1>0. 
Also 1 
Py= [2 — agit ben 
11 = ay iby +} 
Hence P(uy=2—ayuk+-- 3 QCu)=boult- (3 
Let us set ae 
ee re ee G 
palin. dike 6 


Then we see from 3) that 
PO)=2—rA , QWO=—z. (6 
2. At the singular point z=a, let r, p; be the roots of the 


indicial equation. The roots at x= oo we will denote by 7., po 
Fuchs showed that these roots must satisfy the relation 


Zr; + py=m—1, 4=1, 2,.-- m, oo. Ci 


This is called Fuchs’ relation. 
Let us find the indicial equation atz=a, We bring 1) to the 


normal form 


(w— ai) 1(2)TL + (2 — aha) E+ g@)y = 0. 


The indicial equation is 
r(r — 1)h}(a;) + rh,Ca,)f(a) + 9(4) = 9. (8 
ray h(a) = (x a,)h(2). 
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Hence 
Thus 


WN (a)=h(x2)+(@—a)hi(2). 
h,(a;) = h'(a;). 

We may thus write 5) 

Hepa dpe mee Ma) — 


h'(a;) h' (ai)? 
H 
Soe r+p=1- ea sy 


Let us now write 1) in the normal form for r=. Setting 


r= 1 we saw that it takes the form 
u 
d? d 
aoe 4 ype = 0. 
he = du gees 
Its indicial equation is therefore 
r(r—1)+7rP(0) + Q(0) =9, 


r+ (L—-A)r+py=0. 
Thus Tot po=rA—l. 


or, using 4), 


From elementary algebra we have 


SoS Oe! 
~ h(a) ie C—O; 


Hence from 4), 


A=hm zp= > a 
r= a. 
Thus 
« f(ai) 
fe Mae Aires ee (10 


From 9), 10) we have 7). 


L 


219. Expression of F(«, 8, y, 2) as an Integral. We leave now 
the general theory of linear differential equations and return to 
the hypergeometric function. Let us show that when 


Reale oben Acai one’. a 
we may express F(a, B, y, x) as a definite integral, viz. : 


1 1 
fF (a, iS. % r) ae rena uP = mY ETAGL — xU) —*du (2 


Blain 
BR, y— BY 
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where B(p, q) is the Beta function 
1 
B(p, g)= fw — urdu. (3 
0 


For by the binomial theorem 


ae Pi aa | a qth 1 2 
(1 — zu)- +7 eut TRG xu? + 


when |zu|<1. Hence the integral Jin 2) may be written 
1 
ip th WAL uy Ptdu + <2 f “WC — u)1-P-ldu 
0 0 


= B(B, y— B)+exB(8 +1, y— 8) 
+2 tT BBB+ 2%y-B)t— 
Now 
B(B+1,y—-8)=2B, y-B). 
Hence 


B(B +29 = B)= 24 BB +1, 7— O-o et BB, y— 8), 


etc. Putting these values in 4), we get 2). 


220. Loop Integrals of the Hypergeometric Equation. 1. In the 
last article we have shown that the hypergeometric equation 


w(1— 2) Eh + fy —(a+8+1)z} aU — apy = 0 ad 


admits as solution the integral 2) when the conditions 1) of that 
article are satisfied. Let us replace the path of integration (0, 1) 
by a more general path ZL, properly chosen; we proceed to show 
that 1) admits a solution of the form 


ie ie (2—2)--u(e)de. | (2 


In fact, putting 2) in 1), we get 
dF dG 
—d — dz=0, 
{pe et | o Z (3 


490 FUNCTIONS OF A COMPLEX VARIABLE 


where t2Coe (4 
Pa 2(1—2) 94 fay +(B—at Dehas (5 
Gael 2) {u2 oS) 4 fay + B— at Deh. (6 

To prove this we may proceed as follows. From 5) we have 

dF 


oe al — eeu fL—a+y+2a—B—3)tou'—(B—«a+1)w. 
z 


From 6) we have 


TG = —2(1—2)ou" + fay — 14 (Bat Byejow 
Z 


+ fa(a+1je(l—z)(2—2)-*? + a(y—a—1+(a—B+1)z2)(e—-2)*" 

+(B—a+1)vtu. 

Thus 

0 aor a fa(a+1l)e(l—z)(e-—27)** 
+afy—-e—-1+(e—B+1)z]@-27)* lu= Mu. 

‘Yn the other hand we have from 2) 


NPs (2—2) = 'udz, 
dx e/L 


oy =a(«e+1) Ke = 2 a Uda: 
x JL 
Thus 1) becomes 


[uses D212) a2) ay (at B+ D2) @ -2 
—aB(z2—x)*hdz. 


Now we have identically 
2(l—2) =2(1 —2)4+ (22-1) (2-2) — (e—2)%, 
y—(@+B+le=y—- (at B+ 12+ (e+ B+1(—2). 
Thus the brace in the foregoing integral reduces to the function 
HT above, and this establishes 3). 


An integral of Ffu=0 


ean 

a dz 
= 

(UKE K 2) 


= Z*-1(z2 = Lyte. (7 


1s 
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This in 6) gives 
G=ee “"@-w)y @—2). (8 
Thus when w is chosen as in 7), #=0 and hence the first integral 
in 3) vanishes for any path. Also if Z is so chosen that G in 8) 
takes on the same value at the end of Z that it had at the start, 
the second integral in 3) vanishes. 
In this case 2), or what is the same, 


y = [ee —1)r*1(¢— 2x)-*dz = [wea (9 


is an integral of 1). Here 
WE = a (2 — AF Ae = ) 4, (10 
2. Let J, U,, 1, 1, denote loops about the points z=0, 1, 2, 0, 
respectively, each circuit being described about the corresponding 
point in the positive sense. 
Let ea @, be the end values of G, w, after describing J,, etc. 
After a circuit about z=0, 


ga—-ytl — e(4—yt1) logz 


goes over into 
e(4-y+3) (log 2+2n1) <= g2mi(a—y+l)ga—y+1 
—_ e2tt(a-y)ga—y+1, 
Thus ; Go = eri(2-v) GJ. 


Similarly Wo — CPE V) 1D), 


In the same manner we find 
G,=e0-OG, 5 = eP"O-Pw, 
G, = e7 2nta G., ; W, — en 4p. 
Gee CG ty er rw. 

Let a, 6 be any two of the four points 0, 1, x, oo. Let L,, be a 
path about a, bas in Fig. 2,§150. Obviously, as far as the values 
of G and the integral 9) are concerned, this path is equivalent to 

Lite tye. 


As & returns to its original value, 


c) 
Vos {| wdz 
Lap 
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is a solution of 1). Since we can choose the points a, 6 in 


ao GE 
-2 
ways, we get in this manner six solutions of 1). They must of 
course be linear functions of a fundamental system, as shown in 
210. 


8. As an illustration let us consider y),. For simplicity let us 
take |x| > 1 and suppose that «, 8 do not differ by an integer. 

As the loop LZ, let us take a double loop 2 running over two 
little circles about z=0, z=1 and the segment of the real axis 
joining them. 

Then on &%, 


Hence y — a2) Sn f Ppmee (3 — 1)-F—-I!dz 
0 e g qd 
=s<(5, Sees 
x x 


Now the two fundamental integrals at =o are, as we saw in 


2105 16). 17), 
n= 2F( aoa—y+tl,e—B8+41, ~), 
x 


n= 2 OF B, B-y+1, SB—a+1, *) 
x 
Hence y must have the form 
Y = Cy + CN: 
As y does not contain any powers of x in common with 7, we see 


that c¢, must =0. Hence 11) differs from », only by a constant 
factor. 


CHAPTER XIV 
FUNCTIONS OF LEGENDRE AND LAPLACE 
Functions of Legendre 


221. The Potential. 1. We wish in the present chapter to de- 
velop some of the more important properties of these functions 
which are of great importance in mathematical physics. We begin 
with the polynomials introduced by Legendre, who was led to 
study them while treating of the attraction exerted by the earth 
on a mass exterior to it. Such questions arise in celestial me- 
chanics and in geodesy. 

Let us find the attraction exerted by a body B on a unit mass 
p situated at the point A. 

The force exerted by an element of mass dm situated at P on p 
is, by Newton’s law, 


Ve lage, 
& = (x — a)? + (y — 6)?4+ (2 — ©). 


If AP makes the angles a, 8, y with 
the x, y, 2 axes, we have 


xr— a y — 0 
io= cos 8 = 5 
COS a 5 ; B 5 
Z—¢ 
6 
The z, y, 2 components of f are there- 
fore 


cosy = 


dm x—a dm y—b dm z2—ce 


en gee eige aok? Ye eeg tS 


If we denote the total force of attraction exerted by Bon pw by # 
and the z, y, 2 components of # by X, Y, Z, we have 


X=cf*s4am , Vaof Uo" am , Zaof 22am. 
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Let us consider the function 


Vaof el 


We have 
dene r—a 
. . —— eed Xe 2, 
ox =a aye ae )=- ee & 3) ( 
Similarly 
: OF Be cy pu eZ. 
] as 


Thus the function 1) has the remarkable property that its first 
partial derivatives are, aside from sign, the components of the 
force exerted by the body B on a unit mass pw situated at A. This 
function V is called the potential of the body B with respect to 
the point A. It is of extraordinary importance in many parts of 
applied mathematics. For simplicity we shall set ¢ = 1. 


2. Let us now show that V satisfies the partial differential 
equation 2 PI RI 

= 0. 3 

dx? a ay? = dz? ( 


This is known as Laplace's equation and is often written 


I) (4 


eV (3 ee il} 
Ox? =i" = gees 


We have from 2) 


and similar expressions for the two other derivatives in 8). Thus 
adding, 
aaa 88 3) 


3. As a special case we see that 
ag 
is a solution of 3). 


4. As an exercise in the calculus the student may transform 8) 
to polar codrdinates, 


z=rcosOcosf , y=rsinésind , z=recos8. (6 
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It is convenient to call @ the altitude and ¢ the azimuth of the 
point 2, y, z 

After a lengthy calculation we find that the left side of 3) 
becomes 


29V 1 @ oV He iA 
A : 8 
oe a Spina nen: a eearere “i 


When the attracting masses are symmetric with respect to an 
axis, we may take this to be the z-axis. Then V cannot change 
when ¢ changes. Hence 


av _ 
ape® + 
and in this case 7) becomes 
r= 2 (eZ) 1 = (si n) ne 
i aC! or a sinba0\ a0 c 


222. Definition of Legendre’s Coefficients. 1. In many investiga- 
tions it is useful to develop the quantity 5 in a series. In doing 
this we are led directly to Legendre’s 
coefficients. 


Let @ be the angle between a and p. 
Then 


o? = a? + p?— 2 ap cos 6. 
Let 
: rat , whena<p 
p 
=? , whena ape 
a 
Then 6=@(1—2reos8+7) , a>p fa 
=p(1—2rcos0+7") , a<p. 
In either case the development of ‘ leads us to develop 
2 : np eel: @ 
V1—2rcos0+r? 
This we now do, using the binomial series 
io: Pet+tuti 3 By ls: 3: yee é 


2.4 2-4-6 
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which is valid when |uw|<1. Let us therefore set 


z=cos@ , oe aaa 


un = > (— 1) 


s=0 8: ] Ce T 


This in 2), 3) gives 


V= > > (- Dye oe SACLE ymtsym—s 


whence 
(2 oa spmts 


m=0 s=0 Qntem!s!(m—s)! 
Sh 2m—2s)! : 
= > By fees ee oe) Soe ae 
2,” 2 » Gm — s)!(m—2:s8)!s! a ee 
Thus oo 
Va P,(@)r™ = Py t+ Pyrt+ Part + (4 
m=) 
where 
Raga Gm) 
m! 
nm m-m—1 5, m-m—1-m—2-m—83 mtd 5 
{2 Zima | Wea ee ae ( 


These are Legendre’s coefficients or polynomials, for on the one 
hand they are polynomials in z, and on the other they are the 
coefficients in the expansion 4). 

We have 


P,=3 0 —}, (6 


2. From 5) we see that 
PrC—2£) = (-1)"Pa(2). as 
Thus P,,(@) is an odd or even function as m is odd or even. 


3. When 6=‘0,x=cos@=1. Then 


oe eae 
1l-r 


Comparing with 4), we see 
Wage (Al eo a il er (8 
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4. From 5), 6), we have 


5 2m—1 
Pyp(0) = (-1)n BP Pm aT @ 
Peo (9) => 0. (10 


5. The equations: 6) enable us to express 2, 2%, 2°... in terms of 
Po Py, P, 2s 
Thus we find 
= P,), 
P= 3 P27) +3P (2), 
= 2 Pc) +3P,(2), ete. 
In general we see x” has the form — 
2a =aP,(*) +4,P\@) +: +4,P,(2), dil 
the coefficients being constants. 


223. Development of P,, in Multiple Angles. 1. We have 
1—2rcos 6+ 7r2= (1 — re®)(1— re~®). 


But (1 — re®)-* = a, + ayre”® + agrre2® + 
where “ 1-3 1-3-5. 
os Rt we a are ie 
Hence 
V= en} eh ul ae = (a + ayre® + +» )(a, + ayre® + ---) 


V1—2rcos6é+ r2 
=1+ Pyr+P,r?+ 
Thus 
P,,(cos 9) =2 a,a, cos nO + a,a,_; cos(n— 2)8 


+ Ay Ap,_2 COS(N—4) 0+ ++ 


eet ope rs, 
cos né + —.- 
F WER ORO Case eo a 


oe eet 
md, See sta ah 


= 2 cos(n— 2)6 (1 


cos (n — 4)6 + vf. 


From this we have 
P,=1 , P,=cos? , P,=4(8e0s20+1) .. (2 
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2. We note that all the coefficients in 1) are positive. Thus 
P,,(cos 8) has its greatest value when 6 = 0, for then 


cos nO, cos(n — 2)8, ++ (3 


all take on their maximum positive value 1. 

Thus P,(v) has its maximum value for y=1. On the other 
hand P, is certainly greater than the right side of 1) when we 
replace the quantities 3) by —1. Thus 


=P) ah (cos 0) ab); 
or using 222, 8), = <P -(cos 0) — 1 (4 


224. Differential Equation for P,(x). Jet A be on the 2-axis. 
Then 1 
= y re eT, 
V1 — 2reos 6 + 7 a 


is independent of ¢. Now V satisfies Laplace’s equation AV = 0 
as we saw in 221, 3. This we saw in 221, 8) is here 


0 or) 1 = (si oV fe. 12 
AG or ie de Ts wee 


Let us set 


x = cos 6. 


Then 1) becomes 


0/29 0 oV 
- (1 — 22)— = 0. 
o(r or bag Ox ( =) Ox 


Now by 222, 4) 
Ve SP, (z)yr*. 
n=0 


Putting this in 3) gives 
d 


dx 


Er { n(n Fea hyena 


Hence P,, satisfies 
@ d dP 

nn +1)P.+ —(11 — 2)-=2=0. 

( ) pel oe, dz : C 


or 


q2 
EN me 
( ) 73 toa tnt ly = 0. (5 
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If in this we set 2 
u = Z, 

it becomes 


d? d 
wl — uri t+ Gui + n+ Dy = 0. (6 


This is a special case of the hypergeometric differential equation. 
Comparing with 210, 1) we get 
n = n+1 


—_ == 31 
C = 3- 
ae ee 


A fundamental system of integrals of 6) is, as we saw, 210, 10), 12), 


Now when « or £ is a negative integer, F(a, B, y, x) reduces to a 
polynomial. Hence when is an even integer, y, is a polynomial 
and y, is an infinite series; while when mis odd, y, is a polynomial 
and y, is an infinite series. This shows that 


Pi) = ey, %) weven 


= Gy, , n odd, 


Comparing with 222, 5), we get 


-5+-2n—1 


re OP F(—n, n+ 4, 4,2), CT 


P,,(z)=(— br 2 


ah (—n, n+ §, 3, 27). (8 


Pet Se eae ee 
Pons (%) =(— 1) ae 


225. Integral Properties of P,(x). 1. In 224, 4) let us set 
y = P,, and then y = P,; we get 


d aP. 
1 — (1 9°) = = 0, 
m(m + Lata. Vee 


aP, _ 9. 


d 
n(n+1)P,, ae — x) oF 
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Multiply the first by P,, the second by P,,, and subtracting, we 
get on integrating 
1 
(n— n(n En + yf P.Pdz 30. 
—1 
Thus Ye 
PEP da = OF ma. C1 


—l 


From this follows the theorem: 


Let F,,(a) be a polynomial of degreem<n. Then 


{ie (ay Pade = 9. (2 


For by 222, 5, 11) 
Pn = Po + Py tee + On Pm 


Thus the left side of 2) 


=> af P,(x)P, (2) dz 


el OS 
=0 , by1). 
2. We have 
1 a 
= 1+ rP(z) +r P(r) +---= 3 di ‘ 
V1i-2ar+r 1) 2(7) pe ©), 


Squaring, we get 


| ee rrp PA Goh aes (#) 5 mys w= OF 12. ae. (3 


1 l+r 1 1 

cae [oe ees eee aly 
_—— r Oe eae cw iene C 
Hence, integrating 3) and using 1), 4), we have 


> AWE = i yan = Dr f Pu@)de. 


Hence, equating the coefficients of like powers of r, we have 


"PA(2) dz = 


2 
= 1, 2,.-. 
= 2n+ is o 
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3. We have 

a 
= ]4¢P(r7)+2P,(r)+-. 
Vio x2’ 2? 1) (7) 


Hence, C denoting a small circle about the origin in the z-plane, 


dz dz ie dz 
ile —2x24 22 oot i( AE a I, 
=2 TwiP,(2). 
Thus 
1 dz 
P.O)= 99), Te . 


the radical having the value +1 for z= 0. 
Let us set z =- in 6), we get 
udu 


fae = 2au+ ue a 


where D is a large circle about «w=0, which w describes in the 
positive direction. 


4. In 7) let us set 


V1—22u4+wv=w—u , orl—2au4+vW=(w—u)?. 


Then peel w—-U 


“= Fw —2) Ww @ 


While w describes the large circle D, w will describe a curve ® 
which is approximately a circle of radius 2. R. Thus 7) gives 


(w? — 1)" 3 
P(e) = Dare Acca SP ate! (8 


Since the integrand has no singular points in the distant part of 
the w-plane, ® can be regarded as a large circle whose center is 2. 
The relation 8) is due to Schléflr. 
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226. Rodrigue’s Formula. 1. Let 
f(a)=(8-1) 


Then by Cauchy’s integral formula 


where & is a circle about the point w=2. Hence 


n} (w? — 1)” 


PO =F) Goa 
=2'!P,(2) , by 225, 8). 
Thus 1 dn 
BG) oneaat gn ae ad 


a relation due to Rodrigue. 


2. From this relation we can prove the theorem: 
The n roots of P,(«)=0 are all real, and lie in the interval 
SST OY 
We start with 
f@)=(8 = 1)"=(@-)(@+ 
This shows that z=1 is an n-tuple root, and the same is true of 


z=—1. Asf is of degree 2, f(x) has no other roots. 
By Rolle’s theorem 


FA) —-—fC— 1) =0=2Ff'(a,) —l<a,<1. 
Hence f’(z) vanishes at = a,, a point within A. But 
i Q=20G—1)2 2 


has x= +1 as roots of ordern—1. Thus f’(z)=0atzx=+1and 
at = a,, and only at these points. We may reason in the same 


way on f(z). We have 
F" (a) = 4n(n — 1) (a8 — 1)? + 2 n (a? — 1). 


This has z= + 1 as roots of order n—2. Rolle’s theorem again 
shows that f”(x) must = 0 at some point 6, within (— 1, a,), and 
at some point 6, within (a,, 1). We have thus found 2n—2 
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roots of f(x). Since the degree of f(x) is 2m — 2, there are no 
other roots. Thus f”(z) vanishes at just two points b,, 6, within Y. 

Continuing in this way, we see that f(z) vanishes at n and 
only nm points within Y&. By Rodrigue’s relation 1), P,(z) and 
f™ (a) differ only by a constant factor. Hence P,(x) vanishes 
n times within Y. As P, is of degree n, these are all the roots of 
Ce): 

227. Development of f(x) in Terms of P,(x). 1. Let f(x) bea 
one-valued continuous function of x having only a finite number 
of oscillations in the interval 9% =(—1,1). Then it can be shown 
that f(x) can be developed in a series of Legendrian functions 


S(O) = ey + Py (2) + Pa (a) + + a 


which is valid for any z in &. Moreover this series can be inte- 


grated termwise in Y. 
Admitting this, let us show how the coefficients c, may be found. 
Multiplying both sides by P, (x) and integrating, we get 


fro Pi @)dz= =f Cr dz. 


All the terms on the right vanish by 225, 1), 5) except that 
ae toc, Thus 


SOPs de =, f Pi@ de 


H 
ae _? ue Ll FGNP. Cade. Q 
sal 


Thus we have the theorem: 


Let f(x) be a one-valued continuous function having only a finite 
number of oscillations in the interval (~1,1). Then 


fo)= L2* 1 Pw) [P@PaCadae @ 
n=0 = 
2. Since P!,(x) satisfies the condition of this theorem, we have 


an) = Pi(®) = 4- Pai + An- Paw t 
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Since P!, is odd or even with n — 1, we must have 
P24) = Geatige =: REY cE Teac 
Here by 2) Oy aaa 
Sage ST 


n= 


: Popa 
Integrating by parts gives 
qi antl 2— [" PPade} 
=2m+ : 


since the integral vanishes as Pj,(x) is the sum of P’s whose in- 
dex is <n. Thus 


Pi(z)y=(2n—1)P,_14+ 2n—5)P, 5+ C2n—-DPrst-- G4 


3. Let us show that f(x) can be developed in a series of 
Legendrian functions 


SF (@) = A + 4P (©) + ag Po(@) + + ( 
in but one way. For suppose that 

SF (@) = by +b, P(e) +b, Po (x) + + (6 
were a second development valid in (—1,1). Subtracting we 


t 
oe 0 =e) + 4 P(@) + %Po(t) + - (7 


where 
C, = A, — 6, 


Let us multiply 7) by P,(x) and integrate between —1 and 1._ 
Granting we can integrate the resulting series termwise, we get 


1 1 1 
O=e¢} P,dxr+e |, P,P,drt+ af P,P dx + + (8 
si =f yeas | 


Here each term is 0 by 225 except the term corresponding to ¢,. 


Thus 8) reduces to i 9 
0=<¢, hs P2dz = cee 
=) 2n+1 


Hence eee} 
and thus 


7 AA Wal) Disax 
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228. Recurrent Relations. 1. 


(1+ 1)Pau — (2n4+ IaP, + nP,_) = 9. qd 
(1 — 2*)P) + nzP, — nP,_ = 9. (2 

(1 — 2) Pi + nP, — neP,_, = 0. (3 

; PPLE oP! P= 0, (4 

Phi — Pi. —-(2n+1)P, = 0. (5 


These may be proved by putting in the values of P,,, P’,, as given 
by 222,5). There results a polynomial in 2 whose coefficients 
are all zero. A more expeditious method is the following. Let 


V=(1 —222+4+ 22)-} | 


= P)(z) + 2P,(4)+ *P, (2) ++ (6 
Thus ‘ OV 
Peete 


VO 1-222 
as A -222+)5 4@-2)7= 0. (T 
Z 
On the other hand, we get from 6) 
Le 
dz 
Putting 6) and 8) in 7) gives 
Le"§(n + 1)P,,, — 2anP, +(n —1)Py-1 + Pa — ePa} = 9. 


=P,+22P,4+32P,4 +. (8 


As all the coefficients are 0, the coefficient of 2” here gives 1). 


2. To get 5) we use 227, 4). Thus 
Pi =(2n4+1)P,+(2n — 38)P, 2+ 
Pos * +(2n — 8)P, 2+ + 
Subtracting gives 5). 


3. To get 4) we have only to differentiate 1) with respect to x 
and use 5). 


4. To get 2) we multiply 4) by 2, getting 
eP) = 2P}_,+ nzP,, 
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Hence (1 — 2) P! = P! — «P!_, — nzP,, 
or GQ — A) Pi + xeP, = Pi —2P 
— 0P 15 


on using 4), 5). 


229. Legendre’s Functions of the Second Kind. We saw in 224, 
6) that P,,(z) satisfies the equation 


This equation admits, by 210, 16), 17), two integrals about 


U= 00, VIZ: 


Fe n n—-1l WWm—-11 
yaor(—%— 2-2), (2 
el we na 2 2ns5 5) 
2 grt ( 2 ’ 9 ’ 9 ) fe * (3 


Since F(a, B, y, x) is a polynomial when « or 8 is a negative 
integer, we see that whether m is odd or even 


K-% ~2= 1, m= tw) 


is a polynomial in w, and thus 2) is aside from a constant factor 
nothing but P,(2). 

The other integral 3) multiplied by a constant factor gives rise 
to Legendre’s Functions of the second kind, viz.: 


ace 1 (Ait n+2 2n+3 *) 

n Ay oak F 5. 9 - CVE he 

@n(@) ce cea ga Mop peo: aa 38 
laz(>le “4 


230. Recurrent Relations for Q,. 1. If in 229, 4) we set n=0, 
we get 


ul 


earth 1.$.2) 
or Qq(a) = 5 log2 4. a 
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Using 229, 4) we prove at once that 


and Li ria S 
(+1) Qr1— 2m + 1)eQ, +0Q,1=0. (3 

These show that 
Q,(2) = S,(2) Loa cil 7. Ti) (4 


when S, Tare polynomials. We can go further by observing that 
the recursion formula 3) for Q, is the same as that for P, in 228, 


1). Let us set 1 
ih log oat 


ae SSS tae PD a Na Ng ed Ae 
Be 20s 22,0, 3 2Fi=82P, = Py 
epee See PA Lie), 

if we set Zy=% P,=h x. 


This is perfectly general. For let us admit that 
Q.=] PL -%r 6 
-is true for m and show that it holds forn+1. Here Z, is a poly- 
nomial of degree n — 1. 
For by 3), 
(n+ 1) Qni1=(2n4+ 1)2Q, — 1Q,-1, or using 5), 
=(2n+1)2}} P,L— Z,}—nit P,ib — Z,} 
=415(2n+1))aP, —nP, 13-24 1)2Z,4 2Z,-1 
=4(n+1) DP, 414+ inZ,_, —(2n + 1)2Z,}, 


which goes over into 5) on setting 

—(4+ 4 = 0Z,_1— (2n + 1)2Z,,. (6 
This is a recursion formula for Z, and shows that Z, is odd or 
even according as n — 1 is odd or even. 

2. Since Z is a logarithm and P,, Z, are polynomials, we see 
that Legendre’s equation 224, 6) does not define any new class of 
functions, that is, its general integral is a combination of poly- 
nomials and logarithms. 
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231. Development of Z, in Terms of the P,,. Since Z, is a poly- 
nomial, we can develop it in terms of P,, P,, P, +++ by 227, 1, or 


25.0 Lh 
by 222, us Tee REE aD ee a 


the a, being all 0 on account of the parity of Z,. To determine 
the coefficients in 1) we use the fact that Q, is a solution of 
Legendre’s equation 224, 4) 
ae — x) lt n(n+1l)jy=9. 
This gives 
oe myo Z,}+ n(n +1), 259) PivenG (2 


But by 227, 4) 
Pi=(2n—-1)P,14+(2n—5)Pyat (3 
Thus 1) and 8) in 2) give 
2n—4m—1 


om = (Qm+ 1)(n—™m) 5 m= 0, a v. ese. 
Hence 
2n—1 ote ; 2n—9 
Y fi ceh ily “Reet REEF TN HC OSL FIL Oo | 


232. Laplace’s Equation. 1. One of the most important equa- 
tions in mathematical physics is Laplace’s equation 


O76, Ou ou 
=> — = —-A = 1 

Om sey" 0z4 ( ; 

Example 1. Suppose heat is passing into a body at certain 
points of its surface S, and leaving at other points. It is easy to 
show that the temperature uw at any interior point P of the body 
satisfies the partial differential equation 


aise cAu, 2 


where ¢ is a constant. In many cases a stationary state sets in; 
as much heat leaves an elementary cube described about the 
point P as enters it. In this case the temperature uw is constant, 
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and hence 2=0. Thus u satisfies in such a case Laplace’s 
equation. 

It can be shown that when wu is known on the surface S§ in this 
case, the value of w can be found at any point P within the body ; 
in other words, the solution of 1) is uniquely determined when 
u is given on the boundary 8. 

Any function w satisfying 1) is called a harmonic function. 


Example 2. Suppose a fluid, that is, a liquid or a gas, is in 
motion. At the time ¢, the particle at the point P is moving 
with a certain velocity 1 whose components call u,v, w. Let V 
be the volume of an element of the fluid at the time ¢; at the time 
t+dt, this volume has changed to V+dV. Thus the rate at 
which V is changing is ae it is called the divergence of the 
vector u. It is denoted by fae 


One finds easily that _. A Bow aw 
div 1 =— —- 
Ox oy 02 


(3 


If the fluid is incompressible, as it is sensibly for liquids like water 


div u=0. (4 


In an important class of problems the velocity ut is such that its 
components are the derivatives of some function $(2, y, 2), that is 
ag ’ Uo= ag 5 (4) ap . (5 
0x Oy 02 
We call ¢ the velocity potential. 

If the fluid is incompressible and its velocity has a velocity 
potential ¢, then ¢ satisfies Laplace’s equation 1) as is seen at 
once by putting 5) in 4). 

The surfaces b(2, y,2)= 0 (6 


“i= 


are called equal potential surfaces. 
A curve in space such that the tangent at each point of it 
has the direction of the vector u at that point is called a stream 


lune. 
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These cut the surfaces 6) orthogonally. For the normal at a 
a point of 6) has direction cosines which are proportional to 


OPMNSL OD A IRLAD A 

irs a) AOU sank 102 € 
but these by 5) are proportional to the direction cosines of the 
vector u. 


2. When the particles of the fluid are all moving parallel to a 
plane, which we take as the 2, y plane, we may neglect the com- 
ponent w of the motion since it is 0. Let 


f(@)= U+iV (7 


be an analytic function not necessarily one-valued. Then, as we 
have seen, the Cauchy-Riemann relations hold, or 


au av | av av. 


et t= ; (8 
Ox oy oy Ox 
From these follow that 
2 2 2 2 
US a Ung Nr ara (9 


Ox * ay eee ay? 
Thus U, V satisfy Laplace’s equation for two variables. Let us 
take one of the functions U, V (to fix the ideas, say U) as a veloc- 
ity potential. Then by definition the components of the velocity 
u are 

3 U v= aU. 

da” oy 


The relation 9) shows that divu=0, thus the fluid is incom- 
pressible. 
From 8) we now have 


dU0V , dbUdV : 
Mey ane 


Thus the two families of curves 


U=const , V=const (0 
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cut each other orthogonally. This gives the theorem: 


The two components of an analytic function 7) may be used to 
define two families of curves 10), such that one family represents the 
stream lines of the motion, the other the curves of equal potential. 


3. To illustrate this theorem let us take as analytic function 
f@a=2=2—y +i. ay. 


Then pales OF jo mivenyy a. 


These give rise to two families of equilateral hyperbolas whose 
asymptotes are the lines 


Y= YoY a— 2 and -y=0 ., #=0. 


233. Theorems of Gauss and Green. 1. In studying the solution 
of Laplace’s equation we shall find it extremely useful to use 
some theorems relating 
to surface and volume 
integrals due to Gauss 
and Green. 

Let S be an ordinary Ds 
closed surface. Let us 
effect a rectangular di- 
vision of the yz-plane. 
Each rectangle dydz 
may be used as the base 
of a cylinder which cuts 
out elements of surface 
do', do", do! .-- on S whose normals call n’, n", n!” 

Then as the figure shows 


KY 


z 


dydz = — do! cos (n'x) = do" cos (n"x%)=... 
EG dr = dudydz 


be an element of volume. Let 4 be a vector whose components 


nO (hire : 
are u,v, w. Then if a is one-valued and continuous, 


uv 
ett = f dyae {5 su da = f udyae = fu cos (nx)do. al 
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We get similar relations for =, 2. Thus adding, 
y oz 


du , ov , dw : 
— dr= | divu-d 
[ee - als era, 
= fo cos (nz) + v cos (ny) + w cos (nz))do. (2 


Now the component of the vector u normal to S is 
U, =U cos (nz) + v Cos (Ny) + w COs (Nz). (3 


If 2 denoted the velocity of a fluid, u,@S would denote the amount 
of fluid which passes across the element of surface dS’ per unit of 
time. For this reason we call quite in general 


u,ds’ 
the flux of u across dS. Thus 2) may be written 


yy div udr = i “flux u- do. (4 
S S 


This is Gauss’ theorem. 


2. Let us now deduce Green’s theorems. To this end we con- 
sider the integral taken over a volume bounded by 8, 


BE Neen tee 
T= (Soon! Ta eeieors (5 


where 24, %, %, are simply 2, y, z. We use the subscript notation 
in order to use the 2 sign on account of brevity. 
We have now 
dU0V_ 9 v7? V 


0x; 02; _ 02; } Ox; én? 


Let g be the vector whose three components are Opel Then 5) 
becomes vs 


T= [ div gar — [ Uavar. 
Ss S 


By Gauss’ relation 4) 


fidivear= [fas g do=— | US de 
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if we reckon the normal m inward. Thus 


J=- [UE de — f Uavar, (6 
S 


or interchanging U, V 
=f Vicae— fVAUar. 


Equating these two values of J gives 


{laz- vo ae = [cvau- UAV)dr. (1 


on 


If we set U=1 in 7), we get 


[rae = — faVar. (8 


If we set VU= Vin a it: becomes 


[Se 0-— [VG — [vara (9 


If V is harmonic, that is, if AV = 0, this gives 


Poel p vr as. (10 
S n 


If U and V are both harmonic, T) becomes 


[x ida = { VT edo. ani 


If V is harmonic, the relation 11) gives for U=1 


[opi = (12 


These relations are due to Green. 


234. Potential Expressed in Terms of Boundary Values. 1. Let 

a be a point within the surface 8. The distance from a to any 
point z in S is 
r= V (4 — a)* + (4 — ay)? + (ag — 1g)? 
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Th 
en ua 


ik 


is not continuous in 8. Let us therefore describe a small sphere 
K of radius & about a and let 7’denote the remaining volume, as 
well as the surface bounding this vol- 
ume. The nermals 2 we will reckon 
inward as in the figure. 

From 233, 7) we have, denoting an 
element of surface by do, 


1 
GE 7 Seem - fo aver a 
T\r on Ou Tr 


since AU= 0. 
Let us Suppose V satisfies the relation 
AX] <some @ 5 as 7 0, (2 
s 
Then 


ore 


Hence the integral on the right of 1) converges to 


eo Gf dr=0 ERO 
K 


— [ava Meee al 
Sr 


Let us turn to the integral on the left of 1). We have, taking 
account of the sign of the normals, 


LC maf emf Ye 


Now relative to K, a peleecoma carl waite 


Let now V,, V, be the minimum and maximum of Von K. Then 


4 mi2V, < f, Vio <4 rkVy 
K 


or 


f, Vics Ae 
K 


where V,, is a mean value of Von K. 


FUNCTIONS OF LEGENDRE AND LAPLACE 
Let now k= 0, then V,,= V,, the value of Vata. Thus 


Let us now look at 1aV 
: oO 


515 


Since the first partial derivatives of V are continuous, so is 


OV H 
St ence a 
on Gn | < Some Hon K. 
on 
Thus 
Cw |< cit W=0, askZ0. 
-r on k 


We thus get, the point a being within S, 


yee [(v2 oi_1 Sr )de — foAVar. 
BES At ron 


In case Vis a harmonic function, this gives 


oe a 1 dee LOU ar 
4 or onr ron 


@) 


(4 


2. In the foregoing, the point a was taken inside the surface ; 


let us now take a without S. 


Let & be a sphere of radius K=o. About a as a center let us 
describe a sphere f of radiusk=0. The three surfaces §, S,f 
limit a region 7 whose boundary may be denoted by the same 


letter. 
Let 2 be any point in Z. Then 
eae 
y 


is continuous in Zand we have again 


{[G%-r 2) do = — [ipavar 
7r\r on onr 


516 FUNCTIONS OF A COMPLEX VARIABLE 


Then if we reckon » inward as in Fig. 2 we have 


pose 
+{°( de = f/ AVar. (5 


We have already seen that 


(6 


Hora eean 
tr On 
vy lig t4aV, 
t r 
Let us suppose now that V is such that 2) still holds and that 
also av 
V = 0, and Lars | <some G as R=o. 
n 
Then 
tr aie eda AW n euler 
QT an on r 


Thus 5) gives, the point a beiny without S, 


inVa= [ (V2 ee ao — f <AVar, 
Ss On r aes 37 


where = denotes all space outside of S. 
If V is harmonic, this gives 


4nV,= (verte sie 


On r 


We notice that 4) and 8) are the same in form. 


(8 


235. Outline of a Solution of Laplace’s Equation. The following 
method is applicable to the sphere, the cylinder, and the ellipsoid. 
It depends upon the fact that each of these three surfaces belongs 


to a family of triply orthogonal surfaces, viz. : 


1° Sphere, cone, meridian plane. 


2° Cylinder, meridian plane, plane perpendicular to the axis. 
3° Confocal ellipsoid, hyperboloid of one and two sheets. 


é 
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In passing let us note that the rectangular zyz codrdinates are 
also defined by a system of triply orthogonal surfaces, viz.: 


planes. To solve 
du 4 Ou Oe _ 
x2" ay?” dz2 


0, qd 


by the method we have here in view, we first pass from the rec- 
tangular codrdinates z, y, z to a system of codrdinates determined 
by the triply orthogonal surfaces. 

To illustrate this let us consider the case of the sphere. Here 
the family of surfaces are given by 


e+ y+e2—r2= 0, 
2+ y*— 2 tan?@ = 0, 2 
y—atand=90. 
If we solve these, we get 
A@GyQaVP+ P+ Far, 


MOE Awe te 0 
Z 


Ie; Yue) = arete (8 


Sa, Y, 2) = aretg Y dh. 


- =— 
Giving r, 0, definite values, we can solve 2) for z, y, 2, getting 


z= 9(7,9,6) 5 y=G2(7,9,¢) » 2=9(% 4 $)- 
In the case of the sphere these are 

z2=rsinOcos?d , y=rsindsing , 2=rcosé. 
The new coordinates are polar codrdinates. 


In general the family of orthogonal surfaces corresponding to 
3) may be written 


Si ay=é , Sa(% Ys Zs 5. Se(% Y; Z)= 6. 


To each triplet &, 7, € will correspond one surface in each family. 
Their intersection, taking account of the octant, will be the re- 
quired point. The next step is to take & 7, as new independent 
variables and transform Laplace’s equation 1) to this set of 
variables. For polar codrdinates this has been done already. 
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We saw, 221, 7), that 1) becomes 


aie 2 1 2 (si 9 Su) Tet 2p 4 
Au =o (7 or one “y= 00 Tin? @ og? j ¢ 


Having transformed 1) to the new codrdinates &, n, € we try to 
find solutions of the very special form 


u= FE) EMA), © 


where F, G, H depend respectively on a single variable as indicated. 
With this end in view we set 5) in the transformed Laplace 
equation Aw = 0 and find that it is possible to break it into three 
ordinary linear differential equations of the second order, of the 
type 
a2k dF 
ae —+qF= 9), 6 
and similar equations for 7 and ¢. 
Let F,(&) be a particular solution of 6), while G,(m), H,() 
may denote particular solutions of the equations analogous to 6). 


Then 
u,= F,G,H, (7 
is a solution of Au = 0. 
As we shall see, it is possible to get an infinity of solutions 


Uy 5 Uy 45 Us 


of Au =0 of the type 7). Then 
U = CyUy + Cytlg + Cyllg + + (8 


is found to be a solution and it is possible to determine the con- 
stants ¢ which enter so as to satisfy the given boundary values. 
All this will be made clear in the following. 


236. Solution of Au=0 for the Sphere. AxialSymmetry. 1. Let 
us apply the method outlined in the last article to find a solution 
of Au = 0 for the case that u must assume given values on a sphere 
S of radius , which are the same on all meridians having the 
same axis. This axis we call the axis of symmetry, and we say the 
boundary conditions have axial symmetry. 
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Let us take this axis as the z-axis. Since the boundary values 


are symmetrical, we take wu as independent of ¢. Then oe ap 
: og 
and Laplace’s equation becomes 
Gy Seg 
mC Sei TIC any) at ¢ 
According to the general scheme we now set 
u=F(r)G(0) (2 
where F depends only on 7, and G@ only on 6. We find 1) 
ee Lid oak 1 Led dG 
Mita tE a le a 9 i. 3 
Fa" a @ sn woe do ( 


Here the left side is a function of r alone, the right side is a 
function of @ alone. Suppose then that we determine F’ so that 


1d oe) - ae 
ral 7 io Tila Te G 
and G so that 
ft peagpe dogg 
Pe Pa ey 5 
Bane 5(sin G+ y C 


The corresponding values of F, G put in 2) will obviously 
satisfy 1). © 


2. Let us look at 4). This may be written 
P——+2r——aF=0, (6 
r 


which is a linear homogeneous differential equation and so belongs 
to the class of equations treated in the previous chapter. 

Its only singular point in the finite part of the plane is r=0. 
At this point the indicial equation is 


v4+s—a=0. (7 


Let s be one of its roots. We then set 


Y = 1 (Cy + Cyr + Cyr? + ++). (8 
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Here the c’s are determined by 209, 5), viz.: 
eyf1(8) + fos + 1) =9 
eofa(8) + eyF (8 +1) + ey.fo(8t+ 2)= 0, ete. 


Now in the present case f;, fo:-- are all zero. Thus ¢,, ¢, +++ are 
all zero. Thus 8) reduces to 

y=r. 
Since we are seeking only particular solutions of 1), let us choose 


ain 7) so that its roots are integers. Then if m is one root, the 
other must be —(n+1). Hence 


a=n(n+1). (9 


For this value of a, 6) admits the two integrals 
it 


prt 


r” and 


eras ESA ogee (10 
Both types of solution are useful, as we shall see. 


3. Let us now turn to 5), which becomes on giving a its value 


in 9), and setting 9 
Ei COS0, 


d2 G dG 
Ae 7:2) Op aes =i) )5 
( Te a +n(n+1)G=0 dil 


But this is Legendre’s equation for which 


Pe) +» @n(@) 


form ‘a fundamental system. 


UL Dee), Un = 7 PCOS O)) 


1 m=1,2,--- (12 
Un a P,,(cos 8) 


are solutions of Laplace’s equation Au = 0. 

The boundary values being symmetrical with respect to the z- 
axis, the value of w is known on S when it is known on a meridian. 
Call this value v, it is a function of @. If continuous and having 
only a finite number of oscillations in the interval (0, 7), it can be 
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developed in a series 


V = A + a,P,(cos 0) + a,P,(cos 0) + ++ (138 
where ra 
A, = 2 a i f vP,,(cos 8) sin 0d0 (14 
f 0 


as we saw in 227, 1. . 
Acvording to the general scheme we now set 


U = CU, + CyUy + C3Ug + + 
and try to determine the coefficients ¢ so that u reduces to v when 


the point P =z, y, z is on the sphere S. 
There are two cases. If P is within S, we take 


U=Cy+ “az P,(cos 6) + a(~ a P,(cos 0) ++ (15 
If P is without S, we take 
“u= oat +, (2)'P, cos 0) + ey (2)'P,(o0s 0) +++ (16 
Us 


To determine the c’s we take r= R. Then 15), 16) give, since 
u=v now, 


v = ¢, + ¢,P;(cos 8) + ¢e,P,(cos A) + ++ (1T 


Comparing this with 13), we see that the boundary condition is 


satisfied if we take 
Ch = An 


where a, is given in 14). 


Functions of Laplace 


237. Spherical Harmonics. 1. We have just seen how to solve 
Au = 0 when the values assigned to u on the surface of a sphere 
S are symmetrical with respect to an axis. We wish now to con- 
sider the case that the values assigned to w on S have no such 
symmetry. This general case was considered first by Laplace, 
and the functions he introduced to effect the solution have been 
named after him. We begin by proving a number of theorems. 


2. The equation 2 2 BV 


BIS eas aye ¢! 
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admits as a solution the homogeneous polynomial 
U = La,,2*y!2* (2 
of degreen=i+j+k containing 2n +1 parameters. 
For 2) contains 


(n+ 1)(r+ 2) 
2 


terms. Putting 2) in 1) we get a homogeneous integral rational 
function of degree n — 2 which contains 


n(n — 1) 
2 


terms. As AU must =0 identically, the coefficients of all its 
terms must =0. The number of independent parameters is 
therefore 


Ce ie 


We call such polynomials harmonie polynomials of order n. 


3. We have at once the following theorem : 


There exist 2n+1 linearly independent harmonic polynomials of 
order n. 


As examples of such linearly independent harmonic polynomials, 
we add the following table: 


n = 0| a constant. 
OTA Re 
n = 2) a? — y*, 2 — 23, vy, ye, vz. 
n= 3) 3ey—y?, 32%2—28, 8ya?— 9°, 3 y%2—2, 8222 — 23, 3 22y — 3, wyz., 
4. Let us pass to polar codrdinates, 

w=rsinOcosd¢ , y=rsinO@sind , z2z=rcosé. (3 

Then the harmonic polynomial U of order n becomes 
Ca ye (4 

where Y, is a homogeneous polynomial of degree n in 


sin@Ocos¢ , sin@sind , cosé. (5 
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We call Y, a spherical harmonic of order n, and have the theorem : 


There exist 2n+1 linearly independent spherical harmonics of 
order n. 


If we transform 1) to polar codrdinates 3), we get, as already 


“SE UCL OB el 1A EA La 
dr? or? 06 Asin? 0g? or Or pliant) ii 


If we put 4) in 6), we see that Y, satisfies 


it Geren eta: oa 


oY 
a Gime pana e Cep tne dle (7 


Let us also note in passing that 


aS Tp aig (8 
or 


5. If U, V are two harmonic polynomials or two spherical har- 
monics of orders m+n, then 


i i do (9 
S 


the integration extended over the sphere S. 


Let us first suppose that U, V are polynomials. By Green’s 


relation 233, T) 
{(7e- yao Nae = 0. 
s\ on on 


Using 4) and 8) this gives 
ip (nR™Y,, Y, —mR""Y,, Y,)do = 0, 
J S 


ie is Wi Via 03 (10 


If we multiply this by R”**, it goes over into 9). If we sup- 
pose, on the other hand, that U, V are spherical harmonics, say 
U= Y,,, V= JY,, they may be converted into harmonic polynomials 
by multiplying by r”, 7” respectively. Then we are led to 10) 
again. 
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238. Integral Relations between Y,, and P,,. 
Let [ai oe 


be a harmonic polynomial. Let 
P(p', ¢', 6’) be a point inside the 
sphere S, and Q(p, ¢, 8) a point 
on its surface. Let 


r= Dist.CP, @). 
Then by 234, so 


10V 
4 rh a 
rae Te LM a r on no fe 2 


= cos (p, p’) = cos w= cos 6 cos & + sin 8 sin @! cos (d—¢'). (8 


Then by 222, 4) 1 He (ery 
eae 52 \iPG). 4 
= pm oe C 
Hence die el F) if ! 
— eae —— Ss — Pp 
on 7 fe im ere ( Zi 1)# Pa) 
Also OV 


do = p* sin Od@d¢. 
4aVp=4p'"Y,,(6', $') 


OK oo In 

Sep P 

a, {P meal +1) prt aH) 
oO Nn 

+ mp” ¥a2(2) LC) p*sin Od0dd 

n=0 

= Spr ef +n+1)Y,P,(u)sin 6d6d¢ |. 

n=0 P S J 


These in 1), 2) give 


The right side is a power series in p’. Equating coefficients of 
like powers gives 


Qt - 
if ap [ Y,,(9; 6)P,(#) sin @dO=0 , m#n (5 
0 0 


2 Oa be ¥ 
Yn", g) == TEE [ag [" Vn(8 $)Pa(w)sin O40 (6 
us 0 0 
where yu is given by 3). 
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239. Development of f(0, $) in Terms of Y,,.. Suppose the 
values of a function f are given at all the points 0, ¢ of a sphere 
S. If fis continuous and has only a finite number of oscillations 
along any great circle, it can be proved that f admits a develop- 
ment of the form 


f= YO; 6) + Yi@, $) + ¥2(8, $) + dl 


where the Y,, are spherical harmonics of order m. Moreover 
this series may be integrated termwise. 

Admitting this, we can easily show how to determine the terms 
in 1). Let P(@, ¢) be an arbitrary but fixed point on 9; let 
Q(a, B) be a variable point on 8’; let 


= COS w = Cos @ cos 8 + sin @ sin 8 cos (B— $). (2 


We multiply 1) by P,,(#) sin adadB 


and integrate over S. Then by 238, 5) every term on the right 
will drop out except that with the index n. Thus 


7 7 2n 7 
i a8 { “f- P,-sinade= fi ap f YEP veintade 
0 0 J 0 0 


4 or 
appearence ¢), by 288, 6). (8 


SO, 6) = a ad apf F P,,(cos @) sin ada, (4 


where cos @ is given by 2). 
For later reference we note that 3) gives 


Y, (6, 6) =?att iy "dp f "¢ (a, 8)P,(cos w)ain ada. (5 


Hence 


240. Fundamental System of Harmonics of Order n. 1. We saw 
in 237, 2 that there are 2n + 1 linearly independent spherical har- 
monics of order n. Such a system we call fundamental. We 
show how to form them. 

We saw in 237, 4 that any spherical harmonic Y,, of order n is 
homogeneous in 

sinOcosd , sin@sing , cos#. qd 
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Thus Y,, = 2A,, (sin 6 cos $)?(sin 6 sin f)? cos*-?4 8 
= 2A,,, cos” ¢ sin? p sin?*? 8 cos*-? 4 0. (2 


Now cos? ¢ sin? @ can be expressed as a linear function of sines 
and cosines of the angles 


(p+Q? , (p+q-2)¢ ; 


In fact ai =i if __ p-ib 
cos? oH) sin? co) = (Steves). 
Dy 22 j 


Expanding this gives 
Dp+4 79 cos? sind $ = el PtOo 4 (p- gq epta-20 aes ( as 1)%e-HP +0, 


Hence, when q is even, 
cos? ¢ sin’ 6 = a, cos(p + q)h + 4, cos(p+q—2)P+ ++ 
= 2a, cos (p +4 — 29). 
J 


When q is odd, we get similarly 
cos? ¢ sin’ d = 2b; sin (p+ q—27)¢. 
j 


If we set these in 2), we get 


Y= = C,,7sin® 0 cos*-™ 0 { Sore Lees (3 
: sin (m— 27) 


sin” 6 cos" 6 = sin™-1 O(1 — cos? 8)i cos" 6. 


Now 


This in 8) gives, on setting n — m =k, 


Y,= 2 j #,cos kp + G, sin kd }, (4 
where F,=L,sin'9 , G,=M,sin'd (5 


and L,, M, are polynomials in cos @. 
Now we saw in 287, 7) that Y, satisfies 


Cid Aen | OY cot 9 9E 
062 sin? @ ee 


+n(n+1)¥=0. (6 
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Putting 3) in 6), we get 


Pr 4) ae aF, 
> { sin? é qe + sin 8 cos fee a [n(n + 1) sin? 6 — k?] F,} cos kb 
+ > ane expression in G,}sin kd = 0. 
n=0 


This relation holding for any ¢ requires that /,, G, are solu- 
tions of 


. ie ee d : ‘ 
ape: Bena Oe sas 2 ON ra 
sin’? [pa + sin cos 07+ {n(n+1)sin?0— kt y=0. 
If now we set yste stLne 


we get by 5) the equation that L,, M, satisfy, viz.: 


sin? 92 oat 2k + 1)sin 8 cos 8 St 
+ jn(n+1)—k(k+1)}sin?é-u=0. 
If we set 
x= cos 0, 


this becomes 


du du . 
fe) ee 5 y= = =0. 
‘i ) aa (k+ Jest inkn + 1) k(k+1)iju=0. (7 


This is closely related to Legendre’s equation 


dv 
1 — 27) — —-22— 
(1-22) T3222 
For if we differentiate x k times, we get 7). 


Thus one solution of 7) is 


+n(n+1)v=0. (8 


d® P(t) pw 
ar ie fiend are (é 
Since now every solution of 7) is the Ath derivative of a solution 
of 8), it follows that Z,, VM, are. 

But Z, M are polynomials in z. Now we have seen that 8) 
admits no solution besides cP,,(x), which is a polynomial. Hence 
L,, Mi, are aside from constant factors the function given in 9). 
Thus by 5), #,, G, have the form 


k 
sin' 0P® (cos 0) =(1 — 2)? P® (x) = Py, (2). (10 


They are called associated Legendrian Functions. 
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Thus we have: 

Py = V1I-@. 

Po =s82Vi=e , P,,=30 — 2), 

Pi, =362-DV1-# , P,,=15ced— 2), 
P,,=16A-—2®)vi-#. 


2. Returning now to 4) we see that Y, has the form 
V,= © fap, ,Py, (608 9) sin kp + bp, . Po, .(cos 8) cos kb}. (11 
k=0 


Since sinkg=0 for k=0, Y, is the sum of 27+1 terms of the 
by pe sink¢P,,,(cosA) , coskpP,,,(cos@). (12 


It is easy to show that the functions 12) are homogeneous in the 
quantities 1) of degree n. To do this we reverse the process 
used in 1. Thus each of the 2n+1 terms 12) which enter 11) 
being homogeneous and also satisfying 6), is by definition a 
spherical harmonic. 

Since any spherical harmonic Y,, of order m can be expressed 
linearly in terms of the 2n+1 harmonics 12), these latter form 
a fundamental system of order n. 

We have thus the theorem: 


The 2n +1 harmonies 
Pr(cos 0) , (13 
cospP,,(cos@) , cos2¢P,(cosP) , ++. cosnpP,, ,(cos 0), 
sin dP,,:(cos) , sin2¢P, (cos) , +++ sinndP,, ,(cos 0), 
form a fundamental system of order n. 


241. Integral Relations between P,, ,, P,,. We now prove the 
important relations 


[ Pot@) Palade = 0 MEN el 
-1 

1 _ (+k)! 2 
Jf Pin@de= ED « 
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To this end we consider 


1 
T= PP AB 
-1 
ae Ge uP, Pea 
dx* 
To fix the ideas suppose n >m. We integrate by parts, using 


the formula i 
iii udv = [wv]1, — f odu. 
= == 


We take pee qd jx a2)k PW , v= PAY: 
Then [uw]! =0 


and hence 2] d 
yee | Pe-v £ 4 — 22)'PWde. 
. =" dz 


Repeating this process # times gives 


Sas 3 
J=(-—1)' rae as (1 — a?)*P®dz 


= 21) f yal aie (3 
=i 


where F,,, is a polynomial of degree m. 
Thus when n> m, J=0 by 225, 2), which gives 1). Suppose 
n=m. We have from 222, 5) 


Poem la 


ee a Ma ik 
BRC PO yas And)... (nk 4+ )1) 2°? +++ 
one (1 — 2) = (— 1)te*4 


Hence 
G4, = P®(@) A — 22)* =(— 1) An(n — 1) (n —k + Dot oe 
k e P 
F,= 5 Gy = (—1) An(n —1)--(n-k 4+ Dn +h)(nt k-1) 
--(n+1)a" + + 


z(m+k)! an + 
AS SBC EEE Sy ay inane 
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Now F, is a polynomial of degree n; it can therefore by 227 be 
expressed in terms of Py, P,;---P,. We get 


ie = pyr@ath P, + AP. + AsP,-2 + = 


(n—k)! 
Thus 3) becomes 
) _™+h)! GD Prde, 
~ (n— hy! 


since each of the other terms = 0 by 225,1). If we now use 
225, 5), we get 2) at once. 


242. Development of f(8, $) in Terms of P,,. In 239 we saw 
that when f(0, ) is a one-valued continuous function of 0, ¢ 
having but a finite number of oscillations along any great circle, it 
could be developed in a series of spherical harmonics 


SO, $) = vee iste) a ee ce! 


But. in 240, 10) we saw that each Y, is a linear combination of 
certain fundamental harmonics. Thus 


FO, d)=% BiAucoskp + Bysink$}Py(z), (2 


where 
x= cos @. 


To determine the A’s and B’s we note that 
feos mo sinnddd = 0, always 
0 


Qar 
f cos mp cos nddd = 0, m#N, 


0 
2 On 2a ar 

i costngdp =m, cos nddd = 0 af sinnddd = 0,n>0. 
0 0 0 

Let us multiply 1) by d¢ and integrate, we get 


2a © 
f flip Doms ASD Coy. 
0 n=0 
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This we multiply by P,,dx and integrate, getting 


1 2r 1 
i de fe FP db=2nsA,| PoP de 
-1 0 v4 -1 


“5 4a@ 
es 2n+1 


since all the terms on the right =0 except when m=n. Hence 


Qa 7. 
Ay = 28+? ag “FP, sin ade SEO ahs AC 
41 2/0 0 


Let us now multiply 1) by cos k¢d¢, k > 0, and integrate, we 

get oa teh 
if: Ff cos kpdd = tI AP y,- 
0 n=0 
We now-multiply this by P,,dz and integrate. We get, using 
241, 1), 2), | 
1 om aa Care) by 
f= E Ff cos ko Pd = STR REP! 

Thus 


2 1l(n—k)! ("7 " 
A,, = se aes P apf FS cos kBP,,,(cos «) sin ada. (4 


Similarly we get 


2 l(n—k 7 zs. 
Bu = a ea wt ak ap [ JS sin kBP,,,(cos «) sin ada, (5 


There are no coefficients B,, since the factor sink ¢ = 0 for k= 0. 
Putting in these values of the A’s and B’s in Y, we get 


Yam fae ( SomePra(vos FS ODS m8) 


(n+k)! 
ae. ko cos ie 42 sin kp sin kB{P,,(cos «) sin adB, 


=1 when £>0. 
Thus we have 


Y= {def "> ee 


A +k)! ae +1 F(a B)P4,(cos «)Py,(cos 8) 


cos k(¢— B) sin adB. (6 
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243. Expression of P,(cosw) in Terms of P,, P,,- Let 
Pw B) , QO $) 
be two points on a sphere whose center is 0. If is the angle 
between OP, OQ we have 
cos @ = cos «@ cos 8+ sin « sin @ cos (B — ). 


Now in 239, 5) we saw 


(5 T 2r 
WAC) Oe antl i sin ede | hfs BYP Ccomn ya. 
e 0 


If we compare this with 242, 6) we get 
P,,(cos ) = P,(cos «)P,,(cos @) 
25: =")! p. (cos «) Pu (cos 8) cos k( 8 — 1 
+ > (oy nk( COS &)P,,(cos @)cosk(B—¢). ( 
244. Solution of Dirichlet’s Problem for the Sphere. 1. This 
problem is to find a solution V of Laplace’s equation AV=0 
which takes on assigned values f/(@, @) on a sphere S of radius R. 
If the point P is in S, we set 


r TaN 
V=¥,+¥, 54 ¥,(4) EAU eee: a 
Each term is a solution of AV=0 and hence 1) is. For r= R it 
reduces to 77 — Y, + Y, Yerkes (2 


Thus V, must =f (0, $) if.1) is to satisfy the boundary conditions. 
Thus the coefficients Y, Y,--- in 1) are the terms of the develop- 
ment of f(@, @) given in 242, 6). 

If the point P is outside S, we set 


2 ; 
Va=Y,+Y2+ Y,(*) i Spek (3 
and reason as before. 


2. By the above we have solved the problems: 

1° Determine the temperature at any point in a sphere S which is 
in a stationary state, the temperature being given on the surface of 9. 

2° Determine the potential for any point outside a sphere S, 
knowing its value on the surface of S. 

3° Determine the motion of an incompressible fluid having a 
velocity potential V, knowing V on the surface of S. 


CHAPTER XV 
BESSEL AND LAME FUNCTIONS 
Bessel Functions 


245. The Integrals of Bessel’s Equation. 1. This equation was 
studied in Chapter XIII; it is 


ee ea get m)y = 0. qd 


When 2 is not an integer, we saw in 211 that 1) has two linearly 
independent integrals 


th, (- 1) x“ mt+2n 
In(@) = 2 II(n)11(m + n) (5) G 
and Es 2n— 
(-— A Dp a nm—m 
T-n(a)= & IL (mI (nm — ae) v 


The first converges for every x, the second for every 7 #0. 
In the applications m is usually an integer. For m=0, 1, we 


have - 
a af 
WO=1l— 7 oto gp wnat & 
x og x a 
1@)=5-mqto.e.g o..ereet © 


The function defined by the series 2) is called a Bessel’s function 
of order m. 


2. When m is an integer, we have 


Tn(@) =(— 1d _-m(@): (6 
For & being an integer or 0, 
1 
Hone 
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Hence the first m terms in 3) vanish. Let us therefore change 
the index of summation in 3), setting y=n—m. Then 3) becomes 


© (je Bye a\ 2v+m 
= (— 1)"J,,(@). 


3. Since 2) is a power series, we may differentiate it termwise, 
which gives 


(—1)"(m+ 2n) ae 
Ji(2) = 2 SSS Ew eli Mer 7 
4. When z is complex, 
x=r(cos@+ isin @), (8 
we may write eo 
Tye (5) Gn(2). 
Now n 2n 
(5) = (5) (cos 28 +7sin 2n8). 
Thus 
; = = Deco ne (2) ( anes \r 
In(®) 2 GOT +n) 2 > iresrce: n)\2 ¢ 


When m is real, this enables us to write J,,(x) in the form 


I n(@) = Un +tVny 


where U, V are real. 


5. From 2), 3) we have 


ae: 

J,(2) =\/-sin 2, 
{@) V— sin 2 (10 
T_(2) =y= COs 2. ar 


246. Relations between the J,, and the J,. 1. The following re- 
cursion relation exists between three consecutive Bessel’s Func- 
tions, 


Insi(@) ==2I,(2) — Iya). a 
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For 
gistn-l 
pene Pia 0 A a 
ae oe a 1c =e > Sag ) SET ey Lc —1+8) EG 
bd 2s+n—1 
pS ey cies Tek 
+1 > ¢ ) Viet mad EG) = 1m +8) G 
Hence a 
Fe AAT vested ee oe 
n—1 n+l — rT] (n e. 1) 
-1 sdesens 1 
i ee Se ee ae eee 
Ge SS Qntee-t = GinoS aa Il(s —1) (n+ tl 
yn ES gstn—l 
————S — if 7 ———————— 
27 II(m — 1) ee 2 (s)) 2"*2s-l1T(8) II (1 + 8) 
n gst 
eee hd ea NY 
ro ) 2e+2s-l TT (8) II (nm + 8) 
Qn 
a ay 8 ; 
2 I(x) 
2. We show next that 
212) =Jys() — Ing (2). (4 


For subtracting 3) from es gives 


J, 


n-1 


gstn— 1 y} 8 
ws 5 Glee lat tee 
oe Sean -(m — 1) * > > ) Sere grt IT (s)II(n + 8) 


s=1 


*, id “5 . (n + Be POY racaii 
ri > i) Qn+2-1TT (8) II (m + 8) 


Ti (2)- 
3. From 4) we get, on replacing J,,,, by its value given by 1), 
Ti@) = —"I,@) +I, -1(@). (5 


From 1) we also get 
Ti(a) = 7 I(2) — Ine (2): 6 
4 0 
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4. From 245, 7) we have 
Jy(@) =— A). (7 


d 
FL) = nx rT, + 2S ny 
zx 


5. We have also 


or using 5), 
g°) <. y= ee (8 
x 


6. By means of 1) and 245, 10), 11) we have the theorem: 


When n is a positive or negative odd integer, J,(x) can be ex- 
pressed in terms of the elementary functions. 


Thus in particular the recursion formula 1) gives 


Tee. ee a 


247. Integral Relations. 1. As a first such relation let us prove 


[ade = 2zJ,(2£). ¢! 
0 
For n= 0 Bessel’s equation becomes 
dy , dy 
ar ae de +zy=0. 


This is satisfied by J); it therefore gives 


d 

5 (2s) + 2I, = 0. 

Integrating this gives 

ad) (x) +f rd dz =0. 
0 


Using 246, 7), this goes over into 1). 
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2. To get other relations let us set in Bessel’s equation 


d? d 
Bee SY + (22 — my = 0. re} 
b= /2-y(on). 
It becomes Bey gets.) F 
di ey mags ( 
aa u=VaxJ,(or) , v=V2d,(Br) (4 


are solutions of equations of the form 


du 
da STE hae 
d*v 
From 5) we have 
au = 
vF a Ta = (h— ghue c 


On the other hand the left side of 6) 


da\ dx da 
Thus 6) gives 
ve ue = fh —ghuvde + C. (7 
da dx 


Substituting 4) in 7) gives 
(Ba) "2,(ux)I(Bx az 
= 2}aI,( Bx) Tia) — BI,(ur)J(B2)}. (8 
If we use 246, 6), we get from 8) 
Bt ab) f “nT usr) T 4(Bx)dx 
= 2} BI,(ax)Ty,(Br) — aF,(Be)T qa). (9 
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Let us differentiate 8) with respect to 8 and then set B=a. 
We get 


2 a J “nT? (ce) dee 
; =riard'!?(ax) —J,(ar)J} (ax) — ard ,(ax) Th (ar) }. (10 
Expressing J!! (ax) by means of 1) this gives 
x Lae ( P n2 
i oT2arde == | JP(aa) + @ = ar) Tau) |. (1 


Using 246, 6, this gives 


af “xI3(ax)dx = | T3(ax) + T2.s(aar)} —™ Tar) Tuy Car). 12 
0 

Similarly if we differentiate 9) with respect to 8 and then set 
B=« we get 


2 a [“rJiax)de == ed, (OD), 4 (0) 
: + aa? $F, (ar) I),, Car) — Fi(ax)Tyi,(ac)}. (18 


248. The Roots of J,,(x), m Real. 1. In many of the applications 
it is important to know that J,,(@) has an infinite number of real 
roots. Let us consider the general question of the nature of the 
roots of J,,(z). 

The roots of J,,(x) =9 are all real when m is real. For suppose 
J,,= 90 forzx=a+ib,b6+0. Then the series 


Fig al < (—1)" a i 
() G PEG +n) \2 ( 
would give Aas Re 0 

whence A= 0 SPO: 


This shows that then the conjugate number 2/ = a — i} must be 
aroot. Let us therefore suppose that 


e=a+ib , B=a—ib 
are two roots of J,,. Then 
a — B= 4 2ab. 
J,,(at) =P+40.., oJ,(8¢) =P —71Q. 
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These in 247, 9 give 
~ 4 tad if ‘2(P2+ Q)dz =0 (2 
e/0 
ee J,(a)=0 , J,(@)=0. 


But the integrand in 2) is_positive. Hence the left side cannot 
vanish unless a or b = 0. 
Suppose a = 0, so that a=7), b>0 is purely imaginary. Then 


1) becomes B\n 1 bya 
TaD) = (3) 2 reat ta (2) 


_ (i, 
=< 5) Jm 
Here j,, is a series all of whose terms are positive. It cannot 


vanish. As 6>0, J, does not vanish. Thus J, has only real 
roots. 


2. The development 1) shows that: 
J,(0)=0 , whenm>0. 
It also shows that: 


Ifz=a>0 is a root, 301s x= —a a root. 


3. No two consecutive functions J,(x), Imi(x) have a root in 
common, aside from x = 0. 


For if « were such a root, 247, 9) gives 
1 
i BJ aay da Ae ide = 0. 
70 


In this relation let 8 =a; we get 


i Cee 0 


0 
This is impossible as the integrand is > 0 for 2> 0. 


4, The roots of J,,(x) are all simple, aside from x= 0. 
For consider . f (2) = 0S (2). 


This does not vanish for #0, unless J,, = 0. 
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But from 246, 8), he (2) = al ed @). 


As Jm Jn; have no root #0 in common, f’(z) does not van- 
ish for any non-zero root of J,,. 


5. Jm(x) has an infinity of roots. 


For we have seen in 247, 2 that 


u=V 2d, (2) 
satisfies 
du 
Oe = 0, 
de + gu 
where Be ces 
ar do 


The index m being fixed, let us take & > 0 so that 
J g< ior = €. 


The equation @ 
v 
-+r=0 
da* 
admits Hee 


asa solution. Then by 247, 2 
8 
| oa - uefa f (1— 9g) ude. 


If we take a=2nr , B=(2n+1)7z, 


we get 


u(B)-+u(w)=— f° —g)uode. (3 


Suppose now w is positive in the interval %=(«, 8). Then the 
left side is positive and the right side is negative, since 1—g>0 
in any case, and v is positive except at the end points of Y%. Thus 
the two sides of 3) have opposite signs, which is a contradiction. 

Similarly, if w is negative in %, we are led to a contradic- 
tion. Thus uw must vanish at least once in %. Hence in any 
interval (a, 6) of length 7, J,,(x) vanishes at least once, pro- 
vided a>. 
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249. Bessel Functions as Loop Integrals. We have seen that 
Bessel’s equation 


Py 2 
od + ook Z4 (2 m)y = 0 ral 


admits J,,asasolution. As J,, has the form 


‘ Jae (as + ayx+ eee »)s 
let us set 
inl). We get 


y= uu 


du 


2 nS =(. 2, 
eat m+1)—+ 2u ( 


This is a cae case of a class of ae 


(ay+ bye) a+ (a, + bx) ey = Go ig (a, + 6,0)u = 0, (3 


whose integral may be expressed in the form 


U = [erode (4 


Let us suppose » = 2 in 3) and let us change the independent 


variable z by setting : tes 
eo = tet boa 


If we make this substitution in 3) and then drop the prime from 
x', we get an equation of the form 


a? 
v OS + (at ba) + (c+ dx)u = 0. (5 
Comparing 5) with Bessel’s equation 2), we see that 

@a=2m+1 , 6=0 , e=0 , d=l. (6 


If we divide through by 2, the equation 5) becomes 


a+ (24+ 0)GE+ (+ a)u = 0. (7 
x 


x dz 


Here the coefficients have poles of order 1 at x=0. Hence the 
integrals are regular at this point. 
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Let us now consider the pointa=o. If we set 


1 
L=-, 
Zz 
we ee FER DNG ae aN 
gee hie = (i), 8 
oat | Zz eta a C 


As the coefficient of an can have a pole of order at most 1, and 
2 
the coefficient of wu, a pole of order at most 2 when a = oo is reg- 
ular, we see this point is an irregular point of 5). 
Bessel’s equation 2) becomes, on setting 6) in 8), 


du _2m—A1du , La 
dz? 2 de z# 


= 0. (9 


2. Suppose we try to satisfy 5) by a power series of the form 


lisp Ue 
= lay AS ane RG Fe eeae ik 
U w {hy + 3+ 4 (10 
which shall be valid about z=0oo. We shall find it possible to 
determine the coefficients hy, A, --- so that 5) is formally satisfied, 
but we shall find that 10) is divergent. 
To illustrate this let us consider the equation 2) for m=0 which 


is satisfied by J)(z). 


If we set = 
y= eu, 
it becomes ‘ 
du 1 \du. 2 
—— pee 6) eel Sey 
alee i) eu Ce 


Comparing this with 7), we see that 
@Q=1l , G=]=27 3 ¢=t ,ad=0: 


If we put 10) in 11), we find 


SS 
=o 


d 
aF Shoe Ce he 
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The ratio of two successive terms in the adjoint of 10) is 


h ln 1\2 
io) Se = a NS on, 
aa _) - 


hy 
The series 10) diverges therefore for every z. 


Ix 


3. Returning-now to 5), let us try to determine w and Z in 4) 
so that the resulting integral satisfies 5). Putting 4) in 5), we 


get 
iL e*Fdz + f dG =0, (12 
L 


where A 
B= (aes 0 — we ber a); (13 

Z 
G = e* (22+ bz+d)w. (14 


Thus if we determine w so that # = 0 and choose Z so that G 
takes on the same value at the beginning and end of JZ, the inte- 
gral 4) will be a solution of 5). 

Let us write 13) d 
2 (pw) = qu. 


Then d 
ae? _ 9 
pw P 
Hence a 
log po = [ L dz, 
i P 

o wate 

P 


Let us now decompose 2 into partial fractions. We have 
Ne 


UP az+e 2x Xr An, pb 
p @+tle+d z-a 2-8 


where «, 8 are the roots of p= 0, which we will suppose unequal. 
Thus we may take 


w =; (2—«a)*(z— B)* =(e—«)**(2—B)*"- (15 


This in 14) gives @ _ e+(2 — a)(2— B)*. (16 
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As a path of integration Z we may take a double loop about 
a, 8 as in 220. 
Hence, remembering that 


peat eee 
1 pied 1! ie Or - 
we get from 4 
: ) Uap = | e*(2 — a) (2 —B)*Idz Chu 
L 


foo} a” e 
— erties n = (ae te Hl dg 
Dal ee- Oey 


4. For Bessel’s equation 5), 6) 
p=2+1=0 givesa=i , B=—%, 


q= (2 m+ 1)z. 
Hence _4Qm4+) 1(2m +1) 
a ; 
Z2—t 2+ 
which gives ee eed 
Thus 4), 17) become 
tog = ee ae, 1)"-4dz (18 
= > i (2 +1)”"2dz. (19 
n= 
ae L = Uke, 
where J, & are loops about z= 7, z = — 17. 


When z describes a small circle about 2 =7, the end value of 
Z, = 2"(22 + 1)"-4 =2%(2-H™ I 4i)"™4 
é em BZ _ _ trim, = — nf, 


Thus 
ifs =ftafsnf taf (20 
But obviously 
(ad age 
i 1-1 ah 


since the integrand has the same values, while the direction of 
integration is reversed in / and J-}, etc. 
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Thus 20) can be written 


[ae=a — nyt f Zaae — [ Z,ae}. (21 


Now when n is odd, 
a bee ree 


when n is even, 


Thus 


if fate =0 , nodd, 
L 
=20—n) [ Z,de » meven. 
] l 


To compute the integrals we set 
Z= ty2. 


Then the loop J will go over into a loop j about y=1, and 


2 | Zz =(—1)% [ y* 4 — y)™}ady. 
1 Ji 


Now 1 a ae : 
f=f = fo=a+n fy td— ye lay 
j 0 1 0 
=(1+7)Bn+4, m+). 


Thus finally 19) gives 
Uap= (1+ e?™)2D CS) Cm + 


—1)" ay 
22 
D> CER TC EE SENG ( 
=t(1+ e722) (m+ 3) - a ae (23 
a” 
by 245, 2). 
Thus 2"u,, aside from a constant factor is nothing but J,,(@). 
250. Other Loop Integrals for x>0. 1. A second path of inte- 
gration Z for which the function ° 
G = e*(2—«)*(2— B)", @! 


considered in 249, 16) takes on the same value at the beginning 
and end is indicated in Fig. 1. We will denote them by A and B; 
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both are parallel to the real axis and <—B 
pass about the points a, 8 respectively. D8 
On A for example the real and imagi- 


nary parts of — _ “ 
amen SE eas 
are such that |v| << some 7 while uw comes 
from —oo, moves up to «, and recedes again to —o0. 
If we set 


Fia. 1. 


2—-a=re® , 2z—8=8e', 
we have Gl = 0 pAgu pi(zotrd+ng) 
Thus : : 

|G f= e764 = 0 as a = — "oo, 


and G takes on the same value at the beginning and end of A or B. 


2. Let us now consider the integral 
Ua = ferude= [ ote —a)1(z — B)ldz (2 
is A 


where w is given by 249, 15). Similar results hold for the other 
integral u, for the loop B. 
Setting Line Ty Aye che) 


2) becomes 
us ferry + aye dy GB 
e/ MW 


where 2% is the new path. 
As y approaches indefinitely near 0 fora part of 4, call it f,, we 
have 


cult G 
mew (ytayu= on a “ 
a 
i) —1-p—2y? 
Spel pee eke may? 
o = ig GG 1-2 ee 

= Ee" e 

where w—1l-p—2.-pw—n 
Ce ee (6 
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For the other part of Y, call it %,, the relation 4) does not hold, 
and we write 5) 


Gay = Coe eye a e,y" i. (7 
This in 8) gives 
U.= eo > cn f ery dy + er [ euRay (8 
a JU 
=e(U+V). 


et no 
We set now a oe 


in the J integral. Then %& goes over into a ~g ——> 


loop % as in Fig. 2. Fic. 2. 
We get now 
=(— 1 = (lyre on femme © 
x 


But, as we have seen in 149, 2), 


i epg = (em DTA +2) (10 
x 


where by 144, 8) 
LOPE y=NO ke ee A — 1). (11 
This in 10) gives 
T=(-1ye(em—1)E(-1I)TAtn)age (2 
= 2 $ 
where gy =(—1)Xe"*—1) fgPQ)—eFat)-+ 
+eTQ+2)-5- veoh (13 


251. Relation between u,, and u,, us. We have now found three 
integrals of our differential equation 


oO + (at be) +(0+ dru =0, ! 


viz. : ae = [ “@ — aye — Byede (2 
L 
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of 249, 17), and 

Uy = fee —a)"(2— B)""dz, (3 
V/A 


ug = ff e(2 — a)"(e — ByHIde (4 


of 250, 2). 
Since 1) is of the second order, a linear relation exists between 


them. Here the path of integral Z in 2) may be taken 
DX ABAB ® 


Since (¢—«)* is multiplied by the factor e? after describing 
the loop A, and a similar result holds for B, we have 


Uap = alee | aes fet | (6 
Jl JA B V/a-i Bae 
Since ; 
j = 
AA} 
we have 
{te ava = 0, 
A -e Jil 
or i Sean [- 
“ee e/ A 
Similarly 
ue =— sed 
Bo} B 


Thus 5) gives 2 
Wap = ad —_ oonk a= a = ete) f 
A B 


= (1 — e’)y,— 1 — e?")ug, (6 
and this is the relation sought. 


252. Asymptotic Solutions. 1. We show now that the solution 
u, admits the asymptotic development 


ue “2 ~f$ , wxreal and =+o0. q_ 


Referring to 250, 8), 12) we have 
OP awe OS 8) YS (2 
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Thus 1) holds if Hen Be wiceun re 
r+ 
where by 250, 8) 
V= He evvy" Rdy. (4 

The path of integration & we = 
take as follows.” About y=0 we Cha eS 
describe a circle c of radius y. Let ps i, 
a=(—o, —v) asin Fig.l. Then Fia. 1. : 


Waa C0. 


Hence 3 3 
v= | aR fees (5 
Wiki, “Ae «ie 


and ° 
ig tol Le aia Da tam f = A+ B+ C. (6 
a c a 


We show that A, B, Call =0asxz=+ 00. 


2. We consider first A. From 250, 7) we have 
Re= (yt aye *—(egt ey t+ ++ + ey"). 


Hence s 
A a ae AC Bi a)¥ ery dy ae > cans enyhtdy 
a k=0 a 


= A, — : c, Ay. 
k=0 
We show now that A), A,,---A,=0 as z= +o, beginning with A). 
For complex z = re” we have 


log z= log r+ 70 + 2 mri. 


Thus for large values of y on the path of integration, 


|log y|=log|y| , nearly. 


But from the calculus, 1 
lim -28 2 = 0, 
Z=+0 x 


Thus for |y| >some Y, 
|logy}<ly| » [logca+y)|<Iyl- 
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Hence for some 7 > 0, 
|log y* "Cy +ayet| <nyl- 


Thus lyw+tayt}<e™ , y<some y% < 0. 


Hence = 
eke lcee men f eve idy=0 5 asa= +0. 


—7 


We now show that A,=0. Changing the variable by setting 


ry = — ft, 


we have reels 
A, — (— acca e7 *tattAdt 
e/ yt 


=0 , asxv=4+o. 


3. Having shown that A= 0, zt ts easy to see that C=0 also. 
For @C differs from A only in two respects. The path of inte- 
gration is reversed and the integrand has another value at y= 
— ry, due to the fact that y has described the circle c. After this 
circuit y*"' is multiplied by the factor e*, while (y+a)*? is 
multiplied by e’. Thus the C integral behaves essentially as 
the A integral, and we see at once that 

limsd’=0: 


@L=+00 


4. We show now that B=0. We have 
B — oe [omy Rady 
Cc 


where F#, is the remainder of the series iene 


(yt ay =e toy + ey? t - 
beginning with the exponent s+ 1. 
If we set zy = — t, we get 


B=(- Lyte [een (T os 


where € is the circle corresponding to ¢ 
in Bigs 1. Fic. 2. 


a 
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As the singular point of R, is t= az which lies t=o t=xy 
outside of ©, we can replace € by the loop & in g 
Fig. 3. This loop is made up of a segment 7 and Fic. 3. 


two small circles about the points t=0, t=ay. Thus B will be 
the sum of three integrals 


B= B+ B+ B,, (8 


corresponding to these three parts of &. 

Since the integrand in 7) is one-valued about t = xy, the inte- 
gral B,, = 9. 

The integral B,=0 also. For 


= +1 +2 
R, = yy" + Cs2y° emacs 


=e, =e eae of (9 
eH | st+1 oh 


Thus &, = 0 as the radius of the circle about ¢ = 0 converges to 0. 
On the other hand, the reasoning often employed shows that 


B,=(—1)*- 2(e"* — 1) feet 
Ll 
To estimate the numerical value of #, we use 112, 3). Here 
a=, =e ery ee ta | oz 


Thus G denoting a sufficiently large constant, 


G: Y s+1 il H 
| & | 
Hence | 
bine @eeean Hf olde, (10 
x 1 


taking the real positive value of the integrand. 
Let now x=+o. Then the integral in 10) converges to 
T'(A), and hence B,= 0. Thus 
lim B= 0. 
T=+0 
We have now shown that each term of 8) is 0 or =0. Hence 
B=0 as asserted. Thus the proof of 1) is finished. 
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253. Asymptotic Development of J,,(x). 1. Let us apply the re- 
sults of the last articles to the equation 249, 2) which results from 
Bessel’s equation 249, 1) on setting 


=z™U. 
As in 249, 4 - 
@=t , B=—t , A=p=em+)i , a=a—B=21, 
The coefficients ¢ are given by 


(yta)*t =e) + ey + gy? + + 


=(y+ 2%)" t= i{14 x p=m—5 


er [i+ Qe Oke} 
Thus 


9 eee See 2r+ 1) om- ar} mrs 
1.2. ; 


Substituting in 250, re and 252, 1), we get 


age ~ he FDA + erm Dm + 4) D, qd 
where 
1)s 4m?—1 4m?—9 4m?—(28—-1)? 1 
pee: | Am = (2s— 1? 1, 
> 2°48 4 4 4 3? — 


In a similar manner we have for the integral ug = w_; 


Be) ately 
Ujere 2~ 2™ Fez" 2/1 + em) Dm 4+ 2)£, (8 
where 
1 4m?—1 4m?—-9 4m?—(28—-1)? 1 
H=1 Ge 606 we 
as 4 4 2 as C 


2. Another integral of Bessel’s equation is 7”w,. as given in 
249, 23). Now in 251 we have expressed u,, in terms of u,, ug. 
Thus the asymptotic expressions 1), 3) just found enable us to 
express J,,(x) asymptotically. In fact 251, 6) gives here 


Uap = (1 + e"™) (Cu; — U4). 
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Hence if we take only the first terms in D, F of 2), 4), we have 


1 7 1 ° 1 
Jn(@)~ ———— { p:(2-F(m-5)) __ ,-#(2-3(m-3)) 
is aehT@) te s 


or, since 14 =Wm by 144, 15), 
iia ew -2( 1 
Jn(£) cos eae +5)}- (5 


254. An Expansion in a Series of Bessel Functions. Let us show 
that 


u—u-l co 


ev 2 = Yur, (2) a 
for any z and foru#0. For 
Pe ee | 
Cane =e2 e 2u 
( nb 1 ae { g sed 
=414— Stich 10 Pl heroes ae ae eee 
ee oa teste 


Now for any a, and for any u+0, the series in the braces are 
absolutely convergent. Their product may therefore be written 
in the form 


21 
Talat 1 /x\3 il; w\> 
me 15 - alg) ane ni (3) Ee | 


ee 

a ee co Nag ee tien” ket 
HE hal ae | oe ee a 
ie ln. Sone 


= Ta) + ula) + W(x) + 


_ FQ) , Tye) _ 
U u 
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255. J,(x) expressed as an Integral. 1. Let us show that 


J,(« vere ke cos (x cos g) sin” ddh Ci 
(2) = me we ats 5) 
where n is a positive number. 
F 
= cos w=}, (— Bs ae 
Hence 
cos (xcos f) = > ae cos” 
Thus 


cos (x cos @) sin” Y* 7% cos” ¢ sin” $. 


As this series converges steadily in the interval (0, 7) for any 
value of z, we may integrate termwise, getting 


fa in2n 1 s a2s app 2n 
i cos (x cos ¢)sin” ddd = > e ae bs cos* ¢ sin” ddd 


= » Ce Sie Gaal =a eT) , by 141, 7) 
; ! 


(28) 2 2 
(tree *) 
SCD ape 2 ee 
> (28)! REG ea ae es Yteet os 
But . 
r(=tt*)- vale 2 8 Ve , by 144, 16). 


Thus the last series above 


| eit (—1)71-3-5-.(2e—1) ,., 
vat (5 =p (aay Pin + 8) is 


Thus 2 < 
+a 
Valin + aie cos (x cos $) sin*ddd 


(- 1 )8a?st 
=>. \Drstng | (n+ a J (2). 
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2. Another integral expression is 
ieee f “cos(mp — x sin $)dd, 
Te/0 


where m is a positive integer. 
For from 254, 1) setting w= e%, 


exiting _ Somid J, (x) 
= Jy(x) + 2¥ cos 2 mb Tn (2) 
i 
+ 213 sin (Qm—1)bJym_1(2). 
il 


Since e*sind — cos(x sin d) +7 sin (xsin d), 


we have cog (xsinp)=J,(x) + 2 s cos 2 md Son a), 
sin (asin d) =2 ~ sin (2 m —1)fdJom_)(@). 
Let us multiply 3) by cos 2 md and integrate, then 
[eos 2m cos (x sind) = Td m(L), 
0 
since all the other terms = 0, by virtue of the relation 
[eos mxzcosnadx=0 , m#n 
nc Baye? 
2 
If we muitiply 3) by cos(2m + 1)¢ and integrate, we get 
[eos (2m + 1)¢ cos (xsin d)dd = 0. 
0 


Similarly we get 
ak "sin (x sin 6) sin 2 mpd = 0, 


0 


[os (xsin fd) sin (2m + 1)ddd = m4) (2). 
0 


Adding 5) and 7), or 6) and 8), we get 2). 


555 


(2 


(8 


(4 


(5 


(6 


(8 
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256. Bessel’s Solution of Kepler's Equation. This equation is 


“—_=u—esinu=T, 


fi 


where 7’is the period of the planet, e the excentricity of its orbit, 
wu the eccentric anomaly, and ¢ the time. 

As u is a periodic function of t or of 7, it can thus be de- 
veloped in Fourier’s series, 


©, . 
u= 2a, sin n7, (2 
n==1 
where OV ag bY ple 5 
Ay = — usin ntdt, or by partial integration 
TeJo 


n+l 
=2{Co" Da ae cos nrdu } 
7 
This in 2) gives 


0 : ee) . T 
sinnt , 2Qsin nt : 
w=2 » (Gabe + » cos n(u — e sin u)du. 
1 n Teg n 0 


But the first series on the right=7, while the integral in the 
second series is 7J,(me). Thus 8) gives 


wart 2D TaCn Ge ean, 
which is Bessel’s solution. 


257. Development of f(x) in Terms of J,. It can be shown that 
if f(z) is continuous and oscillates but a finite number of times 
in &= (0, a) then f(x) admits a development of the form 


F(x) = ey, (ax) + CJ (Ont) + ++ a 
Oy < & < eee © 


are the positive roots of J,(az). 
To determine the coefficients ¢ we make use of the relations 


ck EAC CAC (3 
0 


where 


[ePieaaryde = F Tse) (4 


0 


obtained from 247, 9) and 12). 
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Let us therefore multiply 1) by aJ,(a,v). Granting that the 
resulting series can be integrated termwise, we have 


[OP @OTAagaae = em [278 tna) de (5 
since all the terms on the right = 0 except the one written down, 
by 38). ; 

Thus 4), 5) give 
eS J, 
e as Lesh Uf (£) I, (me ax. (6 
Hence 1) gives 
OA Cee) 
= J, lz. 
Fr) ee ath “af @) CR aL: (7 


258. Development of f(r, >) in Terms of the J,. Let f(r, 4) be a 
one-valued continuous function in a circle Y& about the origin, of 
radius a. Then, f admitting the period 2 7, we have, for a given 
r, by Fourier’s theorem, 


FS (1, b) = + a COS + a, C082 P+ ++ 


1 
+ 6, sin@+, sin2 d + ++ ( 
where 1 re: 
maz] f(r ode, @ 
2 Jo 
| 20 f 
=* f “P(r 8) cos ndidg, (3 
TJ 0 
sot i ” £(r, 6) sin node. 4 
Te/0 
But these coefficients a, 6 are functions of r and may be developed 
by 257. 
Let therefore «,,, k=1, 2, 3 --» be the positive roots of 
dary =), (5 
Then by 257g, = Ay Soar) + Auli ter) + - (6 
an, = Andi (Onl) Xe A jody (Ono ) bs (a 


by = Bann?) + BroTn (Ont) + ++ (8 
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where 


il Qn 1 AyS 
Le eae on dé f f(r, b)Iy arr, © 


2 e2r ie 
= d D)T m( mer yar, (10 
Am Seo cos mp f rf (1, P)T m( Omer ar, ( 


2 a ee 7 
= 5 [sin mga [FC Pa amr)ar. 1 


nk = 
ard 2 (0 


259. Solution of Au=0O for the Cylinder. 1. Let us apply the 
method outlined in 235 to find a solution w of Laplace’s equation 
which takes on assigned values on the surface of a given 
cylinder @. 

Here the triply orthogonal surfaces are a family of cylinders, 
meridian planes, and planes perpendicular to the axis of CO, which 
we will take to be the z-axis. Our new coordinates are therefore 


r, p, 2, where 
Z=rcod , y=*rsind. 


Transforming to the new ccérdinates, we find that Laplace’s equa- 
tion Au=0 becomes 


au  ldu, 1 dw Gu _¢ a 
dr dr rad? dae 


According to the general scheme, we now set 


u= RZ, (2 


where # is a function of r alone, ® of g, and Z of z. If we set 
2) in 1), we find it gives rise to three equations: 


fR  1dk pei Ne 
eae ad Glee) ek © 
ad2® ae 
ae cae ) (4 
2 
CRIN py ary ( 
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The general solution of 4) is 
® = Acos nd + B sin nd. (6 


As ® must admit the period 27, we take n a positive integer. 
The general solution of 5) is 


Z = Ccosh az + D sinh az. (7 


The equation 8) is a form of Bessel’s equation. To reduce it to 
the standard form we have only to set 


pes (8 


a 
Thus a special solution of 3) is 
B= J (er). (9 


2. Problem 1. It is now time to specify the boundary conditions 
on the cylinder C, which we will suppose is of length 7 and 
radius a. 

Let us suppose that on the lower base and on the convex sur- 
face of C, uw has the value u,, a constant. On the upper base 


z= let 
“=f(r). (10 


The boundary values being symmetrical with respect to the z-axis, 
® is independent of ¢ and is hence a constant. Thus we take 
n=0Q. A special solution of 1) is therefore 


u = RZ = A sinh (az)J (ar). 
With special solutions of this form we now construct the series 


—\ sinh (a2) 
UW == Vr (4, (yes ty + 2m Tah Cony VOC» (1 
where 0> a, > a> -+- are roots of J,(ar). 
Since each term of 11) is a solution of Au = 0, ¢ is a solution. 
Let us see if y satisfies the boundary conditions. 
For : , 
2=0) , p= % since sinh(a,z) = 0. 
Bor =a A =U, since J)(a,@) = 0. 
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Let us now look at the boundary condition 10). If it is satisfied, 
we must have, setting 2 = / in 11), 


Uy + SeyIy (Our =F (0): (12 


or setting 


IM=F(1)— Uy 
we must have n= Se Te ur. 
n=1 
Using 257, 7), we see 12) is satisfied if we take 
2 aon 
Cr — em rg(r)J\(anr)adr. (13 


Thus the ¢, being taken in this way, the solution of our boundary 
value problem is 11). 


3. Problem 2. Let us keep the boundary values as in 2 except 
for 
2 = Le te =o Te i) (i4 


In this case u is no longer symmetrical with respect to the axis of 
C and hence uw now depends on ¢. A special solution of 1) is 


therefore 
(A, cos nd + B, sin nd) sinh (az)J,(ar). 


With special solutions of this form we now construct the series 


u=Wv(2,">, 7) 
=Uy+ > — (A,, cos nd + B,, sin np) sinh (oq,2) T(cygr), (15 
é f 


n=0 k= sinh (On xl) 


where a,,, k = 1, 2, 3 --- are the roots of J,(ar) = 0. 

Since each term of 15) is a solution of Au = 0, we see u is a 
solution. Let us see if 15) satisfies the boundary conditions. If 
we set z = 0 in 15), we see that 


U=Uy , Since sinh (a,,2)= 0. 


If we set r = ain 15), we get 


uU=U 4, since J,(a,,a)= 0. 
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Thus two of the boundary conditions are satisfied. If the condition 
14) is satisfied, we must have 


g(r, d= 5 2 (Ane cos np + By, sinnd)J,(ayr), (16 


n=) k= 
where we have ) IEVO ye. (17 


Referring to 258, we see the condition 16) is satisfied if we choose 
the coefficients A,,, B,, asin 258, 9), 10), 11), where, however, we 


should replace f(r, ¢) by g(@, #) in 17). 


Lamé Functions 


260. Confocal Quadrics. 1. We wish now to consider very 
briefly a class of functions introduced by Lamé which play the 
same role for the ellipsoid as Laplace’s functions for the sphere. 

Suppose we wish to find a solution of Laplace’s equation 

au, du , Fu _o A 

On" Oy” 2 
which takes on assigned values on the surface of an ellipsoid € 
whose equation is 
x 
ees a Ge OO; (2 


According to the general scheme outlined in 235, our first step is 
to replace the z, y, z codrdinates by a set of codrdinates defined 
by a family of triply orthogonal surfaces, one of which is the given 
ellipsoid €. This family is the family of confocal quadrics defined 
by a 2 we 


ei Pas ale Ve ( 


the parameter > ranging from —o to +o. We note that for 
X%=0, 3) reduces to 2). We observe that F is 


an ellipsoid for ’ <a, 
a hyperboloid of one sheet for a<r~< 4, 
a hyperboloid of two sheets for <r <e. 


Let us give to A values 2,, A,, Az lying respectively in these three 
intervals. The corresponding surfaces 3) will cut in 8 points 
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symmetric with respect to the origin, one in each of the 8 octants. 
Thus, if we state in which cctant the point lies, the three numbers 
Az» Ags Ag determine the position of the point in that octant uniquely. 
Let us now show that through a given point P=~2, y, z there 
passes one and only one of each of these three kinds of surfaces. 
To this end we have only to show that the cubic equation in d 


2 2 2, 
Me ese aye ah eee Pee () 4 
ae) PRT SIT my C 


has a root in each of the above intervals. 
Let € be a small positive number. Then 


2 2 2 
H@ 6) = 24 ey ee, 
e b—a+e c—a+e 


since the first term ee +oase=0. LetX¥ =r), a large negative 
number. Then #(,)<0 since F(A)=—1 asrX¥=—o. Thus 
F(A), having opposite signs at 2, and a—e and being continuous 
in the interval (A), a—e), must vanish somewhere in this in- 
terval. Similarly we see that #/=0 for some point within the 
interval (a, 6) and within (6, ¢). As #(A)=0 is a cubic, it has 
no other roots. 

These considerations show that we may take 2,, ,, Ag as Co- 
ordinates of a point. They are called ellipsoidal codrdinates. 
When we do not wish to use subscripts, we may denote these 
coordinates by any three letters as A, p, v. 


2. Let us show that the three surfaces \, wu, v meeting at a 
point x, y, 2 cut orthogonally. 
Since the A and yw surfaces pass through the point zyz, we have 


2 2 2 2 
eto t+45-1=0, +" +4 _1=0. 6 


The direction cosines of the normals to these surfaces at ayz are 


tional 
proportional to . y 3 


and to 


/ 
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These angles are at right angles if 
2 2 
x 4 y = 22 ce 
(a—A)(a—pw) (—-A)(O—H) (C—A)C- +B) 


This is indeed so, for if we subtract the two equations 5) and 
discard the factor X — we get 6). Thus any two of the three 
quadrics A, w, v meeting at the point 2, y, z cut at right angles. 


(6 


3. Let us now express 2, y, 2 in terms of A, uw, v. To this end 
let us establish an identity in uv which will also be useful later, viz. : 


ie y 2 4 (—-XA)U— Bw) P) 
awa ee e—uU Sra e aN a) (Ee si 


To prove 7) let us consider 


G(u)= | + ¥ + 4-1} @—w-w(e—), (8 


b 


which is a polynomial of third degree in uw. The coefficient of 
uwis1. Since the » surface goes through the point xyz, the 
first factor of G vanishes for w=. Hence wu =A is a root of G. 
Similarly uw = uw, u=vare roots. Thus 


(uw) =(u— 2) (w — 1) (u — 9). 


Putting this in 8), we get 7). 
Having established 7), let us multiply it by a — wu and then set 


u=a. We get _G2)G@- Dev: 
(b= a)(e — 4) 
Similarly, 2 
_@=-NHNO=-K)b=-v) 
C=Ha—o) (9 
eo) eS Y)) 
(a — e)(b —e) 


These determine 8 points +z, + y, + 2, one in each octant. 


4, For later use, let us find an element of arc, or the value of 
ds? = dz? + dy? + dz (10 


in terms of ellipsoidal codrdinates. 
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Taking the logarithmic derivatives of 9), we get 
dz ar dp dv 


Putting these in 10), we get 
ds* = Adv? + aes + Cdr’, qi 


where il - 2 
a ieaav ( — Boe C= ail 


and similar expressions for B, C. The other terms which result 
from this substitution vanish by virtue of the relations of the type 
6), which express the orthogonality of the A, uw, v surfaces. 

To eliminate the z, y, 2 in the coefficients of 11), let us differ- 
entiate the identity 7) with respect to wand then set w=A, pw, v. 
This shows that 

— Oe Ore) 
~ 4 (@—r)(G— ACSA). 


ie) 
~ 4(a— nO — we BH)’ or 


Cee Gay) 


1 
C=- : 
4(a—v)(6—v)(e—v) 


261. Elliptic Coordinates. 1. The equations 9) show that g, y, z 
are not determined as one-valued functions of the codrdinates 
r, #, V, Or using subscripts Aj, Ay Az We may remove this 
ambiguity by introducing three other quantities u, v, w or using 
the subscripts u,, U,, us defined by 


oc Na 9 —, 1, 2, 3 
as follows. aS - ad 
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The ellipsoid € on which the eae values are given is, by 
260, 2), 2 
Gh emai bu 

pele 2 


Let us set Why ery BSN Oe, 2} ed = Se (2 


and determine Aj, €,, é, @3 so that 


(+e +e=0 3 e, <¢, < e. (3 


Then the equation of € is 


a calcd sie Rist = 4 
ree 9 ae CIE C 


and the equation of our confocal ees is 
eet a a 
ee ie 
We see that 5) is 
an ellipsoid when A > e,, 


a hyperboloid of one sheet when e, < A < e,, 
a hyperboloid of two sheets when e, < A < és. 


So: (5 


Let us now set 

4 p?— gop — J3=4(p— ey) (p — a) (p — es) (6 
and suppose the p function introduced in 1) to be constructed on 
the invariants g,, g3,in 6). The periods 2,, 2, of this p func- 
tion are given by 


o.= "2 Bik) ei Ont ‘ dp (7 


Sone 08 0 0) ee 


fe V4 p? — Gop — J 2 WV — (4 p? — Jap — Is) 


as we saw in 173, 9), 14). Putting 1) in 260, 9), we get 
ee ty = Ca.) (Pig — ba) Pig = Ca) , (8 
(e, iv eg) Ce: es, a) 


where «@, 8, y is a permutation of 1, 2, 3. 
Now from 172, 16), 17), we have 


OD, €3 —€, = eee (9 


o(u) ° “GO 


V pu —e, = 
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These in 8) give 
o@,0W CT U7 gQUn FU 
Co pe ee eee és 2,3. (10 
T.OgF Oy TUTULTUs 


The quantities u,, w,, uz are called elliptic codrdinates. Having 
once chosen the + sign in 10) they determine 2, y, 2 as one- 
valued functions of w,, UW», us. Let us agree to take the + sign in 
10). From 172 we have 


Teh) es Ta(U), To(Wt20,) _ Ta(%), To(WE2O5) _ _Fa(u) 
o(—wu) a(u) a(ut2@,) cu) a(ut2a;) BS 
GUE 


These relations show that.the 2’s are periodic functions of the w’s 
admitting 4@,, 4a, as periods. They also show that if we restrict 


u, to range in the interval (0, o,)=U, 
U, to range in (@,—@,, ®,+0,)=U, 
U, to range in (@,—2@,, o,+20,.)=U, 
the point z,, 2, 7, passes Over every point in space once and only 


once. Such restricted w’s we shall call normal elliptic coérdinates. 
Let uw? be the value of uw, lying in UW, such that 


pul =X. 


Then the point 2, x, #, describes the given ellipsoid © once and 
only once when w,, uz range in the normal intervals U,, U3. 


2. The expression for 
ds* = da? + dy? + dz* 


is extremely simple in elliptical codrdinates. We saw in 260, 4 
that 
ds? = A,dr? + A,dr3 + Agdr3, (12 
h 
where yas Oy = Ag) Oy = Ag) : 
£™AY = €y) Ay — 2) Ay — eg) 


(18 


and similar expressions for A,, A;. Making use of 1) and re- 
membering that d 
du = fa 9 

VAC p — e1)(p — &)(p — e) 
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we see that 
ds? = ( pu, — pug) ( pu, — pug) du? + ( PU, — PUz) ( PUg — pu, dua 
+ (pug — pu) ( pug — pu, ) dug. (14 


262. Transformation of Laplace’s Equation. 1. The next step in 
the solution of Laplace’s equation 
O°V i eee OV" 
= 0 iL 
Ox? BE oy? a 02? ( 
as outlined in 235 is to transform the equation to the new coordi- 
nates. This is a lengthy process even in the polar codrdinates ; 
for the new codrdinates A,, Ag, Ag, OF Uy, Ug) Uy it is far longer. In 
order to avoid this we will make use of a theorem due to Jacobi: * 


Let Xpv be any system of triply orthogonal codrdinates in terms 
of which an element of are is given by 


ds? = Add? + Bdp*? + Cdr. (2 
Then Laplace’s equation 1) becomes in the new codrdinates 
0 /(DoV 0/DAaV 0/Do 
See ee ee) | | =), 3 
no RAG alt ahe ev C 
re D=~VABC. 


2. To illustrate this theorem on a simple case, let us transform 
1) to polar codrdinates : 
z=rcosO , y=rsinOcosd , z=rsin@sin ¢. 
As ds? = dx? + dy? + dz = dr? + r2d@ + r? sin? Od¢’, 
we have on taking le eC ee ees 
A=1 , B=r , O=Prsin? 6 , D=r'sin 0. 


Thus 3) becomes 
27 
“Goan 1 (sin 0 + Dade} Ea 


or\. or sin 0 00 00 sin? 0 ad? x 
which agrees with 235, 4). 


* For a proof of this theorem the reader may consult: C. Jordan, ‘‘ Cours 
d’ Analyse,” vol. 8, p.540; H. Weber, ‘‘ Differential-Gleichungen,”’ vol. 1, p. 94, 
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3. Let us now transform 1) to ellipsoidal codrdinates Aq, Ag, Ag- 
By 261, 12), 13), we have, on setting 


gi A(X, = €,) he eg) Xe eg) 5 = Ie, 


eS ave 
— = 1(Ag — Ay) . 
A ee * 293 


Hence Lage) ee 2) / a) 
293 9Ay "Ory 


Thus Laplace’s equation becomes 


) OV 0 a 
es i, PAO ge 
(Ag—r3)% ma =a + (Ag— 4) 9a ar mate ar 


0 fi 
rR Or radon =0. 
3. Let us pass to elliptic codrdinates. We have 
OL fot! hide lee 
dA, OA, du, g,du, 
Thus 4) becomes 
o2V 
(Pug — Pilg) + Cpls — pu) 2 gt Pe 1 — Pha) Fg = 6 
1 


whose form is extremely simple. 


263. Lamé’s Equation. Having reduced Laplace’s equations to 
the new coordinates, the next step in the solution as outlined in 


285 is to set 
V=f(uy)g (Ug) h(ug), a 


where f, g, h are each functions of one of the variables Uy, Ug, Use 
If we put 1) in the transformed Laplace equation 262, 5), we get 


Pll, — Pig EF , ply — pry Dg , puy — pi Ph _ gy (2 
Su) dug I(U_)  duZ h(ug) dug” 
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Suppose f, g, A satisfy the equations, 


a = (apu, + bf (4); 


d?g 

an = (apt, + b)g(ug), c 

. LL 
—, = (apus + b)A(us). 

Putting these in 2), we see that the left side = 0 identically, how- 


ever a, 6 are chosen. 
We are thus led to consider differential equations of the type 


<4 — fap(z)+ bly =0. a 


As in the case of the sphere, we are not looking for the general 
solution of 4) for arbitrary a@ and 6; rather we seek to determine 
a and 0 so as to get an infinite number of particular solutions 1) 
with which to construct a series which will satisfy the conditions 
imposed on V on the surface of the given ellipsoid €. 

Let us apply the general method developed in Chapter XIII to 
the equation 4). Its singular points are those of p(x) or the 
points = 0 mod 2 a, 2 @,. 

Let us consider the point x=0. Writing 4) in the normal 


form, 
vy!" +0-y' —viap(x)+ bly = 0, 
we have 
M@)=1 , n@)=9 , H@) =— aa%p(e) — ba? 


H 
ae q(0) = 1 ’ q,(0) => 0 5 9o(9) =—a4 


The indicial equation for z = 0 is therefore 


pP—r—a=0. (5 


This showsthat if we take 


a=n(n+1) , nm an iiteyer 
5) will have 


—n, and n+i 
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as roots. This choice of a gives us especially simple particular 
solutions, infinite in number. Putting this value in 4) it becomes 
ay 
dx 


These equations are called Lamé equations, in honor of Lamé, who 
first studied them. 


{n(n + i)p(a) + diy =0. (6 


264. Lamé Functions. 1. In Lamé’s equation, 263, 6), 6 is still 
undetermined. Let us see if we cannot choose it so as to get 
particularly simple solutions of the form 


y=L(p), 

y=L(p)- ae 

9 8 28 ‘ 
y=L(p)-p'(2) , pi@)y= — 22). 2@) , 2), 


ae) ao(@) a(x)’ 


where ZL is a polynomial in p= p(x). Since the sigma quotients 
admit 4,, 4, as periods, as noted in 261, 1, the expression 1) 
will admit these as periods also. 

We set then 


y= LIM (2 
where M is the product of y= 0, 1, 2 or 8 factors 
g(x) o(#) a(x) 
eae L = apa) + Oy p(w) + +++ + ay (4 
If then we set 2) in Lamé’s equation 
TY — inn + 1)p(2) + bby = 0, (6 


the result should be an identity in x The coefficients of the 
different powers of this result developed about «= 0 will thus all 
be 0. These will then give us a system of equations which if 
consistent will enable us to find the quantities we seek. 
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To set 2) in 5) we need to calculate y'’. Let W be the product 
of the factors 3) which do not enter M, we call it the cofactor of 
M. Since 

Tel) _ Vinay — 0, 
a(x) 
we observe that m= M2 


is a polynomial in p. Also let us note that 


MN=-—3i p'(2). 
We have now y' = LM + ML'p' (2). 
But 
1 — Vip!) _ _ gy 
eg ee 
Hence y' = — NQ2ML' + LM) = Na. (6 


Thus the-first derivative of LM is the product of a polynomial ip 
p and the cofactor of M. Hence at once 6) shows that 


y" = MR, 


where £& is a polynomial in p and Mis the cofactor of XW. 
Thus setting 2) in 5), its left side becomes 


y!'—jn(n+1)p +b} LM= §R—n(n4+1)p(2) + dL} M= BM, (7 


where § is a polynomial in p. 

As 7) must=0 identically and as M+0 we see $ must=0 
identically. 

Now y has a pole of order 2m+v at x=0, hence the left side 
of 7) has a pole of order 2m+v+2. Hence $ has a pole of order 
2(m+1). Thus § considered as a polynomial in p is of degree 
m+ 1, or 

L = Oy pt? + Op” + tial + Mp: (8 
As § is to vanish identically, all the «’s = 0, and conversely if 
the a’s = 0, 3 = 0 identically. 


2. Suppose then we develop 7) about 2=0. Equating the 
first m+ 2 coefficients of the development to 0 will give us a 
system of relations between the a’s and the a’s. These we shall 
see are linear in these letters. If now we set the a's = 0, we have 
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a set of equations to determine the a’s in 4). Let us now carry 
out this scheme. We have 


! 
ea a 
L= ym = gm-2 ns 
where aj, aj, --- are linear and homogeneous in the a’s. Also 


o,(#) =1— ie ove 


on(t) _1 a 
Ae tere 
Me oe 
ape a <4 


Hence 1 


where a, a, --- are linear and homogeneous in the a’s. Hence 


fe ot) CAME Ee ee ee 


gmt yt2 gmt v 


where A,, A, --- are linear and homogeneous in the a, a --- 


Also 
n(n + Van Ai 4 &. 


gmt v+2 gmt v 


n(n + 1) p(e) LM= 


where the Aj, Aj--- are linear and homogeneous in a), a, ++ 
Finally 


PE ee bam ni bal! 
x 


gery 2m+v—2 


These set in the left side of 7) give 

a Om (2m+v)(2m +v+ la, —n(nt+ Lan} 
+e Om) $ A, — Al — bai +a Omty) 5A, — Ab — bat (9 
at gi Gmty) 5 A. be eH = bal} al 50 


We turn now to the right side of 7). We have 


I, I 
pa Sot oe eee. 
gemt2 gm gim—2 


(10 
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where «, a --- are linear and homogeneous in a, a, +» Hence 


SY ta ol Tapa: ras dl 


gimtity gimty gim- 2+ 


where a, a, --- are linear and homogeneous in a@,, a, ++ 
We now equate the coefficients of like powers of z in 9), 11), 
getting 


Oma = {(2m + v)\(2Zm +v4+1)—n(n + 1) tap (12 
and the system wi! = A, — Al — ba, 
= A, — Al— boo 

(S 


= cde ia -- ee bau 
As the a’s are to be all 0, set o&m,, = 0, then 12) gives a relation 
between m, n, and y, viz. : 
(2m+v)\2m+v4+1)—nr4+1)=0, 
or (2m+v)?+(2m+v)=n(n+1). 
Hence 2m+v=n, or —(n+1). 


As m and vy are not negative, this gives 
2m+v=n. (13 


Consider now the system S). Since aj’, a,’ --- are linear and 
homogeneous in oO, @ +++ Gm, they all vanish when the a, a, «+ 
vanish. Hence 8) goes over into the system of m+ 1 equations: 


Hee bat 0, (s! 


Ams — Ans — bam = 0. 


These equations are linear and homogeneous in the unknowns 
Ay) A +++ Gm. In order that the system S’) has a solution different 
from a) = 0, a, =0--- it is necessary that its determinant 


A(b) = 0. (14 
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Thus 6 satisfies an equation of degree m+1. Let us put a root 
of 14) in 8S’). This system of equations allows us now to deter- 


mine the ratios 
Ay i Ay? Ag est An 


Suppose the a’s are determined thus. Then 4) and 8) show 


that tl ' ' 
Smt» &y 9 bys 22° Ont 1S 


From this follows that they On thst 0, 
For the development 11) shows that a contains besides a, at 
most @,,,; that of contains besides @,,_, at MOSt Om, m4, etc. 
Thus ' 
ot! = Py (ms m4)» 
0 = Po(Om—1y %ms &Lm+i)s (Ss! 


C oa 3( Gm—2» &m—11 %ms Om dis 


where the ¢’s are homogeneous functions. Now «a and a, 
being = 0, the first relation in S/’) shows that a, =0, as @, is 
homogeneous. Putting this in the second equation of 8’), we see 
that @,,; =0, and soon. Thus $= 0 identically. 


3. Let us see in how many ways we can satisfy the relations 
12) and 8). There are two cases. 

Case 1. n=2s. Then 18) gives 

2m+v=28 (15 
and vis even. Hence 
y= 0, or 2. 

For v=0, m=s. For each of the m+1=s8s+41 roots of 
A(6)=0, the system S’) gives us a set of coefficients for the poly- 
nomial Zin 2). We thus gets+1 polynomials Z which satisfy 
Lamé’s equation 5). 

For v=2 we get, from 15),m=s—1. Each of the m+1=s 
roots of A(6) gives us a polynomial L of degree s—1. Ag here 
y= 2, 


ae ee 202) = = LM. (16 
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Thus we can take the factor M in three ways corresponding to the 
indices TRON IAIES sheet 0-08) 


Each of these determinations gives us a new system of equations 
S) and hence a new equation A(6) =0. Hence v being = 2, there 
are 38 values of 6, each of which leads to a solution 16). 

We thus get in all 

s4+14+388s=4841=2n41 
solutions of the desired type. 

Case 2. n=2s+1. Reasoning in exactly the same way, we 
see that also in this case there are 27+ 1 solutions. As it can be 
shown that these solutions are distinct we may state the funda- 
mental theorem due to Lamé: 


The constant b in 


TY = {n(nt Lp(a) + bly. 


may be determined in 2n+1 different ways such that this equation 
admits a solution of the type 


Gp) Vp —ée,-L P Vp —e,Vp— é, +L a‘ 


V (Cp — &y)(p — &)(p — g) + L. en 
Moreover the b’s belonging to different n’s are also different. 


The functions 17) are called Lamé functions or polynomials. 


265. Integral Properties. 1. In order to develop an arbitrary 
function f(6, ¢) in terms of Laplace’s functions we made use of 
certain integral relations established in 238. We wish to establish 
analogous relations for Lamé’s functions. 

We saw in 264 that fora given n, the constant 6 can be taken in 


2n+1 ways, 
y Des ’ B25 kia bn, 2n+19 ad 


so that  — {n(n + 1)p(u)t+ b, nt y Q 


admits a Lamé function, denote it by Z,,(w), as solution. We 
saw in 261, 1, that if wu, has the value u? lying in U, = (0, ,) such 


that 
pul =o 
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and if u, ranges in U, = (@, — @,, @, + @;) and ug in U = (@,—2 @2, 

©, +2,), then the point x, 7, v3 corresponding to uf uw, ug describes 

just once the ellipsoid € on which the boundary values are given. 
For brevity let us set 


€a=o0,—20, , b=a,+20, , c=a,-20, , d=a,+2a,. 


Thus the interval (a, ) is twice as long as U, while the interval 
(ec, d) is the same as U3. Obviously if uw, ranges over (a, 6) and 
Us over (¢, d), the point 2, x, x, corresponding to uf, u,, ug, will 
now describe the ellipsoid € twice. 

We wish now to prove: 


b ad 
J= rie Atty J Lynr (Ug) Lr (tg) Dns (Uy,) Lns(Ug,) (pula — pug) dug=0, (8 
when Teepe 


For, let us set ' 
Ale ip Linip Uy.) Lng (Uy) PUy, Ags 


d 
nee i Lup (tig) Ling( thy) Ptbq (Ub 


b G 
C= i Dip Ug) Ling (Uy, Aig 
od 
pe f Luz thy) Lng thy) Ube 
Then J ADAP O. 6 


Now 2) gives, u being either w, or wz, 


Flow) = Sm(m + 1)pu =F Diy t Lime QE) 5 
ee — {n(n + L) put bn} Lns(u). 


Let us multiply the first equation by Z,, and the second by Z,, 
and subtract. We get on the left side 


d d 
ns te yd Fae as Was — a ee nee 
1 Be oe a Uo Bae BA! Fu). 
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On the right side we get 
pu 4 jis ns M+ 1) Fas nn+ 1) j + Dip Lins Ome — Dns) — G(u) +H(u). 


Thus we have 


wet) = E(u) + Hu). (6 
Set here u = u, and integrate over (a,b). We get 
6 
[ #4) | = fmm + 1)— n(n + LEA + One ~ br) 

As F(u,) admits the period 4@,, the left side = 0. Thus 

im(m + 1)— mn +1)3A + Om — Ons) = 0. (7 
Similarly integrating with respect to u, over (¢, d) gives 

jm(m+1)—n(n+1)i{B+(6,, — b,,)D = 0. (8 


Suppose now m+n. We multiply 7) by D and 8) by C, then 
subtract. We get 
J im(m+1)— n(n +1)} = 9. 


Hence Seay. 

Suppose r+8. We multiply 2) by B and 3) by A and sub- 
tract, getting hax. 0 
Hence again 5 Peay 


2. We next wish to calculate 
7) d 
ee yf ditty dh 2, (tig) L2,(tts) (pl — pty) itgy (9 
which is what J becomes form=n. Let us set 


P= if AG Uy) PUyduy 


d 
ve [ L2,, (tl, prigiltty 
o/J Co (10 


i= iF T2,( Uy) dg 


ape a "T,,( thy) dt. 
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user i= PS OR aul 
We begin by observing that 
V=12,(w)p(u) , W= 13,(u), (12 


admit 2,, 2, as periods. They are even functions and have 
but a single pole in the parallelogram of periods 0 constructed on 
2,,2,. Thus © is a primitive parallelogram. 


Thus by 168, 
Vu) = 19 + 2 p(e) + vp" (u) + vgp'(w) + + (138 
Wu) = wy) + wpe) + wep!" (uv) + wyp'(u) + (14 


Here we have used the fact that V, W, being even functions of 
uw, cannot contain derivatives of even order of ¢(w); also that 


C'(u) = — pu), &"'(u) = — p''(w), ete. 


We have now 


b 2 
P={ V(u)du = v5 duo, { pCwadu 


the other terms dropping out since they admit the period 4 a,. 
Thus 


P =p} 2 @, + w, — (@, — 2 @,)} — 94 {F(2 @, +o.) — F(a, — 2 ,)}. 
Now 
ut Qo) =u) +2, . Ka-20) =u) —2y 


Thus P=4 yo, — 4 ry. 


Similarl 
ed Q = 4 vw, — 4 vyN9. 
R= 4 wo, —4 wy. 
S= 4 wow, — 4 wn. 
Thus 


K= 16 (ag, — vy9) (wg — 179) 


= 8 Ti(yw,— 24%) », by 171, 8). 
Hence finally ee : ; 


1) ad 
i ditty f T2,, (tq) L2,( ts) (pug — pug) dug = 8 ri(vyw, — vy), (15 


where 2%, Wo, 4, w, are given by the developments 13), 14). 
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266. Solution of AV=0 for an Ellipsoid. We are now in a posi- 
tion to obtain a solution V of Laplace’s equation 


eV eV o2V 
(pu, — Pus) 5a + (pus ~ Pa) 58 + (pu, ~ Pte) a8 (Mie (al 


which will take on assigned values f(u,, v3) on the surface of a 

given ellipsoid € @ i 2 % a2 bap 
Ao 1 Ay— &2 AQ — 

For let L,,(un), m=1, 2, 3 be Lamé polynomials satisfying 
ay _ 
du?, 

Then by 268, the product L,,(u,) Lns(U) L,,;(Uz) is a solution of 

1), and hopes the series, 


 (U4,Ug Us ) = ZZ Ang bins (Uy) Dine Ua) Dabs) (2 


if convergent, will satisfy 1). 
For the boundary values to be satisfied it is necessary for 2) to 
take on the value f(u,.,ug) for w= ul. If we set 


= {nM +1) pin + Bas Y. 


Ang Ling U2) = A, (3 
the boundary condition is satisfied if 
F (Uys) Be Ane Ling (Uy) Lns(Ug): (4 


To determine the unknown coefficients a,,,, or what is the same, 
Any we multiply 4) by L(U,) Lpr(Ug) (pu, — pus) and integrate. 
Granting that termwise integration is allowed, we get 
is du ie SF (Uyv) Line) ser ee — pv) dv 
= Ar J "du es (wu) L2,,(v) Cpu i pr) dv, (5 


since all the other terms = 0 by 265, 3). 

me T2,,(u) p (u) = ty + oe, pu + ty p"(W) + + 
Lim (U) = By + Bypu + By p"(u) + 

Then by 5) and 265, 15) 


1 z 4 
Am,= ae Salk du ’ SF (0) Line U) Lime (0) (pu— pr)dv. (6 


Thus the coefficients a,,, in 2) are given by 8) and 6). 
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waves & particles, electronic structure of the atom, nuclear physics. Nearly 600 illustrations, 
including 7 animated sequences. 325pp. 6x 9. T7412 Paperbound $2.00 


MATTER & LIGHT, THE NEW PHYSICS, L. de Broglie. Non-technical papers by a Nobel laureate 
explain electromagnetic theory, relativity, matter, light and radiation, wave mechanics, quantum 
physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily that no 
mathematical training is needed for all but 2 of the 21 chapters. Unabridged. Index. 300pp. 
5% x 8. T35 Paperbound $1.75 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has been a guide to classical scientific and mathematical 
thought. Explains with unusual clarity basic concepts, such as extension of meaning of symbols, 
characteristics of surface boundaries, properties of plane figures, vectors, Cartesian method of 
determining position, etc. Long preface by Bertrand Russell. Bibliography of Clifford. Corrected, 
130 diagrams redrawn. 249pp. 5%, x 8. 161 Paperbound $1.60 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein's 
special and general theories of relativity, with their historical implications, are analyzed in non- 
technical terms. Excellent accounts ot the contributions of Newton, Riemann, Weyl, Planck, 
Eddington, Maxwell, Lorentz and others are treated in terms of space and time, equations of 
electromagnetics, finiteness of the universe, methodology of science. 21 diagrams. 482pp. 
54 x 8. T2 Paperbound $2.00 


WHAT IS SCIENCE, Norman Campbell. This excellent introduction explains scientific method, role 
of mathematics, types of scientific laws. Contents: 2 aspects of science, science & nature, laws 
of science, discovery of laws, explanation of laws, measurement & numerical laws, applications 
of science. 192pp. 5%, x 8. $43 Paperbound $1.25 


THE RISE OF THE NEW PHYSICS, A. d’Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thorough 
explanation, in everyday language, of the central core of modern mathematical physical theory, 
treating both classical and modern theoretical physics, and presenting in terms almost anyone 
can understand the equivalent of 5 years of ‘study of mathematical physics. Scientifically im- 
peccable coverage of mathematical-physical thought from the Newtonian system up through the 
electronic theories ‘of Dirac and Heisenberg and Fermi’'s statistics. Combines both history and 
exposition; provides a broad yet unified and detailed view, with constant comparison of clas- 
sical and modern views on phenomena and theories. ‘'A must for anyone doing serious study 
in the physical sciences,'' JOURNAL OF THE FRANKLIN INSTITUTE. ‘‘Extraordinary faculty . . . 
to explain ideas and theories of theoretical physics in the language of daily life,’’ ISIS. Indexed. 
97 illustrations. ix + 982pp. 5% x 8. T3 Volume 1, Paperbound $2.00 

T4 Volume 2, Paperbound $2.00 


A HISTORY OF ASTRONOMY FROM THALES TO KEPLER, J. L. E. Dreyer. (Formerly A HISTORY 
OF PLANETARY SYSTEMS FROM THALES TO KEPLER.) This is the only work in English to give 
the complete history of man’s cosmological views from prehistoric times to Kepler and Newton. 
Partial contents: Near Eastern astronomical systems, Early Greeks. Homocentric spheres of Eu- 
doxus, Epicycies. Ptolemaic system, medieval cosmology. Copernicus. Kepler, etc. Revised, 
foreword by W. H. Stahl. New bibliography. xvii + 430pp. 5%, x 8. S79 Paperbound $1.98 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do 
ideas come from? What role does the unconscious play? Are ideas best developed by mathe- 
matical reasoning, word reasoning, visualization? What are the methods used by Einstein, 
Poincaré, Galton, Riemann. How can these techniques be applied by others? Hadamard, one 


of the world's leading mathematicians, discusses these and other questions. xiii + 145pp. 
5%, x 8. T107 Paperbound $1.25 


SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in flexible 
and fluid bodies by rapid motion; why gyrostat falls, top rises; nature and effect on climatic 
conditions of earth's precessional movement; effect of internal fluidity on rotating bodies, etc. 
Appendixes describe practical uses to which gyroscopes have been put in ships, compasses, 
monorail transportation. 62 figures. 128pp. 5%, x 8. T416 Paperbound $1.00 


A CONCISE HISTORY OF MATHEMATICS, D. Struik. Lucid study of development of mathematical 
ideas, techniques, from Ancient Near East, Greece, Islamic science, Middle Ages, Renaissance, 
modern times. Important mathematicians are described, in detail. Treatment is not anecdotal, 
but analytical development of ideas. ‘‘Rich in content, thoughtful in interpretation’’ U. S. 
QUARTERLY BOOKLIST. Non-technical; no mathematical training needed. Index. 60 illustrations, 
including Egyptian papyri, Greek mss., portraits of 31 eminent mathematicians. Bibliography. 
2nd edition. xix + 299pp. 5%, x 8. $255 Paperbound $1.75 


FOUNDATIONS OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlap area 
between mathematics and philosophy, Nobel laureate Russell examines the nature of geometrical 
knowledge, the nature of geometry, and the application of geometry to space. It covers the 
history of non-Euclidean geometry, philosophic interpretations of geometry—especially Kant— 
projective and metrical geometry. This is most interesting as the solution offered in 189% by a 
great mind to a problem still current. New introduction by Prof. Morris Kline of N. Y. University. 
xii + 201pp. 5%, x 8. §232 Clothbound $3.25 

§233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. Here is how modern physics looks to a 
highly unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, and 
demonstrating the inadequacies of various physical theories, Dr. Bridgman weighs and analyzes 
the contributions of Einstein, Bohr, Newton, Heisenberg, and many others. This is a non- 
technical consideration of the correlation of science and reality. Index. xi + 138pp. 5% x 8. 

S33 Paperbound $1.25 


EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature and 
value of the counterclaims of experiment and theory in physics. Synthetic versus analytical sci- 
entific advances are analyzed in the work of Einstein, Bohr, Heisenberg, Planck, Eddington, 
Milne, and others by a fellow participant. 44pp. 5% x 8. S308 Paperbound 60c 


THE STUDY OF THE HISTORY OF MATHEMATICS & THE STUDY OF THE HISTORY OF SCIENCE, 
George Sarton. Scientific method & philosophy in 2 scholarly fields. Defines duty of historian 
of math provides especially useful bibliography with best available biographies of modern 
mathematicians, editions of their collected works, correspondence. Shows that combination of 
history & science will aid scholar in understanding science today. Bibliography includes best 
known treatises on historical methods. 200-item critically evaluated bibliography. Index. 10 
illustrations. 2 volumes bound as one. 113pp. + 75pp. 5%, x 8. T7240 Paperbound, $1.25 
SCIENCE AND METHOD, Henri Poincaré. Procedure of scientific discovery, methodology, experi- 
ment, idea-germination—the intellectual processes by which discoveries come into being. Most 
significant and most interesting aspects of development, application of ideas. Chapters cover 
selection of facts, chance, mathematical reasoning, mathematics and logic; Whitehead, Russell, 
Cantor; the new mechanics, etc. 288pp. 5% x 8. $222 Paperbound $1.25 


SCIENCE AND HYPOTHESIS, Henri Poincaré. Creative psychology in science. How such concepts 
as number, magnitude, space, force, classical mechanics were developed, and how the modern 
scientist uses them in his thought. Hypothesis in physics, theories of modern physics. Introduction 
by Sir James Larmor. ‘Few mathematicians have had the breadth of vision of Poincaré, and 
none is his superior in the gift of clear exposition,’’ E. T. Bell. Index. 272pp. 5% x 8. 

$221 Paperbound $1.25 


FOUNDA: IONS OF PHYSICS, R. B. Lindsay & H. Margenauv. Excellent bridge between semi- 
popular works & technical treatises. A discussion of methods of physical description, construction 
of theory; valuable for physicist with elementary calculus who is interested in ideas that give 
meaning to data, tools of modern physics. Contents include symbolism, mathematical equations; 
space & time; foundations of mechanics; probability; physics & continua; electron theory; special 


& general relativity; quantum mechanics; causality. ‘Thorough and yet not overdetailed. Unre- 
servedly recommended,'' NATURE (London). Unabridged, corrected edition. List of recommended 
readings. 35 illustrations. xi + 537pp. 5% x 8. S377 Paperbound $2.45 


CLASSICS OF SCIENCE 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of Heiberg 
text, together with spurious Book XIV. Detailed 150-page introduction discussing aspects of 
Greek and medieval mathematics. Euclid, texts, commentators, etc. Paralleling the text is an 
elaborate critical apparatus analyzing each definition, proposition, postulate, covering textual 
matters, mathematical analysis, commentators of all times, refutations, supports, extrapolations, 
etc. This is the full EUCLID. Unabridged reproduction of Cambridge U. 2nd edition. 3 volumes. 
Total of 995 figures, 1426pp. 5% x 8. S88,89,90 3 volume set, paperbound $6.00 


OPTICKS, Sir Isaac Newton. In its discussions of light, reflection, color, refraction, theories of 
wave and corpuscular theories of light, this work is packed with scores of insights and dis- 
coveries. In its precise and practical discussion of construction of optical apparatus, contemporary 
understandings of phenomena it is truly fascinating to modern physicists, astronomers, mathe- 
maticians. Foreword by Albert Einstein. Preface by |. B. Cohen of Harvard University. 7 pages 
of portraits, facsimile pages, letters, atc. cxvi + 414pp. 5% x 8. $205 Paperbound $2.00 


THE PRINCIPLE OF RELATIVITY, A. Einstein, H. Lorentz, M. Minkowski, H. Weyl. These are the 
11 basic papers that founded the general and special theories of relativity, all translated into 
English. Two papers by Lorentz on the Michelson experiment, electromagnetic phenomena. 
Minkowski's SPACE & TIME, and Weyl’s GRAVITATION & ELECTRICITY. 7 epoch-making papers 
by Einstein; ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVITATION IN PROP- 
AGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and 3 others. 7 
diagrams. Special notes by A. Sommerfeld. 224pp. 53% x 8. S81 Paperbound $1.75 


— 


THE ANALYTICAL THEORY OF HEAT, sore: Fourier. This book, which revolutionized mathe- 
matical physics, is listed in the Great Books program, and many other listings of great books. 
It has been used with profit by generations of mathematicians and physicists who are interested 
in either heat or in the application of the Fourier integral. Covers cause and reflections of rays 
of heat, radiant heating, heating of closed spaces, use of trigonometric series in the theory of 
heat, Fourier integral, etc. Translated by Alexander «Freeman. 20 figures. xxii + 466pp. 
5%, x 8. S93 Paperbound $2.00 


THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method of 
Archimedes. Contains: On Sphere & Cylinder, Measurement of a Circle, Spirals, Concids, Spher- 
oids, etc. This is the definitive edition of the greatest mathematical intellect of the ancient 
world. 186-page study by Heath discusses Archimides and the history of Greek mathematics. 
Bibliography. 563pp. 5% x 8. S9 Paperbound $2.00 


A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of probability 
to games of chance, «natural philosophy, astronomy, many other fields. Translated from the 
6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this edition by 
Ey 7. Betf.-204pp. 5%.x 8. $166 Paperbound $1.25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals. 5 basic papers, including the Elementary Theory of the Brownian 
Movement, written at the request of Lorentz to provide a simple explanation. Translated by 
A. D. Cowper. Annotated, edited by R. Firth. 33pp. of notes elucidate, give history of pre- 
vious investigations. Author, subjeci indexes. 62 footnotes. 124pp. 5% x 8. 

$304 Paperbound $1.25 


THE GEOMETRY OF RENE DESCARTES. With this book Descartes founded analytical geometry. 
Original French text, with Descartes’ own diagrams, and excellent Smith-Latham translation. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On the 
Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. Diagrams. 
258pp. 5% x 8. S68 Paperbound $1.50 


DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. This classic of experimental 
science, mechanics, engineering, is as enjoyable as it is important. Based on 30 years’ ex- 
perimentation and characterized by its author as ‘‘superior to everything else of mine,'' it offers 
a lively exposition of dynamics, elasticity, sound, ballistics, strength of materials, and the sci- 
entific method. Translated by H. Grew and A. de Salvio. 126 diagrams. Index. xxi ++ 288pp. 
5a x 8. ; S99 Paperbound $1.65 


TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years a 
seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total of 
1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathematical 
Theory of Electricity, Electrical Work and Energy in a System of Conductors, General Theorems, 
Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, Resistance, etc. 
“The greatest mathematical physicist since Newton,'' Sir James Jeans. 3rd edition. 107 figures, 
21 plates. 1082pp. 5% x 8. §186 Clothbound $4.95 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This classical examination of the propagation of 
light, color, polarization etc. offers a historical and philosophical treatment that has never been 
surpassed for breadth and easy readability. Contents: Rectilinear propagation of light. Reflec- 
tion, refraction. Early knowledge of vision. Dioptrics. Composition of light. Theory of color 
and dispersion. Periodicity. Theory of interference. Polarization. Mathematical representation 
of properties of light. Propagation of waves, etc. 279 illustrations, 10 portraits. Appendix. 
Indexes. 324pp. 5% x 8. $178 Paperbound $1.75 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz. Un- 
abridged, they form a historical coverage of the theory of free electrons, motion, absorption 
of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman effect, optical 
phenomena in moving bodies, etc. 109 pages of notes explain the more advanced sections. 
Index. 9 figures. 352pp. 5% x 8. $173 Paperbound $1.85 


MATTER & MOTION, James Clerk Maxwell. This excellent exposition begins with simple particles 
and proceeds gradually to physical systems beyond complete analysis: motion, force, properties 
of centre of mass of material system, work, energy, gravitation, etc. Written with all Maxwell's 


original insights and clarity! Notes by E. Larmor. 17 diagrams. 178pp. 5% x 8. 
$188 Paperbound $1.25 


AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year-old 
classic of medical science, only major work of Bernard available in English, records his efforts 
to transform physiology into exact science. Principles of scientific research illustrated by specific 
case histories from his work; roles of chance, error, preliminary false conclusions, in leading 
eventually to scientific truth; use of hypothesis. Much of modern application of mathematics to 
biology rests on the foundation set down here. New foreword by Professor |. B. Cohen, Harvard 
Univ. xxv + 266pp. 5% x 8. T400 Paperbound $1.50 


PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system of 
mechanics based upon space, time, and mass, it returns to axiomatic analysis, to understanding 
of the formal or structural aspects of science, taking into account logic, observation, and a priori 
elements. Of great historical importance to Poincaré, Carnap, Einstein, Milne. A 20-page in- 
troduction by R. S. Cohen, Wesleyan University, analyzes the implications of Hertz’s thought and 
the logic of science. Bibliography. 13-page introduction of Helmholtz. xiii + 274pp. 5% x 8. 

$316 Clothbound $3.50 

$317 Paperbound $1.75 


ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy- 
bridge's famous action photos of animals, from his ANIMAL LOCOMOTION. 3919 high-speed 
shots of 34 different animals and birds in 123 different types of action: horses, mules, oxen, 
pigs, goats, camels, elephants, dogs, cats, guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, in different actions—walking, running, 
flying, leaping. Horse alone shown in more than 40 different ways. Photos taken against ruled 
backgrounds; most actions taken from 3 angles at once: 90°, 60°, rear. Most plates original 
size. Of considerable interest to scientists as a classic of biology, as a record of actual facts 
of natural history and physiology. ‘‘A really marvellous series of plates,'" NATURE (London). 
“A monumental work,’' Waldemar Kaempffert. Photographed by E. Muybridge. Edited by L. S. 
Brown, American Museum of Natural History. 74-page introduction on mechanics of motion. 
340 pages of plates, 3919 photographs. 416pp. Deluxe binding, paper. (Weight 41 Ibs.) 
77], x 10%. T7203 Clothbound $10.00 


THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. This new edition of a great classic in 
the history of science and photography is the largest selection ever made from the original 
Muybridge photos of human action: 4789 photographs, illustrating 163 types of motion: walking, 
running, lifting, etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. 
Men, women, children, mostly undraped, showing bone and muscle positions against ruled 
backgrounds, mostly taken at 3 angles at once. Not only was this a great work of photography, 
acclaimed by contemporary critics as a work of genius, it was also a great 19th century land- 
mark in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full detail. Over 500 action strips. 407pp. 7%, x 10%. 

T7204 Clothbound $10.00 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. This is an unmatched coordination of such 
fields as acoustical physics, physiology, experiment, history of music. It covers the entire gamut 
of musical tone. Partial contents: relation of vibration, resonance, analysis of tones by sym- 
pathetic resonance, beats, chords, tonality, consonant chords, discords, progression of parts, etc. 
33 appendixes discuss various aspects of sound, physics, acoustics, music, efc. Translated 
by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 musical 
passages analyzed. Over 100 tables. Index. xix + 576pp. 6% x 9%. 

$114 Clothbound $4.95 


COLLECTED WORKS OF BERNHARD RIEMANN. This important source book is the first to contain 
the complete text of both 1892 Werke and the 1902 supplement, unabridged. It contains 31 
monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of enor- 
mous importance in relativity, topology, theory of complex variables, and other areas of mathe- 
matics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text. English 
introduction by Hans Lewy. 690pp. 5% x 8. $226 Paperbound $2.85 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are trans- 
lated with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the background 
of his discoveries, their results, future possibilities. Bibliography. Index. Notes. ix + 211pp. 
5%, x 8. $45 Paperbound $1.25 


PRINCIPLES OF PSYCHOLOGY, William James. This is the complete ‘‘Long Course,’’ which is not 
to be confused with abridged editions. It contains all the wonderful descriptions, deep insights 
that have caused it to be a permanent work in all psychological libraries. Partial contents: 
functions of the brain, automation theories, mind-stuff theories, relation of mind to other things, 
consciousness, times, space, thing perception, will, emotions, hypnotism, and dozens of other 
areas in descriptive psychology. ‘‘A permanent classic like Locke's ESSAYS, Hume's TREATISE,"’ 
John Dewey. ''The preeminence of James in American psychology is unquestioned,’' PERSONALIST. 
‘The American classic in psychology—unequaled in breadth and scope in the entire psychological 
literature,'' PSYCHOANALYTICAL QUARTERLY. Index. 94 figures. 2 volumes bound as one. 
Total of 1408pp. T381 Vol. 1. Paperbound $2.00 


T382 Vol. 2. Paperbound $2.00 
RECREATIONS 


SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. This is the complete text, unabridged, of 
seven of Wells's greatest novels: War of the Worlds, The Invisible Man, The Island of Dr. 
Moreau, The Food of the Gods, The First Men in the Moon, In the Days of the Comet, The 
Time Machine. Still considered by many experts to be the best science-fiction ever written, 
they will offer amusement and instruction to the scientific-minded reader. 1015pp. 5%, x 8. 

1264 Clothbound $3.95 


28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full-length novels—Men Like Gods, Star Begotten—plus 26 short stories of space, time, in- 
vention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, The Man 
Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 22 others! 
915pp. 5% x 8. T7265 Clothbound $3.95 


FLATLAND, E. A. Abbott. This is a perennially popular science-fiction classic about life in a 
two-dimensioned world, and the impingement of higher dimensions. Political, satiric, humorous, 
moral overtones. Relativity, the fourth dimension, and other aspects of modern science are 
explained more clearly than in most texts. 7th edition. New introduction by Banesh Hoffmann. 
128pp. 5% x8. Tl Paperbound $1.00 


CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele- 
mentary and intermedidte text for serious students. It does not confine itself to old material, 
but contains much that is not generally known except to experts. Concealment, Transposition, 
Subsititution ciphers; Vigenere, Kasiski, Playfair, muitafid, dozens of other techniques. Appendix 
with sequence charts, letter_frequencies in English, 5 other languages, English word frequencies. 
Bibliography. 167 codes. New to this edition: solutions to codes. vi + 230pp. 5% x 8%. 

T97 Paperbound $1.95 


FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. Accounts 
of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoerbiger; Bellamy 
and the theory of multiple moons; Charles Fort, dowsing, pseudoscientific methods for finding 
water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, food fads, etc. Analytical 
accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard and Dianetics; A. Korzybski 
and General Semantics; many others. Brought up to date to include Bridey Murphy, others. 
Not just a collection of anecdotes, but a fair, reasoned appraisal of eccentric theory. Formerly 
titled IN THE NAME OF SCIENCE. Preface. Index. x + 384pp. 5% x 8. 

1394 Paperbound $1.50 


REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Bogolyubov, Capablanca, Vidmar, Rubinstein, Lasker, Reshevsky, other 
masters. Only first-rate book with extensive coverage of error; of immense aid in pointing out 
errors you might have made. Centers around transitions from middle play to various types of 
end play. King & pawn endings, minor piece endings, queen endings, bad bishops, blockage, 
weak pawns, passed pawns, etc. Formerly titled PRACTICAL END PLAY. 62 figures. vi + 177pp. 
53/4x 8. 1417 Paperbound $1.25 


PUZZLE QUIZ AND STUNT FUN, Jerome Meyer. 238 high-priority puzzles, stunts, and tricks— 
mathematical puzzles like The Clever Carpenter, Atom Bomb, Please Help Alice; mysteries and 
deductions like The Bridge of Sighs, Dog Logic, Secret Code; observation puzzlers like The 
American Flag, Playing Cards, Telephone Dial; more than 200 others involving magic squares, 
tongue twisters, puns, anagrams, word design. Answers included. Revised, enlarged edition 
of FUN-TO-DO. Over 100 illustrations. 238 puzzles, stunts, tricks. 256pp. 5%, x 8. 

1337 Paperbound $1.00 


THE BOOK OF MODERN PUZZLES, G. L. Kaufman. More than 150 word puzzles, logic puzzles. 
No warmed-over fare but all new material based on same appeals that make crosswords and 
deduction puzzles popular, but with different principles, techniques. Two-minute teasers, in- 
volved word-labyrinths, design and pattern puzzles, puzzles calling for logic and observation, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. Answers 
to all problems. 116 illustrations. 192pp. 5% x 8. T7143 Paperbound $1.00 


101 PUZZLES IN THOUGHT AND LOGIC by C. R. Wylie, Jr. Designed for readers who enjoy 
the challenge and stimulation of logical puzzles without specialized mathematical or scientific 
knowledge. These problerns are entirely new and range from relatively easy, to brainteasers 
that will afford hours of subtle entertainment. Detective problems, how to find the lying fisher- 
man, how a blindman can identify color by logic, and many more. Easy-to-understand intro- 


duction to the logic of puzzle solving and general scientific method. 128pp. 5%, x 8. 
4 s : T1367 Paperbound $1.00 


MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royal V. Heath. Over 60 new 
puzzles and stunts based on properties of numbers. Demonstrates easy techniques for multiply- 
ing large numbers mentally, identifying unknown numbers, determining date of any day in 
any year, dozens of similar useful, entertaining applications of mathematics. Entertainments 
like The Lost Digit, 3 Acrobats, Psychic Bridge, magic squares, triangles, cubes, circles, other 


terial iv ily found elsewhere. Edited by J. S. Meyer. 76 illustrations. 128pp. 5% x 8. 
material not easily found e y y TIO Bape Sues eG 


LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Improve your chess, rate your improvement, 
by playing against Marshall, Znosko-Borovsky, Bronstein, Najdorf, others. Formerly titled 
CHESS BY YOURSELF, this book contains 10 games in which you move against masters, and 
grade your moves by an easy system. Games selected for interest, clarity, easy principles; 
illustrate common openings, both classical and modern, Ratings for 114 extra playing situations 


i isen. Full tations. 91 diagrams. viii + 144pp. 5%ex 8. 
that might have arisen. Full annotati g orgie ean cic ots 


THE COMPLETE NONSENSE OF EDWARD LEAR. Original text & illustrations of all Lear's non- 
sense books: A BOOK OF NONSENSE, NONSENSE SONGS, MORE NONSENSE SONGS, LAUGH- 
ABLE LYRICS, NONSENSE SONGS AND STORIES. Only complete edition available at popular 
price. Old favorites such as The Dong With a Luminous Nose, hundreds of other delightful bits 
of nonsense for children & adults. 214 different limericks, each illustrated by Lear; 3 different 
sets of Nonsense Botany; 5 Nonsense Alphabets; many others. 546 illustrations. 320pp. 5% x 8. 

T167 Paperbound $1.00 


CRYPTOGRAPHY, D. Smith. Excellent elementary introduction to enciphering, deciphering secret 
writing. Explains transposition, substitution ciphers; codes; solutions. Geometrical patterns, 
route transcription, columnar transposition, other methods. Mixed cipher systems; single-alphabet, 
polyalphabetical substitution; mechanical devices; Vigenere system, etc. Enciphering Japanese; 
explanation of Baconian Biliteral cipher frequency tables. More than 150 problems provide 
practical application. Bibliography. Index. 164pp. 5%, x 8. T1247 Paperbound $1.00 


MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation, insights into elementary prob- 
lem-solving. A mathematical expert guides you along by-paths not generally travelled in ele- 
mentary math courses—how to divide by inspection, Russian peasant system of multiplication; 
memory systems for pi; building odd and even magic squares; dyadic systems; facts about 37; 
square roots by geometry; Tchebichev’s machine; drawing five-sided figures; dozens more. 
Solutions to more difficult ones. 50 illustrations. 145pp. 5% x 8. T350 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical problems 
from Greek, Medieval, Arabic, Hindu sources; modern problems based on ‘‘mathematics without 
numbers,'' geometry, topology, arithmetic, etc. Pastimes derived from figurative numbers, Mer- 
senne numbers, Fermat numbers; fairy chess, latruncles, reversi, many other topics. Full solutions. 
Excellent for insights into special fields of math. 181 illustrations. 330pp. 5% x 8. 

T163 Paperbound $1.75 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
puzzles to test mental agility. Inference, interpretation, algebra, dissection of plane figures, 
geometry, properties of numbers, decimation, permutations, probability, all enter these delightful 
problems. Puzzles like the Odic Force, How to Draw an Ellipse, Spider's Cousin, more than 
180 others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5% x 8. T198 Paperbound $1.00 


NEW WORD PUZZLES, Gerald L. Kaufman. Contains 100 brand new challenging puzzles based 
on words and their combinations, never published before in any form. Most are new types 
invented by the author—for beginners or experts. Chess word puzzles, addle letter anagrams, 


double word squares, double horizontals, alphagram puzzles, dual acrostigrams, linkogram 
lapwords—plus 8 other brand new types, all with solutions included. 196 figures. 100 brand 
new puzzles. vi + 122pp. 5%, x 8. 1344 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe- 
matics, stage mind-reading, other ‘‘magic’' explained as applications of probability, sets, theory 
of numbers, topology, various branches of mathematics. Creative examination of laws and their 


application, with sources of new tricks and insights. 115 sections discuss tricks with cards, 
dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand needed; mathe- 
matics guarantees success. 115 illustrations. xii + 174pp. 5%, x 8. T7335 Paperbound $1.00 


MATHEMATICS ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, Henry Sticker. This handy volume offers a tried and true method 
for helping you in the basic mathematics of daily life—addition, subtraction, multiplication, di- 
vision, fractions, etc. It is designed to awaken your ‘'number sense’' or the ability to see rela- 
tionships between numbers as whole quantities. It is not a collection of tricks working only on 
special numbers, but a serious course of over 9,000 problems and their solutions, teaching 
special techniques not taught in schools: left-to-right multiplication, new fast ways of division, 
etc. 5 or 10 minutes daily use will double or triple your calculation speed. Excellent for the 
scientific worker who is at home in higher math, but is not satisfied with his speed and accuracy 
in lower mathematics. 256pp. 5x7%. 1295 Paperbound $1.00 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring circle, trisecting angle, 
doubling cube, considered with full modern implications: transcendental numbers, pi, etc. Notes 
by R. Archibald. 16 figures. xi + 92pp. 5%, x 8. 1348 Clothbound $1.50 

T1298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier's theorem, probability, theory of errors, calculus of 
variations, determinants. ‘If the reader is not familiar with this book, it will repay him to 
examine it,’ CHEM. & ENGINEERING NEWS. 800 problems, 189 figures. Bibliography. xxi 
att 641pp. 5% x 8. $193 Paperbound $2.00 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and spherical trigonometry. They will help 
you to brush up or to clear up difficulties in special areas.—The first portion of this book covers 
plane trigonometry, including angles, quadrants, trigonometrical functions, graphical representa- 
tion, interpolation, equations, logarithms, solution of triangle, use of the slide rule and similar 
topics-188 pages then discuss application of plane trigonometry to special problems in naviga- 
tion, surveying, elasticity, architecture, and various fields of engineering. Small angles, periodic 
functions, vectors, polar coordinates, De Moivre's theorem are fully examined—The third section 
of the book then discusses spherical trigonometry and the solution of spherical triangles, with 
their applications to terrestrial and astronomical problems. Methods of saving time with nu- 
merical calculations, simplification of principal functions of angle, much practical information 
make this a most useful book—913 questions answered. 1738 problems, answers to odd num- 
bers. 494 figures. 24 pages of useful formulae, functions. Index. x + 629pp. 5% x 8. 
T1371 Paperbound $2.00 


CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English as 
a refresher for engineers, technicians, students who either wish to brush up their calculus or 
to clear up uncertainties. “It is not an ordinary text, but an examination of most important 
aspects of integral and differential calculus in terms of the 756 questions most likely to occur 
to the technical reader. The first part of this book covers simple differential calculus, with con- 
stants, variables, functions, increments, derivatives, differentiation, logarithms, curvature of 
curves, and similar topics—The second part covers fundamental ideas of integration, inspection, 
substitution, transformation, reduction, areas and volumes, mean value, successive and partial 
integration, double and triple integration. Practical aspects are stressed rather than theoretical. 
A 50-page section illustrates the application of calculus to specific problems of civil and nautical 
engineering, electricity, stress and strain, elasticity, industrial engineering, and similar fields.— 
756 questions answered. 566 problems, mostly answered. 36 pages of useful constants, for- 
mulae for ready reference. Index. v + 43lpp. 5% x 8. T1370 Paperbound $2.00 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who haven't gone beyond or have forgotten high school algebra. 9 
monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, fun- 
damental propositions of algebra, algebraic equations, functions, calculus, theory of numbers, 
etc. Each monograph gives proofs of important results, and descriptions of leading methods, to 
provide wide coverage. New introduction by Prof. M. Kline, N. Y. University. 100 diagrams. 
xvi + 416pp. 6% x9%. $289 Paperbound $2.00 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition. This excellent introduction is an outgrowth of the author's courses at Cambridge. 
Historical introduction, rational and irrational numbers, infinite sequences and series, functions 
of a single variable, definite integral, Fourier series, Fourier integrals, and similar topics. 
Appendixes discuss practical harmonic analysis, periodogram analysis, Lebesgues theory. Indexes. 
84 examples, bibliography. xiii + 368 pp. 5% x 8. S48 Paperbound $2.00 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive approach 
with adequate coverage of classical literature, an introductory volume beginners can follow. 
Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine equations, etc. 
Full treatment of binary quadratic forms without usual restriction to integral coefficients. Covers 
infinitude of primes, least residues, Fermat's theorem, Euler's phi function, Legendre's symbol, 
Gauss's lemma, automorphs, reduced forms, recent theorems of Thue & Siegel, many more. 
Much material not readily available elsewhere. 239 problems. Index. 1 figure. viii +-+- 183pp. 
GER ep $342 Paperbound $1.65 


MECHANICS VIA THE CALCULUS, P. W. Norris, W. $. Legge. Covers almost everything from 
linear motion to vector analysis: equations determining motion, linear methods, compounding of 
simple harmonic motions, Newton's laws of motion, Hooke's law, the simple pendulum, motion 
of a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. 550 problems. 3rd 
revised edition. xii + 367pp. $207 Clothbound $3.95 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geometry. 
It examines from both a historical and mathematical point of view the geometries which have 
arisen from a study of Euclid's 5th postulate upon parallel lines. Also included are complete 
texts, translated, of Bolyai's THEORY OF ABSOLUTE SPACE, Lobachevsky's THEORY OF PARALLELS. 
180 diagrams. 43lpp. 5%, x 8. $27 Paperbound $1.95 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introducing 
graduate students to the modern theory of functions. It offers a full and concise coverage of 
classes and cardinal numbers, well-ordered series, other types of series, and elements of the 


theory of sets of points. 3rd revised edition. vii + 7lpp. 5% x 8. $171 Clothbound $2.85 
$172 Paperbound $1.25 


THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern history of the continuum as a type of 
serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical knowledge 
of higher mathematics, it offers an easily followed analysis of ordered classes, discrete and 
dense series, continuous series, Cantor's transfinite numbers. 2nd edition. Index. viii + 82pp. 
S/o x 6. $129 Clothbound $2.75 

$130 Paperbound $1.00 


GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, and mostly Euclidean, although in hyperplanes and hyperspheres 
at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimensional 
geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, order, 
motion; hyperpyramids, hypercones, hyperspheres; figures with parallel elements; volume, hyper- 
volume in space; regular polyhedroids. Glossary. 78 figures. ix + 348pp. 5% x 8. 

$181 Clothbound $3.95 

$182 Paperbound $1.95 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of the clearest introductions to this increasingly 
important subject. Start with simple definitions, finish the book with a sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors, and their applications. Complete break- 
down of plane, solid, analytical, differential geometry. Separate chapters on application. All 
fundamental formulae listed & demonstrated. 195 problems, 66 figures. viii + 193pp. 5% x 8. 

$109 Paperbound $1.75 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing intuitive rather than 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law of 
causality, energy theorem, damped oscillations, coupling by friction, cylindrical and spherical 
coordinates, heat source, etc. Index. 48 figures. 160pp. 5% x 8. §120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda- 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups: Abelian, prime power, permutation, 
etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 exercises, 
problems. Index. xvi + 447pp. 5% x 8. $299 Clothbound $3.95 

$300 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, this is 
still one of the clearest introductory texts. Partial contents: permutations, groups independent 
of representation, composition series of a group, isomorphism of a group with itself, Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitution, 
graphical representation, etc. 45pp. of notes. Indexes. xxiv + 512pp. 5%, x 8. 

$38 Paperbound $2.45 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. First publication in any language! Excellent 
introduction to 2 topics of modern mathematics, designed to give the student background to 
penetrate farther by himself. Sequences & sets, real & complex numbers, etc. Functions of a 
real & complex variable. Sequences & series. Infinite series. Convergent power series. Expansion 
of elementary functions. Numerical evaluation of series. Bibliography. v + 186pp. 5%, x 8. 

$152 Clothbound $3.50 

$153 Paperbound $1.75 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for independent 
study. Subdivisions of main theory, such as theory of sets of points, are discussed, but emphasis 
is on general theory. Partial contents: rudiments of set theory, arbitrary sets and their cardinal 
numbers, ordered sets and their order types, well-ordered sets and their ordinal numbers. 
Bibliography. Key to symbols. Index. vii + 144pp. 5% x 8. $141 Paperbound $1.35 


ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed Ist course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number theoretical 
functions, congruences, primitive roots and indices, etc. Solutions to both problems and exercises. 
Tables of primes, indices, etc. Covers almost every essential formula in elementary number 
theory! 233 problems, 104 exercises. viii -—- 227pp. 5% x 8. $259 Paperbound $1.60 


FIVE VOLUME ‘‘THEORY OF FUNCTIONS’’ SET BY KONRAD KNOPP. This five-volume set, prepared 
by Konrad Knopp, provides a complete and readily followed account of theory of functions. 
Proofs are given concisely, yet without sacrifice of completeness or rigor. These volumes are 
used as texts by such universities as M.1.T., University of Chicago, N. Y. City College, and many 
others. ‘‘Excellent introduction... remarkably readable, concise, clear, rigorous,’’ JOURNAL 
OF THE AMERICAN STATISTICAL ASSOCIATION. 


ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book, provides the student with 
background for further volumes in this set, or texts on a similar level.‘ Partial contents: Founda- 
tions, system of complex numbers and the Gaussian plane of numbers, Riemann sphere of numbers, 
mapping by linear functions, normal forms, the logarithm, the cyclometric functions and binomial 
series. “‘'Not only for the young student, but also for the student who knows all about what is 
in it," MATHEMATICAL JOURNAL. Bibliography. Index. 140pp. 5% x 8. $154 Paperbound $1.35 


THEORY OF FUNCTIONS, PART I., Konrad Knopp. With volume II, this book provides coverage 
of basic concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy's integral theorem, Cauchy's integral formulae, 
series with variable terrns, expansion of analytic functions in power series, analytic continuation 
and complete definition of analytic functions, entire transcendental functions, Laurent expansion, 
types of singularities. Bibliography. Index. vii + 146pp. 5% x 8. $156 Paperbound $1.35 


THEORY OF FUNCTIONS, PART II., Konrad Knopp. Application and further development of general 
theory, special topics. Single valued functions: entire, Weierstrass. _Meromorphic functions: 
Mittag-Leffler. Periodic functions. Multiple-valued functions. Riemann surfaces. Algebraic func- 
tions. Analytical configuration, Riemann surface. Bibliography. Index. x + 150pp. 5% x 8. 

$157 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1., Konrad Knopp. Problems in 
elementary theory, for use with Knopp's THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and _ infinite 
series, complex variable, integral theorems, development in series, conformal mapping. Answers. 
viii + 126pp. 5% x8. ~ $158 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to be used either with Knopp's THEORY OF FUNCTIONS, or any other comparable 
text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, multiple- 
valued functions, Riemann surfaces, conformal mapping. Includes 4 section of additional 
elementary problems. ‘The difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here masterfully 
accomplished,’ AM. MATH. SOC. Answers. 138pp. 5%, x 8. $159 Paperbound $1.35 


SYMBOLIC LOGIC 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably the clearest book ever 
written on symbolic logic for the philosopher, general scientist and layman. It will be particularly 
appreciated by those who have been rebuffed by other introductory works because of insufficient 
mathematical training. No special knowledge of mathematics is required. Starting with the 
simplest symbols and conventions, you are led to a remarkable grasp of the Boole-Schroeder and 
Russell-Whitehead systems clearly and quickly. PARTIAL CONTENTS: Study of forms, Essentials of 
logical structure, Generaiization, Classes, The deductive system of classes, The algebra of logic, 
Abstraction of interpretation, Calculus of propositions, Assumptions of PRINCIPIA MATHEMATICA, 
Logistics, Logic of the syllogism, Proofs of theorems. ‘‘One of the clearest and simplest intro- 
ductions to a subject which is very much alive. The style is easy, symbolism is introduced 
gradually, and the intelligent non-mathematican should have no difficulty in following argument,"' 
MATHEMATICS GAZETTE. Revised, expanded second edition. Truth-value tables. 368pp. 5% x 8. 

$164 Paperbound $1.75 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. FIRST PUBLICATION IN ANY 
LANGUAGE. This book is intended for readers who are mature mathematically, but have no 
previous training in symbolic logic. It does not limit itself to a single system, but covers the 
field as a whole. It is a development of lectures given at Lund University, Sweden in 1948. 
Partial contents: Logic of classes, fundamental theorems, Boolean algebra, logic of propositions, 
logic of propositional functions, expressive languages, combinatory logics, development of mathe- 
matics within an object language, paradoxes, theorems of Post and Goedel, Church's theorem, and 
similar topics. iv + 214pp. 5% x 8. $277 Paperbound $1.45 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ago. It is the Ist significant attempt to apply logic to all aspects of human endeavour. Partial 
contents: derivation of laws, signs & laws, interpretations, eliminations, conditions of a perfect 
method, analysis, Aristotelian logic, probability, and similar topics. xviii + 424pp. 5% x 8. 
S28 Paperbound $2.00 

ELEMENTARY MATHEMATICS FROM AN 

ADVANCED STANDPOINT, Felix Klein. 


This classic text is an outgrowth of Klein's famous integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic topics in 
each area, illustrating its discussion with extensive analysis. It is especially valuable in consid- 
ering areas of modern mathematics. ‘'Makes the reader feel the inspiration of . . . a great 
mathematician, inspiring teacher . . . with deep insight into the foundations and interrelations,"’ 
BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, it 
enlivens abstract discussion with graphical and geometrically perceptual methods. Partial contents: 
natural numbers, extension of the notion of number, special properties, complex numbers. Real 
equations with real unknowns, complex quantities. Logarithmic, exponential functions, goniometric 
functions, infinitesimal calculus. Transcendence of e and pi, theory of assemblages. Index. 125 
figures. ix + 247pp. 5% x 8. $150 Paperbound $1.75 


Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent in 
geometry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifolds: line segment, Grassmann determinant principles, classification of configura- 
tions of space, derivative manifolds. Geometric transformations: affine transformations, projective, 
higher point transformations, theory of the imaginary. Systematic discussion of geometry and its 
foundations. Indexes. 141 illustrations. ix + 214pp. 5% x 8. $151 Paperbound $1.75 


MATHEMATICS: ADVANCED 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr's theory of 
almost periodic functions: (1) as a generalization of pure periodicity, with results and proofs; 
(2) the work done by Stepanoff, Wiener, Weyl, and Bohr in generalizing the theory. Bibliography. 
xi + 180pp. 5% x 8. $17 Clothbound $3.50 

$18 Paperbound $1.75 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. The solution of quintics in terms of rotations of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi + 289pp. 5% x 8. $314 Paperbound $1.85 


LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations problems of math, physics. Partial 
contents: integral equations of 2nd kind by successive substitutions; Fredholm’s equation as ratio 
of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt theory of 
symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. Index. ix + 253pp. 
54a x8. $175 Clothbound $3.50 

$176 Paperbound $1.60 


MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. Offering a precise 
and rigorous formulation of problems, this book supplies a thorough and up-to-date exposition. 
It provides analytical tools needed to replace cumbersome concepts, and furnishes for the first 
time a logical step-by-step introduction to the subject. Partial contents: geometry & kinematics 
of the phase space, ergodic problem, reduction to theory of probability, application of central 
limit problem, ideal monatomic gas, foundation of thermodynamics, dispersion and distributions 
of sum functions. Key to notations. Index. xiii + 179pp. 5%, x 8. $146 Clothbound $2.95 

6147 Paperbound $1.35 


ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, solutions 
in an infinite form, definite integrals, algebraic theory, Sturmian theory, boundary problems, 


existence theorems, Ist order, higher order, etc. ‘‘Deserves the highest praise, a notable addition 
to mathematical literature,"’ BULLETIN, AM. MATH. SOC. Historical appendix. Bibliography. 
18 figures. viii +- 558pp. 5% x 8. S349 Paperbound $2.55 


TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique in any language on modern advanced level. 
Contains carefully organized analyses of trigonometric, orthogonal, Fourier isystems of functions, 
with clear adequate descriptions of summability of Fourier series, proximation theory, conjugate 
series, convergence, divergence of Fourier series. Especially valuable for Russian, Eastern European 
coverage. Bibliography. 329pp. 5%, x 8. $290 Paperbound $1.50 


FOUNDATIONS OF POTENTIAL THEORY, O. D. Kellogg. Based on courses given at Harvard this 
is suitable for both advanced and beginning mathematicians. Proofs are rigorous, and much 
material not generally available elsewhere is included. Partial contents: forces of gravity, fields 
of force, divergence theorem, properties of Newtonian potentials at points of free space, potentials 
as solutions of Laplace’s equations, harmonic functions, electrostatics, electric images, logarithmic 
potential, etc. ix + 384pp. 53% x8. $144 Paperbound $1.98 


LECTURES ON CAUCHY’S PROBLEMS, J. Hadamard. Based on lectures given at Columbia and 
Rome, this discusses work of Riemann, Kirchhoff, Volterra, and the author's own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical waves 
to apply to all (normal) hyperbolic equations. Partial contents: Cauchy's problem, fundamental 
formula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures. Index. iii + 361pp. 5% x8. $105 Paperbound $1.75 


MATHEMATICAL PHYSICS, STATISTICS 


THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. A wealth of practical illustration 
combined with thorough discussion of fundamentals—theory, application, special problems and 
solutions. Partial contents: Analysis of Strain & Stress, Elasticity of Solid Bodies, Isotropic Elastic 
Solids, Equilibrium of Aeolotropic Elastic Solids, Elasticity of Crystals, Vibration of Spheres, 
Cylinders, Propagation of Waves in Elastic Solid Media, Torsion, Theory of Continuous Beams, 
Plates. Rigorous treatment of Volterra’s theory of dislocations, 2-dimensional elastic systems, other 
topics of modern interest. ‘‘For years the standard treatise on elasticity,"' AMERICAN MATHE- 
MATICAL MONTHLY. 4th revised edition. Index. 76 figures. xviii + 643pp. 6% x 914. 


68174 Paperbound $2.95 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world's most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent functions. 
Ath corrected edition, new 76-page section giving tables, formulae for elementary functions—not 
in other English editions. Partial contents: sine, cosine, logarithmic integral; factorial function; 
error integral; theta functions; elliptic integrals, functions; Legendre, Bessel, Riemann, Mathieu, 
hypergeometric functions, etc. Supplementary books. Bibliography. Indexed. ‘‘Out of the way 
functions for which we know no other source,’’ SCIENTIFIC COMPUTING SERVICE, Ltd. 212 figures. 
400pp. 5% x 8. S133 Paperbound $2.00 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use various 
methods of numerical differentiation and integration, determine the roots of a single algebraic 
equation, system of linear equations, use empirical formulos, integrate differential equations, etc. 
Hundreds of shortcuts for arriving at numerical solutions. Special section on American calculating 
machines, by T. W. Simpson. 132 illustrations. 422pp. 5%, x 8. $273 Paperbound $2.00 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace's equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms & 
their transformations for electrical engineers, Joukowski aerofoil for aerodynamists, Schwartz- 
Christoffel tronsformations for hydrodynamics, transcendental functions. Contents classified -accord- 
ing to analytical functions describing transformation. Twin diagrams show curves of most trans- 
formations with corresponding regions. Glossary. Topological index. 447. diagrams. 244pp. 
Cx OV. $160 Paperbound $2.00 


FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of a standard work 
covering classical statistics. It is practical in approach, and one of the books most frequently 
referred to for clear .presentation of basic material. Partial contents. Frequency distributions. 
Method of moment. Pearson's frequency curves. Correlation. Theoretical distributions, spurious 
correlation. Correlation of characters not quantitatively measurable. Standard errors. Test of 
goodness of fit. The correlation ratio—contingency. Partial correlation. Corrections for moments, 
beta and gamma functions, etc. Key to terms, symbols. Bibliography. 25 examples in text. 
40 useful tables. 16 figures. xi +- 272pp. 5. x 8%. Clothbound $1.49 


HYDRODYNAMICS, H. Dryden, F. Murnaghan, Harry Bateman. Published by the National Research 
Council in 1932 this enormous volume offers a complete coverage of classical hydrodynamics. 
Encyclopedic in quality. Partial contents: physics of fluids, motion, turbulent flow, compressible 
fluids, motion in 1, 2, 3 dimensions; viscous fluids rotating, laminar motion, resistance of motion 
through viscous fluid, eddy viscosity, hydraulic flow in channels of various shapes, discharge of 
gases, flow past obstacles, etc. Bibliography of over 2,900 items. Indexes. 23 figures. 634pp. 
Ss/g x18. $303 Paperbound $2.75 


HYD.ODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
appli-ation of pure mathematics to an applied problem. Emphasis is placed upon correlation of 
thecry and deduction with experiment. It examines carefully recently discovered paradoxes, 
theory of modelling and dimensional analysis, paradox & error in flows and free boundary theory. 
The author derives the classical theory of virtual mass from homogeneous spaces, and applies 
group theory to fluid mechanics. Index. Bibliography. 20 figures, 3 plates. xiii + 186pp. 5% x 8. 

$21 Clothbound $3.50 

$22 Paperbound $1.85 


HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard reference 
work on dynamics of liquids & gases. Fundamental theorems, equations, methods, solutions, 
background, for classical hydrodynamics. Chapters include Equations of Motion, Integration of 
Equations in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimensions, Motion of 
Solids through Liquid—Dynamical Theory, Vortex Motion, Tidal Waves, Surface Waves, Waves of 
Expansion, Viscosity, Rotating Masses of Liquids. Excellently planned, arranged; clear, lucid 
presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliographical. 
119 figures. xv + 738pp. 6% x 9%. S256 Paperbound $2.95 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear simul- 
taneous equations, linear ordinary differential equations, partial differential equations, Eigenvalue 
problems by relaxation methods. Detailed examples throughout. Special tables for dealing with 
awkwardly-shaped boundaries. Indexes. 253 diagrams. 72 tables. 400pp. 5% x 8. 

$244 Paperbound $2.45 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on elasticity, 
compression theory, potential theory, theory of sound, heat conduction, wave propagation, 
vibration theory. Contents include: deduction of differential equations, vibrations, normal func- 
tions, Fourier's series, Cauchy's method, boundary problems, method of Riemann-Volterra. 
Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures. vii + 440pp. 5% x 8. 

$263 Paperbound $1.98 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger's 
wave equation, de Broglie’s waves of a particle, Jordon-Hoelder theorem, Lie’s continuous groups 
of transformations, Pauli exclusion principle, quantization of Maxwell-Dirac field equations, etc. 
symmetry permutation group, algebra of symmetric transformation, etc. 2nd revised edition. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, symmetry 
permutation group, algebra of symmetric transformation, etc. 2nd revised edition. Bibliography. 
Index. xxii -+ 422pp. 5%, x 8. $268 Clothbound $4.50 

$269 Paperbound $1.95 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, Harry Bateman. Solution of 
boundary value problems by means of definite analytical expressions, with wide range of repre- 
sentative problems, full reference to contemporary literature, and new material by the author. 
Partial contents: classical equations, integral theorems of Green, Stokes; 2-dimensional problems; 
conformal representation; equations in 3 variables; polar coordinates; cylindrical, ellipsoidal, 
paraboloid, toroidal coordinates; non-linear equations, etc. ‘‘Must be in the hands of everyone 
interested in boundary value problems,'’ BULLETIN, AM. MATH. SOC. Indexes. 450 bibliographic 
footnotes. 175 examples. 29 illustrations. xxii + 552pp. 6x 9. $15 Clothbound $4.95 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy & E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. All 
must pass 2 requirements: easy to grasp and practical, more rapid than school methods. Partial 
contents: graphical integration of differential equations, graphical methods for detailed solution. 


‘Numerical solution. Simultaneous equations and equations of 2nd and higher orders. ‘‘Should 
be in the hands of all in research in applied mathematics, teaching,"’ NATURE. 21 figures. 
viii + 238pp. 5% x 8. $168 Paperbound $1.75 


ASYMPTOTIC EXPANSIONS, A. Erdélyi. The only modern work available in English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research. It discusses 
various procedures for asymptotic evaluation of integrals containing a large parameter and solu- 
tions of ordinary linear differential equations. Bibliography of 71 items. vi + 108pp. 5% x 8. 

$318 Paperbound $1.35 


THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integral as link between pure and applied math. An expansion of 
lectures given at Cambridge. Partial contents: Planchere|'s theorem, general Tauberian theorem, 
special Tauberian theorms, generalized harmonic analysis. Bibliography. viii + 201pp. 5% x 8. 

$272 Clothbound $3.95 


THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered in 
practice can be tackled successfully by the methods set forth by the great Noble laureate, Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound theory. Partial contents: 
Harmonic motions, vibrating systems in general, lateral vibrations of bars, curved plates or shells, 
applications of Laplace's functions to acoustical problems, fluid friction, plane vortex-sheet, 
vibrations of solid bodies, etc. This is the first inexpensive edition of this great reference and 
study work. Bibliography. Historical introduction by R. B. Lindsay. Total of 1040pp. 97 figures. 
53%, x 8. $292, S293, Two volume set, paperbound $4.00 


ANALYSIS & DESIGN OF EXPERIMENTS, H. B. Mann. Offers a method for grasping the analysis 
of variance and variance design within a short time. Partial contents: Chi-square distribution 
and analysis of variance distribution, matrices, quadratic forms, likelihood ratio tests and tests 
of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, 
etc. 1l5pp. of useful tables. x + 195pp. 5x 7%. $180 Paperbound $1.45 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written 
by one of this century's most distinguished mathematical physicists, this is a practical introduction 
to those developments of Maxwell's electromagnetic theory which are directly connected with the 
solution of the partial differential equation of wave motion. Methods of solving wave-equations, 
polar-cylindrical coordinates, diffraction, transformation of coordinates, homogeneous solutions, 
electromagnetic fields with moving singularities, etc. Index. 168pp. 5%, x 8. 

S14 Paperbound $1.60 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. A Nobel laureate discusses 
quantum theory; Heisenberg’s own work, Compton, Schroedinger, Wilson, Einstein, many others. 
Written for physicists, chemists who are not specialists in quantum theory, only elementary 
formulae are considered in the text; there is a mathematical appendix for specialists. Profound 
without sacrifice of clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5% x 8. 

$113 Paperbound $1.25 


FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages of their authors: the papers 
most often cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, 
»Cockcroft, Hahn, Yukawa. Unparalleled Bibliography: 122 double-columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 6% x 9%. $19 Paperbound $1.75 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for newcomers in the field, for those whose work involves noise charac- 
teristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob. Included is Kac's 
Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 articles; up through 1953. 
21 figures. 337pp. 6% x9\%. $262 Paperbound $2.25 


THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Elementary in 
treatment; remarkable for clarity, organization. Requires no knowledge of advanced math 
beyond calculus, only familiarity with fundamentals of thermometry, calorimetry. Partial Contents: 
Thermodynamic systems; First & Second laws of thermodynamics; Entropy; Thermodynamic poten- 
tials: phase rule, reversible electric cell; Gaseous reactions: Van't Hoff reaction box, principle of 
LeChatelier; Thermodynamics of dilute solutions:: osmotic & vapor pressure, boiling & freezing 
points; Entropy constant. Index. 25 problems. 24 illustrations. x + 160pp. 5% x 8. 


S361 Paperbound $1.75 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, Subrahmanyan Chandrasekhar. 
Outstanding treatise on stellar dynamics by one of world's greatest astrophysicists. Uses classical 
& modern math methods to examine relationship between loss of energy, the mass, and radius 
of stars in a steady state. Discusses thermodynamic laws from Caratheodory's axiomatic 
standpoint; adiabatic, polytropic laws; work of Ritter, Emden, Kelvin, others; Stroemgren 
envelopes as starter for theory of gaseous stars; Gibbs statistical mechanics (quantum); 
degenerate stellar configurations & theory of white dwarfs, etc. ‘Highest level of scientific merit," 
BULLETIN, AMER. MATH. SOC. Bibliography. Appendixes. Index. 33 figures. 509pp. 5% x 8. 


S413 Paperbound $2.75 


APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough, systematic presentation of 
physical & mathematical aspects, limited mostly to ‘‘real optics.'' Stresses practical problem of 
maximum aberration permissible without affecting performance. All ordinary ray tracing methods; 
complete theory primary aberrations, enough higher aberration to design telescopes, low-powered 
microscopes, photographic equipment. Covers fundamental equations, extra-axial image points, 
transverse chromatic aberration, angular magnification, aplanatic optical systems, bending of 
lenses, oblique pencils, tolerances, secondary spectrum, spherical aberration (angular, longi- 
tudinal, transverse, zonal), thin lenses, dozens of similar topics. Index. Tables of functions of 
N. Over 150 diagrams. x + 518pp. 6% x 9%. S366 Paperbound $2.95 


SPACE-TIME-MATTER, Hermann Weyl. ‘The standard treatise on the general theory of relativity,’’ 
(Nature), written by a world-renowned scientists, provides a deep clear discussion of the logical 
coherence of the general theory, with introduction to all the mathematical tools needed: Maxwell, 
analytical geometry, non-Euclidean geometry, tensor calculus, etc. Basis is classical space-time, 
before absorption of relativity. Partial contents: Euclidean space, mathematical form, metrical 
continuum, relativity of time and space, general theory. 15 diagrams. Bibliography. New preface 
for this edition. xviii + 330pp. 5% x 8. $267 Paperbound $1.75 


RAYLEIGH’S PRINCIPLE AND ITS APPLICATION TO ENGINEERING, G. Temple & W. Bickley. 
Rayleigh's principle developed to provide upper and lower estimates of true value of fundamental 
period of a vibrating system, or condition of stability of elastic systems. Illustrative examples; 
rigorous proofs in special chapters. Partial contents: Energy method of discussing vibrations, 
stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic stability. Application 
of energy method. Vibrating system. Proof, accuracy, successive approximations, application of 
Rayleigh's principle. Synthetic theorems. Numerical, graphical methods. Equilibrium configura- 
tions, Ritz’s method. Bibliography. Index. 22 figures. ix + 156pp. 5% x8. 


S307 Paperbound $1.50 
PHYSICS, ENGINEERING 


THEORY OF VIBRATIONS, N. W. Mclachlan. Based on an exceptionally successful graduate 
course given at Brown University, this discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of bars and 
tubes, transverse vibration of circular plate, sound waves of finite amplitude, etc. Index. 
99 diagrams. 160pp. 5% x 8. $190 Paperbound $1.35 


WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and application 
to different problems: pure physics, such as scattering of X-rays of crystals, thermal vibration in 
crystal lattices, electronic motion in metals; and also problems of electrical engineering. Partial 
contents: elastic waves in 1-dimensional lattices of point masses. Propagation of waves along 
1-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional lattices. Mathieu's equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines. 131 illus- 
trations. Bibliography. Index. xii + 253pp. 5% x 8. S34 Paperbound $1.85 


THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate 
engineers. Vector methods exclusively: detailed treatment of electrostatics, expansion methods, 
with tables converting any quantity into absolute electromagnetic, absolute electrostatic, practical 
units. Discrete charges, ponderable bodies, Maxwell field equations, etc. Introduction. Indexes. 
Alépp. 5% x 8. S185 Paperbound $2.00 


APPLIED HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. Presents, for the 
most part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
airfoil theory, entry conditions, turbulent flow in pipes and the boundary layer, determining 


drag frorm measurements of pressure and velocity, etc. ‘'Will be welcomed by all students of 
aerodynamics,'' NATURE. Unabridged, unaltered. Index. 226 figures. 28 photographic plates 
illustrating flow patterns. xvi + 3llpp. 5% x 8. S375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. The well- 
known standard work based upon Prandtl'’s unique insights and including original contributions 
of Tietjens. Wherever possible, hydrodynamic theory is referred to practical considerations in 
hydraulics with the view of unifying theory and experience through fundamental laws. Presenta- 
tion is exceedingly clear and, though primarily physical, proofs are rigorous and use vector 
analysis to a considerable extent. Translated by L. Rosenhead. 186 figures. Index. xvi 

2Z/0pp. 53/5 x8. S374 Paperbound $1.85 


DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edition 
of a classic reference aid. Much of its material remains unique. Partial contents: moving axes, 
relative motion, oscillations about equilibrium, motion. Motion of a body under no forces, 
any forces. Nature of motion given by linear equations and conditions of stability. Free, forced 
vibrations, constants of integration, calculus of finite differences, variations, procession and 


nutation, motion of the moon, motion of string, chain, membranes. 64 figures. 498pp. 5% x 8. 
§229 Paperbound $2.35 


MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Professor of 
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment of 
dynamics of rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the dammed gyro, 103 similar topics. Exercises. 
75 figures. 208pp. 5%, x 8. S66 Paperbound $1.65 


TABLES FOR THE DESIGN OF FACTORIAL EXPERIMENTS, Tosio Kitagawa and Michiwo Mitome. 
An invaluable aid for all applied mathematicians, physicists, chemists and biologists, this book 
contains tables for the design of factorial experiments. It covers Latin squares and cubes, 
factorial design, fractional replication in factorial design, factorial designs with split-plot con- 
founding, factorial designs confounded in quasi-Latin squares, lattice designs, balanced in- 
complete block designs, and Youden'’s squares. New revised corrected edition, with explanatory 


notes. vii + 253pp. 7% x 10. $437 Clothbound $8.00 
NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennett, Milne & Bateman. Unabridged 
republication of original monograph prepared for National Research Council. New methods of 


integration of differential equations developed by 3 leading mathematicians: THE INTERPOLA- 
TIONAL POLYNOMIAL and SUCCESSIVE APPROXIMATIONS by A. A. Bennett; STEP-BY-STEP 
METHODS OF INTEGRATION by W. W. Milne; METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS 
by H. Bateman. Methods for partial differential equations, transition from difference equations 
to differential equations, solution of differential equations to non-integral values of a parameter 
will interest mathematicians and physicists. 288 footnotes, mostly bibliographic; 235-item 
classified bibliography. 108pp. 5% x 8. $305 Paperbound $1.35 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical abstractions with, inde- 
pendent observation of actual facts. Partial contents: instruments & their parts, theory of errors, 
systematic errors, probability, short period errors, erratic errors, design precision, kinematic semi- 
kinematic design, stiffness, planning of an instrument, human factor, etc. Index. 85 photos, 
diagrams. xii + 288pp. 5%, x 8. $270 Paperbound $1.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theory of liquids as a general- 
ization and extension of the theory of solid bodies, this volume covers all types of arrangements 
of solids, thermal displacements of atoms, interstitial atoms and ions, orientational and rotational 
motion of molecules, and transition between states of matter. Mathematical theory is developed 
close to the physical subject matter. 216 bibliographical footnotes. 55 figures. xi + 485pp. 
5% x 8. $94 Clothbound $3.95 

S95 Paperbound $2.45 


THE PHASE RULE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena of 
1, 2, 3, 4, and multiple component systems, this ‘‘standard work on the subject’’ (NATURE, 
London), has been completely revised and brought up to date by A. N. Campbell and N. O. 
Smith. Brand new material has been added on such matters as binary, tertiary liquid equilibria, 
solid solutions in ternary systems, quinary systems of salts and water. Completely revised to 
triangular coordinates in ternary systems, clarified graphic representation, solid models, etc. 
9th revised edition. Author, subject indexes. 236 figures. 506 footnotes, mostly bibliographic. 
xii + 494pp. 53% x8. S92 Paperbound $2.45 


DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical and physical chapters 
for the convenience of those not expert in mathematics, this volume discusses the mathematical 
theory of gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic theory, quantum 
theory, exponentials, etc. 4th enlarged edition, with new material on quantum theory, quantum 
dynamics, etc. Indexes. 28 figures. 444pp. 6% x 9%. $136 Paperbound $2.45 


POLAR MOLECULES, Pieter Debye. This work by Nobel laureate Debye offers a complete guide 
to fundamental electrostatic field relations, polarizability, molecular structure. Partial contents: 
electric intensity, displacement and force, polarization by orientation, molar polarization| and 
molar refraction, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. 
Special chapter considers quantum theory. Indexed. 172pp. 5% x 8. S63 Clothbound $3.50 

S64 Paperbound $1.50 


TREATISE ON THERMODYNAMICS, Max Planck. Based on Planck's original papers this offers a 
uniform point of view for the entire field and has been used as an introduction for students who 
have studied elementary chemistry, physics, and calculus. Rejecting the earlier approaches of 
Helmholtz and Maxwell, the author makes no assumptions regarding the nature of heat, but 
begins with a few empirical facts, and from these deduces new physical and chemical laws. 
3rd English edition of this standard text by a Nobel laureate. xvi + 297pp. 5% x 8. 

$219 Paperbound $1.75 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chemists, 
physicists specializing in other fields. Partial contents: simplest line spectra and elements of 
atomic theory, multiple structure of line spectra and electron spin, building-up principle and 
periodic system of elements, finer details of atomic spectra, hyperfine structure of spectral lines, 
some experimental results and applications. Bibliography of 159 items. 80 figures. 20 tables. 
Index. xiii + 257pp. 5%, x 8. S115 Paperbound $1.95 


EARTH SCIENCES 


THE EVOLUTION OF THE IGNEOUS ROCKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of physics and chemistry to explain igneous rocks diversity in terms of chemical com- 
position and fractional crystallization. Discusses liquid immiscibility in silicate magmas, crystal 
sorting, liquid lines of descent, fractional resorption of complex minerals, petrogenesis, etc. Of 
prime importance to geologists & mining engineers, also to physicists, chemists working with 
high temperatures and pressures. ‘‘Most important,’’ TIMES, London. 3 indexes. 263 biblio- 
graphic notes. 82 figures. xviii + 334pp. 5% x 8. S311 Paperbound $1.85 


GEOGRAPHICAL ESSAYS, William Morris Davis. Modern geography & geomorphology rests on 
the fundamental work of this scientist. 26 famous essays presenting most important theories, 
field researches. Partial contents: Geographical Cycle, Plains of Marine and Subaerial Denuda- 
tion, The Peneplain, Rivers and Valleys of Pennsylvania, Outline of Cape Cod, Sculpture of 
Mountains by Glaciers, etc. ‘“‘Long the leader and guide,'' ECONOMIC GEOGRAPHY. ‘‘Part of 
the very texture of geography . . . models of clear thought,’' GEOGRAPHIC REVIEW. Index. 
130 figures. vi + 777pp. 5% x8. S383 Paperbound $2.95 


INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Completely revised, 
brought up-to-date, reset. Prepared for the National Research Council this is a complete & 
thorough coverage of such topics as earth origins, continent formation, nature & behavior of 
the earth's core, petrology of the crust, cooling forces in the core, seismic & earthquake material, 
gravity, elastic constants, strain characteristics and similar topics. ‘‘One is filled with admira- 
tion . . . a high standard . . there is no reader who will not learn something from this 
book,’'London, Edinburgh, Dublin, Philosophic Magazine. Largest bibliography in print: 1127 
classified items. Indexes. Tables of constants. 43 diagrams. 439pp. 6% x 9%. 

$414 Paperbound $2.45 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of the earth sciences ever written. Geological thought from earliest times to the end 
of the 19th century, covering over 300 early thinkers & systems: fossils & their explanation, 
vulcanists vs. neptunists, figured stones & paleontology, generation of stones, dozens of similar 
topics. 91 illustrations, including medieval, renaissance woodcuts, etc. Index. 632 footnotes, 
mostly bibliographical. 5llpp. 5% x 8. T5 Paperbound $2.00 


HYDROLOGY, edited by Oscar E. Meinzer. Prepared for the Nationol Research Council. Detailed 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, lakes, 
infiltration, soil moisture, ground water, runoff, drought, physical changes produced by water, 
hydrology of limestone terranes, etc. Practical in application, especially valuable for engineers. 
24 experts have created ‘‘the most up-to-date, most complete treatment of the subject,’’ AM. 
ASSOC. OF PETROLEUM GEOLOGISTS. Bibliography. Index. 165 illustrations. xi + 712pp. 
6% x9%, $191 Paperbound $2.95 


DE RE METALLICA, Georgius Agricola. 400-year old classic translated, annotated by former 
President Herbert Hoover. The first scientific study of mineralogy and mining, for over 200 
years after its appearance in 1556, it was the standard treatise. 12 books, exhaustively anno- 
tated, discuss the history of mining, selection of sites, types of deposits, making pits, shafts, 
ventilating, pumps, crushing machinery; assaying, smelting, refining metals; also salt, alum, 
nitre, glass making. Definitive edition, with all 289 16th century woodcuts of the original. 
Bibliographical, historical introductions, bibliography, survey of ancient authors. Indexes. A 
fascinating book for anyone interested in art, history of science, geology, etc. DELUXE EDITION. 
289 illustrations. 672pp. 6%, x 1034. Library cloth. S6 Clothbound $10.00 


URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologists 
considers uranium ores, geological occurrences, field conditions, all aspects of highly profitable 
occupation. Index. Bibliography. x +117pp. 5% x 8. T309 Paperbound $1.00 


BIOLOGICAL SCIENCES 


THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at the Am. Mus. 
of Nat. Hist. Probably the most used text on amphibia, unmatched in comprehensiveness, 
clarity, detail. 19 chapters plus 85-page supplement cover development; heredity; life history; 
adaptation; sex, integument, respiratory, circulatory, digestive, muscular, nervous systems; 
instinct, intelligence habits environment economic value, relationships, classification, etc. ‘‘Nothing 
comparable to it,'' C. H. Pope, Curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 biblio- 
graphic references. 174 illustrations. 600pp. 5% x 8. $206 Paperbound $2.98 


THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snell. Ist prepared in 1941 by 
the staff of the Roscoe B. Jackson Memorial laboratory, this is still the standard treatise on the 
mouse, assembling an enormous amount of material for which otherwise you would spend hours 
of research. Embryology, reproduction, histology, spontaneous neoplasms, gene & chromosomes 
mutations, genetics of spontaneous tumor formation, genetics of tumor formation, inbred, hybrid 
animals, parasites, infectious diseases, care & recording. Classified bibliography of 1122 items. 
172 figures, including 128 photos. ix + 497pp. 6% x9%. $248 Clothbound $6.00 


BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Oustanding scientific study; 
a compendium of practically everything known about social life of the honeybee. Stresses be- 
havior of individual bees in field, hive. Extends von Frisch's experiments on communication 
among bees. Covers perception of temperature, gravity, distance, vibration; sound production; 
glands; structural differences; wax production, temperature regulation; recognition communication; 
drifting, mating behavior, other highly interesting topics. Bibliography of 690 references. Indexes. 


127 di i hs, ti f bee anatomy, fine photographs, 352pp. 
an Gee aes i . $410 Clothbound $4.50 


ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. A pioneer classic, the first major attempt 
to apply modern mathematical techniques on a large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences. Partial Contents: Statistical meaning of irre- 
versibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chemical, inter- 
species equilibrium; parameters of state; Energy transformers of nature, etc. Can be read with 
profit even by those having no advanced math; unsurpassed as study-reference. Formerly titled 


OF PHYSICAL BIOLOGY. 72 figures. xxx 460pp. 5% x 8. 
oe : * "$346 Paperbound $2.45 


THE ORIGIN OF LIFE, A. I. Oparin. A classic of biology. This is the first modern statement of 
the theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation 
of Oparin's theory in light of later research, by Dr. S. Margulis, University of Nebraska. xxv 
+ 270pp. 5% x 8. $213 Paperbound $1.75 


THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doren. This famous source-book of 
American anthropology, natural history, geography is the record kept by Bartram in the 1770's, 
on travels through the wilderness of Florida, Georgia, the Carolinas. Containing accurate and 
beautiful descriptions of Indians, settlers, fauna, flora, it is one of the finest pieces of Ameri- 
cana ever written. Introduction by Mark Van Doren. 13 original illustrations. Index. 448pp. 
5%, x 8. T13 Paperbound $2.00 


A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of THE EVOLUTION OF ANATOMY, classic work tracing evolution of 
anatomy and physiology from prescientific times through Greek & Roman periods, Dark Ages, 
Renaissance, to age of Harvey and beginning of modern concepts. Centered on individuals, 
movements, periods that definitely advanced* anatomical knowledge: Plato, Diocles, Aristotle, 
Theophrastus, Herophilus, Erasistratus, the Alexandrians, Galen, Mondino, da Vinci, Linacre, 
Harvey, others. Special section on Vesalius; Vesalian atlas of nudes, skeletons, muscle tabulae. 
index of names. 20 plates, 270 extremely interesting illustrations of ancient, medieval, renais- 
sance, oriental origin. xii + 209pp. 5% x 8. T7389 Paperbound $1.75 


NEW BOOKS 


LES METHODES NOUVELLES DE LA MECANIQUE CELESTE by H. Poincaré. Complete text (in — 
French) of one of Poincaré’s most important works. Revolutionized celestial mechanics: first 
use of integral invariants, first major application of linear differential equations, study of per- 
iodic orbits, lunar motion and Jupiter's satellites, three body problem, and many other im- 
portant topics. ‘‘Started a new era . . . so extremely modern that even today few have 
mastered his weapons,’ E. T. Bell. Three volumes; 1282pp. 6% x 9',. 

Vol. 1. S401 Paperbound $2.75 — 

Vol. 2. S402 Paperbound $2.75 — 

Vol. 3. S403 Paperbound $2.75 


APPLICATIONS OF TENSOR ANALYSIS by A. J. McConnell. (Formerly, APPLICATIONS OF THE ~ 
ABSOLUTE DIFFERENTIAL CALCULUS). An excellent text for understanding the application of 
tensor methods to familiar subjects such as: dynamics, electricity, elasticity, and hydrodynamics. 
It explains the fundamental ideas and notation of tensor theory, the geometrical treatment of 
tensor algebra, the theory of differentiation of tensors, and includes a wealth of practice ma- 
terial. Bibliography. Index. 43 illustrations. 685 problems. xii + 381pp. zl 
S373 Paperbound $1.85 


BRIDGES AND THEIR BUILDERS, David B. Steinman and Sara Ruth Watson. Engineers, historians, 
and everyone who has ever been fascinated by great spans will find this book an endless soUrce 
of information and interest. Dr. Steinman, the recent recipient of the Louis Levy Medal, is one 
of the great bridge architects and engineers of all time, and his analysis of the great bridges 
of all history is both authoritative and easily followed. Greek and Roman bridges, medieval 
bridges, oriental bridges, modern works such as the Brooklyn Bridge and the Golden Gate — 
Bridge (and many others) are described in terms of history, constructional principles, artistry, 


and function. All in all this book is the most comprehensive and accurate semipopular history 
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This volume was developed from a highly successful series of lectures given at Yale 
University. Long known as one of the best in the field, the book presents a thorough 
treatment of fundamental elements, concepts, and theorems pertaining to the functions 
of a complex variable. It is a complete study, suitable for the advanced mathematics 
student, physicist, and advanced engineer. The treatment is rigorous and detalle , with 
carefully selected problems worked out to illustrate each topic. 


Students of applied mathematics will find of particular value the full exposition 
theory of linear differential equations, especially in regard to the functions of Leg 
Laplace, Bessel, and Lamé. Three chapters are devoted to elliptic functions, 
both for their intrinsic value and as splendid applications of function theory. 
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